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Prefa 
ce 


The subject of aerosols goes back many years and enters into many 
aspects of science and technology. Optics, heat transfer, biology, 
meteorology, and pollution are just a few areas where the behavior of 
small particles suspended in a gas is of vital importance. More recently, 
with increasing concern about the consequences of accidents in nuclear 
reactors and the effects of global nuclear war (i.e., nuclear winter), a 
great deal of research effort has been directed towards the dispersal 
ofradioactive aerosols both in closed containers and in the atmosphere. 


The purpose of this book is twofold. First, it is intended to give a 
thorough treatment of the fundamentals of aerosol behavior with 
rigorous proofs and detailed derivations of the basic equations and 
removal mechanisms. Second, it is intended to provide practical 
examples with special attention to radioactive particles and their 
distribution in size following a radioactive release arising from an 
accident with a nuclear system. 


The writing of this book has been a labor of love for both authors. Our 
interests in the subject go back more than 20 years and, although 
modern methods (especially computing) have made possible many 
advances, we still admire the fundamental work carried out in the 1 
920's and 1930's when many of the basic properties of aerosol behavior 
were discovered and explained. Considering the prestigious background 
associated with this subject, we do feel somewhat intimidated in offering 
our own views. Nevertheless, we feel that our approach is sufficiently 
general to be of interest to a wide range of readers. At the same time, 
we have attempted to include enough of the fundamentals to attract the 
attention of the specialist. There are many aspects of aerosol science 
described here including morphology, transport, radioactivity, 
coagulation, condensation and _ evaporation, deposition and 
resuspension, and practical applications. We have attempted to give 
them all detailed attention. One omission that is deliberate concerns the 
optics of aerosols. This is a vast subject and, to do it justice, would 
require a separate book. We have also deliberately omitted discussions 
of experimental measurements and available data on single and two 
particle equilibria and rate processes. This area is currently witnessing 
rapid growth and data useful for the verification of several aspects of 
theory are only now becoming available. 


One difficulty was notation. The literature abounds with different 
nomenclature for the same quantity. We have tried to be reasonably 
consistent but where this has proven too cumbersome we have given 
adequate definitions within the text. 


The audience to which the book is directed is wide. We see the contents 
being of value to graduate students, university teachers, and to 
researchers in aerosol science and related topics. Moreover, although 
the contents are aimed at the nuclear industry in particular, much of the 
book contains material that will be of general interest to medical 
physicists, workers in indoor air quality, environmentalists, and applied 
mathematicians. 


To achieve the above objectives, we start with a a brief introduction to 


the applications of aerosol science and the characteristics of aerosols 
in Chapter 1. In Chapter 2, we devote considerable attention to single 
and two particle motion with respect to both translation and rotation. 
Chapter 3 contains extensive discussion of the aerosol general 
dynamical equation and the dependences of aerosol distributions on 
size, shape, space, composition, radioactivity, and charge are fully 
detailed. Important particle rate processes of coagulation, condensation, 
one deposition/resuspension are discussed in the chapters 4, 6 
and 7, 


respectively. The literature in each of these areas is substantial and we 
have discussed both the classical and the more recent works as well as 
the areas where additional research efforts are needed. In Chapter 5, we 
provide a thorough treatment of the analytical and numerical methods 
used in solving the various forms of the aerosol dynamical equation. We 
realize fully well that the ongoing revolutions in computing hardware, 
software, and algorithms will make computational aerosol mechanics a 
much more important field of future research. We discuss the 
importance and applications of aerosol science to nuclear technology 
and, in particular, the nuclear source term in Chapter 8. Our focus in 
this chapter is on discussions of nuclear accidents that can potentially 
release large amounts of radioactivity to environment. We also discuss 
the progress that has been made in understanding the natural and 
engineered aerosol processes that limit or affect such releases. 


There exist several excellent texts on aerosol science and technology. 
We have learned and, where appropriate, borrowed from them. Most 
of the present text, however, covers material that has not been 
previously discussed with this rigor or in this depth. We are hopeful 
that this book will be useful both as a text and as a reference. 
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CHAPTER 1 


Aerosol Characterization 
I.I The nature of aerosols 


One cubic centimeter of atmospheric air contains approximately 2.5xl0'9 
molecules. About 10° of these molecules may be Pharqed (ions). The 
molecules of N2, 02, and the various trace gases have sizes (diameters) of - 
3 A. The average distance between the molecules is about ten 

times the molecular size. In addition to the molecules and the ions, one 
cubic centimeter of air also contains a substantial number of particles 
varying in size from a few Angstroms to several microns (ym). In 
relatively clean air there are about 10° particles with diameters 10-3 to 

50.0 ym while in polluted air there can be lad or more, including 
pollen, bacteria, dust, and industrial emissions. These particles, which 
can be both beneficial and detrimental, arise from a number of natural 
sources as well as from the activities of the Earth's inhabitants. The 
particles can have complex chemical compositions and morphologies, 
and may even be radioactive or toxic. 


A suspension of particles in a gas is known as an aerosol. Atmospheric 
aerosol is of global interest and has an important impact on our lives. 
Aerosols are of great interest in numerous scientific and engineering 
applications. Perhaps no single technology can be identified that 
includes fundamental studies in fields as diverse as human respiration and 
nuclear winter and that permits the design of equipment and processes 
ranging from power plant emission control devices to specialized fiberoptic 
sensors. The various application areas include: 


a) Combustion: Fossil power plants, chemical plants, and 
vehicles (particularly diesel-powered ones) emit large numbers of 
particles. These particles are formed by fragmentation (and/or 
vaporization) and the subsequent homogeneous-heterogeneous 
nucleation and agglomeration of fuel constituents. They are 
characterized by the type of fuel used, the combustion process involved, 
and the equipment design. They may lead to or affect both local and global 
problems of acid rain, haze, and smog that impact the environment and 
contribute to respiratory diseases. 


b) Atmospheric Science: The formation of fog and clouds through 
nucleation, condensation and agglomeration, the scavenging of particulates 
by rain and snow, weather modification, ozone depletion, and solar-radiative 
interactions all depend strongly on particulate generation and transport 
processes. 


c) Nuclear Winter: It has long been realized that a nuclear war 
would release large numbers of particles into the atmosphere. The 
resulting attenuation of sunlight might be extensive enough to cause major 
global climatic changes. The current ability to predict climatic 
consequences is limited, in part, by our poor understanding of: i) the 
transport of dust and smoke and their feedback effects on the environment; 
ii) the lifetime of smoke particles in the environment, and; iii) their 
radiative, optical, and infrared properties. 


d) Nuclear Reactor Safety: Understandings of aerosol 
evolution and _ transport are of critical importance in estimating and 
controlling the radioactivity released from postulated (and real) nuclear 
reactor accidents. Severe core damage to reactors, core disruptive 


accidents in fast reactors, and the sabotage of shipping casks or of disposal 
sites are all potential sources of release of radioactive aerosols to the 
environment. The primary risk to the public, as well as to radiation 
workers, would be from accidents that involve large releases of radioactive 
aerosols to the environment. 
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e) Materials Manufacturing: An aerosol reactor is a gaseous 
system in which fine particles are formed by a chemical reaction in either 
a batch or flow process. Recently, such reactors have been used to 
produce optical fibers, catalysts, ceramics, silicon, and carbon whiskers. 


f) Indoor Air Quality: There is a_ strong national and 
international concern about the quality of indoor air. Indoor air pollutants, 
in conjunction with the relatively large fraction of time that people spend 
indoors, pose significant health hazards. Radon and radon daughter 
products, volatile organic compounds, and several carcinogens can attach 
to aerosol particles. Inhalation of such particles, smoke, and of bioaerosols 
(viruses, bacteria, fungi) can lead to numerous diseases. 


g) Control of Particulate Contamination: The 
manufacture of microelectronic integrated circuits is currently a major 
industry and that of micromachines (microrobots) is likely to become 
significant very soon. In the manufacture of microdevices, 
contamination by submicron particles must be controlled. Thus, there is 
a strong industrial interest in understanding the transport of such 
particles under a variety of process conditions. 


Table 1.1, adapted from Handbook on Aerosols. provides a summary of the 
many applications of aerosol science and technology. 


Irrespective of these diverse applications, aerosols are characterized by 
a few fundamental properties. Most importantly, aerosol particles have 
large residence times (settling speeds on the order of a fraction of a 
cm/sec) and, because of their small size and large number, present a large 
surface area for interactions with the host medium. In addition, they 
can have a substantial effect on the transmission of light as they tend to 
occur in a size range that leads to substantial interaction (scattering 
and absorption). 


1.2 Aerosol size and shape 


For particles of a given composition, size and shape determine 
residence time as well as other dynamical properties that bear on particle 
removal by filtration or collection devices. Heat and mass transport to the 
particles, as well as their interaction with radiation, are strongly affected 
by size and shape. Liquid particles are almost always spherical, but solid 
particles can occur in many different shapes varying from spherical to 
fibrous (needle-like forms). They can be chain-like agglomerates, or can 
be amorphous clumps. Typical size ranges of particles are shown in 
Fig. 1.1. 


The characterization and dynamics of nonspherical particles are 
complicated largely because of the range of shapes that are encountered. 
One often considers "equivalent" spherical particles where, by proper 
adjustment of a fictitious particle diameter, one can mimic important 
properties of a nonspherical particle (e.g., the settling speed). We will 
discuss nonspherical particles at some length in this book. 


Particle size and shape can be measured by a variety of instruments. Since 
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particle sizes cover such a wide range (0.001 to 50.0 pm), no single 
instrument is able to provide reliable measurement capabilities for all 
particles. Definitive measurements of an individual particle's size and 
shape can be obtained with electron or optical microscopes. Also, 
particles scatter light in unique ways depending on their size and shape. 
Thus, the laser light scattered from a suspended (trapped) particle, can 
often be used to measure the particle size. If the particle is 
nonspherical, scattered light can be used to define its shape in a 
somewhat approximate manner. 


Aerosol 
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Table 1.1: Applications of aerosol science. Adapted from Dennis 
[1976]. This table excludes nuclear applications. 


Public Health and Hygiene: 
Medicine Inhalation, deposition, clearance, and retention of aerosols, 
therapeutic aerosol generation and characterization, occupational, 
and industrial medicine, physiological effects. 
Public Industrial and occupational hygiene, health physics, abnospheric 
Health pollution, confined compartment abnospheres, residential dwelling 
and public air hygiene, characterization and engineering for control or 
protection of residents, occupants, or workers, clean-room technology 
for hospitals, treabnent of biological problems. 
Biological and Chemical Aerosols: 
Applications Technical application, aerosol technology, military aerosols and 
agents, production, release, characterization, control, 
bioengineering, dissemination and transport of agricultural and 
forestry pesticides, herbicides. 
Geophysics Atmospheric Sciences: 
and Nucleation, condensation, fog, rain, scavenging by rain and snow, weather 


Cloud modification. Weather, haze, fogs, mist, transport, dispersion and disposal 
physics in the abnospheric reservoir. 

Meteorology ‘Transport in the abnosphere, formation by abnospheric processes, 
Chemistry solar radiative interactions, photochemical smog and haze 


formation, deposition, rain-out, washout. 

Geophysic Geochemistry, photochemistry, chemistry and physics of interplanetary 
spaces, planetary aunospheres, light transmission in the atmosphere. 

s Slow viscous flow, sphere and cylinder problems, flow in a comer, low 
Reynolds number, hydrodynamics, drag. 

Mathemat 


ics 

Engineeri and Technology: 

ng Charging, collection, control, device development for aerosols, printing. 
Electrica Combustion, collection and control device development, gas dynamics 
1 in jets, gas turbines, air induction systems, clean room technology. 
Mechani Rain, ice, clouds, air induction systems designs, aerosol jet-nozzle flow- 
cal energy 


Aeronautic 
al, 
Astronautic etics Electrostatics 
Chemistry: 
al Chemical Heterogeneous reactions Homogeneous reactions 


Civil 
Physic 
S: 


Kinetic 
theory 
Physics of 
fluids 
Electromagn 


interac here aerosol definition, lunar dust. 


tions, Aow of fluids, rheology, behavior of disperse systems, chemical process 
jet engineering with disperse phases, properties of aerosol systems, 
propul collection of aerosol systems, catalysis, combustion, condensation, 
sion, diffusion, separation of gas-particle systems, filtering, screening, 
ion pelletizing, briquetting, sintering, fluidization and conveying of 
propul powders. 

sion, Environmental engineering, sediment mechanics, effluent treabnent. 
interpl 

anetar Statistical mechanics, Brownian motion, 

y coagulation. Gas dynamics, motion of 

particl particles, slow viscous flow. 

e flux, Light scattering, laser radar, plasma physics, optical 

protect properties. Charging, ionization, motion, nucleation. 

ion, 

spacec Catalysis, combustion, flame chemistry. 

raft- 

cabin Generation of particulate phase, 

abnosp 


surface energy. 


Physical Chemistry: 
Colloid Sci. Study of disperse systems in fluids, agglomeration, particle beams. 
Interfacial Sci. Adhesion, condensation, adsorption, accommodation for flux of various 
molecular species. Rheology Aerosol modification of fluid properties, non-Newtonian 
flow, macromolecules. 
Photochemistry Smog formation, radiation chemistry, heterogeneous, 
homogeneous. 
Mathematics and Applied Mechanics: 
Auid mechanics Aow properties, aerosol particle interactions, energy coupling and 
modifications of fluid transport phenomena, turbulent flow, physico- 
chemical hydrodynamics. 
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Figure IVT: Particle size ranges for aerosols. Adapted from and reprinted courtesy of 
International. 
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Other means of particle sizing are related to the dynamical properties of 
particles such as the particle settling speed or the diffusion coefficient. 
These properties are more useful, however, in determining particle 
distributions rather than characterizing individual particles. 


1.3 Distribution Junctions 


Since the number of particles in an aerosol is large, and since each particle 
can have a multitude of physical and chemical characteristics, a 
description that accounts for particles individually is not sought. Rather, 
one focuses on the important attributes of the aerosol and considers a 
distribution function based on particle properties and size. If &t(<lp,Pi)=the 
expected number of particles/cm? of size cli, in AdE of properties Pi in an 
ee APi, i=1,2,3,..., then a number distribution function can be defined 
Vy: 


: An 
"eo,) = Bi a, a 


(1.1) 


which has the interpretation that n(dr,Pi)d(dr)d(PJ=the expected number of 
particles/cm? of size dr in d(dp) and of properties Pi in d(PJ, i=1,2,3..... 


In a given aerosol, this particle distribution can be measured by a 
combination of instruments. The number of particles in a given size interval is 
determined by instruments that utilize particle size dependent properties 
relating to diffusion (for particles <1.0 pm), light scattering (0.3- 

-1 pm), and motion under external forces (e.g., settling, for particles >0.5 
pm). The respective instruments bear names such as diffusion battery and 
electrical analyzer, light scattering particle counters, and _ inertial 
impactors. The particle mass in a given size interval can, for example, be 
determined by the use of a fractionator (classifier or impactor) and a 
sensitive balance. Similarly, particle constituents in a given size range can 
be measured by use of fractionators and neutron activation analysis, x-ray 
or y-ray scattering, electron microprobe analysis, or other techniques. The 
particle shapes and morphologies can be characterized with electron or 
optical microscopes. 


In general, particle surface, volume, and mass are not entirely determined 
by particle size (diameter) and density. If the particles are spherical and of 
uniform density, and if one wishes to avoid the inherent complexity, one 
may use the reduced distribution n(dp), where n(<lp)d(dr) is the expected 
number of particles/cm? of size cli, in d(<Ip) (the dependence on space or time 
is understood). It is often convenient to summarize the information content 
of these distributions by the total numbers, mean or median values, and 
spreads (standard deviations). Thus, if we define: 


then: 


Le 


median diameter (N/2 particles above this size, N/2 below), and 


T o' = The standard deviation, 


he if 
aN = n(dr) d(dr) 


ea 
ndr= {0 dr n(dr) Cha) 
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Sau (1.4) 
=f) 

Ir( 
2 
cr dp- _—__n(dp) 
= (1.5) 
_ 1) ct(ap) 
where F(rlp) is the cumulative distribution: 

4p , , 

F(d,) = [i n(d; ) d(d;) (1.6) 


Now, if S(d,,), V(rlp), and W(rlp), are, respectively, the surface, volume, and 
mass of a particle of size, rlp, then the particle surface, volume and mass 
distributions can be defined as: 

s(d,) = s(d,)n(4,) es md, n(4,) 


(1.7) 
v(dP) = v(dP)n(dP)" d! 
n(dP) (1.8) 
w(dP) = W(adP )n( dP) " (1.9) 


d!pnd(P) 


and again, Pie spor responding. mean and median diameters, based on these 
weighted distributions, can be defined in a similar manner. In particular, 
we note that dm the particle diameter of averaiw mass and dmm, the 
mean mass diameter are defined by the relations: 


Eat p= {" w(d,) o6,) The 
cumul 
which leads to: ative 
ae 9 distri 
da -[=f, 43 n(a,) <(a,)] butio 
and: n: 
~ Z fa Vala \ 
w(a,)= J,” w(d;) d(a,) is 
Jy ™(4e) M4 used 
which leads to: oe 
Par ; d; n(d,) d(d, } anoth 
~ d? n(d,) d(d,) ae 


ity of practical interest , the mass median diameter: 


(1.10 


(1.11) 


(1.12) 


(1.13) 


(1.14) 
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W(d pss median ) = $ 
(1.15) 


Since the aerosol distributions of practice! interest are generally skewed 
towards greater numbers at smaller sizes and greater mass content at 
larger sizes, and since the sizes span several decades, the median values 
are often used in preference to the mean values. Also, for some specific 
forms of the distribution n('4), simple algebraic relationships can be 
established among the various diameters defined above. 


There has always been great interest in establishing forms of the 

distribution function n( ) that can be considered as somewhat universal in 

nature. Actually, no universal forms analogous to the Maxwell-Boltzmann 

distribution of gas molecules currently exist. It has been observed, 

however, that in many applications the aerosol distributions are close 

te une simple forms. Some often observed forms are discussed 
elow. 


1.3.1 The Junge distribution 


In the 1940's and early 1950's, Junge showed that the observed 
atmospheric aerosol distribution seemed to have an interesting property 
in that the mass was uniformly distributed in equal geometric intervals (i.e., 
the size interval 0.15-0.30 pm contained the same mass as the size interval 
0.30-0.60 pm). Mathematically, assuming the particles to be spherical 
and of equal density, this implies that: 


‘5 
6 op P An(d, 
———.— = constant 
Alog(d,) (1.16) 
which leads to the distribution: 
n(d,)= Ad (1.17) 


in which A is a constant. To avoid divergence in the calculations of the 
mean quantities, it is necessary to specify minimum (dp,min) and maximum 
<'4.max) particle sizes. Since there may be no sharp cutoffs in the 
measurements, these choices are slightly arbitrary which does affect the 
calculated mean and median values. The Junge distribution can be more 
generally expressed as: 
n(d,)=Ad;° (1.18) 
where the exponent a can be adjusted to account for deviations from 
the original Junge distribution. 


The Junge distribution serves a useful purpose, but quite often urban 


aerosols have bimodal or other distribution forms and cannot be described 
by this particular form of particle distribution. 
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1.3.2 The log-normal distribution 


The inverse power distributions do not provide good descriptions of 
aerosols at either extreme of particle size. Also, most test or industrial 
aerosols do not follow this prescription. Rather, it is often observed that the 
particle distribution has a certain geometrical symmetry about a mean size. 
To a considerable extent, this situation arises because of the lower 
residence times of both small (diffusion to walls or filters) and large 
(settling, impaction or interception by filters) 
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particles, as compared to particles of intermediate size (-0.3 ym). In many 
processes, a particle ten times the mean size is as likely to be generated as 
a particle one tenth the mean size. Since particles cannot have a normal 
distribution, the logical distribution here is one in which the logarithmic 
size is normally distributed. Thus, we consider the log-normal distribution: 


aalin(s,)- Tey at Ain(d,) 
(1.19) 


in which Lin(In( )) is the number of particles/cm with diameters whose 
logarithms lie between In( ) and In( )+Li(in( )). Since the number of 
particles between and +Li(dp) is the same as between In( ) and In( ) 
+Li(In( )): 


An(d,) = AA(in(d, ) (1.20) 


and we can write: 


2 
xf [ales)= fe) (a) 
An{d Ad 
amie ai fa aay 
In the limit, this gives the following log-normal 
distribution: 
2 
a eee In(d, )— In(d, ) 1 

n(¢,) 2a In(o,) as 2 [in(o, Jf d, (1.22) 
Note that: 

intasy= In(dP)n(dP)d(dP) (1.23) 

ees! i [1n(dP)-In(ds)f n(dP)d(dP) (1.24) 


and <lg and cr are known as the geometric mean diameter and the geometric 
standard deviation, 
respectively. To clarify this notion, note that if: 


n(dp) = L ai o(dp -dpi) (1.25) 
the | 
ms In(ds) = 2 L n; In(dpi) 
and 


(1.26) 


dg - ny Qo 
(gn da d'p3™... (1.27) 


‘i p2 )"N 


Another useful property of the log-normal distribution is that the mean, the 
median, and the diameters of the average particles, as determined with 
various weighted distributions, are simply related. Such relations are 
known as Hatch-Choate equations and have the form: 
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= d, exp[bin(o2)] (1.28) 


where b is a constant related to the type of conversion, A. 


It is because of its simple and useful properties that the log-normal 
distribution is often used where its use is not quite justifiable. 


1.3.3 The gamma distribution 


The gamma distribution is expressed as: 
x d, 
d, exp] -x © 
y 


NL 
r »(¥) 
Soa (2 (1.29) 


where y is the mode of the distribution (the diameter at which n( ) is a 
maximum, or the most frequently occurring diameter) and x is a parameter 
of choice. For a given set of data, x and y can be chosen to fit the data in an 
appropriate least square sense. The gamma distribution is quite useful in 
that many aerosol distributions can be fitted adequately by using 
various combinations of the parameters x and y. Once obtained, the 
parameters x and y permit various correlations to be made and allow the 
assessment of specific processes. 


n(d, ) = 


1.4 Chemical composition 


In the environment, aerosol composition is seldom simple. Usually, aerosol 
particles contain numerous species with varying physico-chemical 
properties. The compositions of the particles are determined by the 
processes that lead to their initial creation and their subsequent 
interactions with the host medium and electromagnetic radiation. Coarse 
particles ( 2 pm) are generally created by mechanical processes such as 
fragmentation and hence are rich in Ca, Fe, SiOz, and other constituents of 
earth. Fine particles (<2 ym) are generally derived from processes such 
as combustion or gas to particle conversion and are rich in C, Pb, 
sulphates, and ammonium and nitrate ions. The trace and often toxic 
species such as As, Cd, Cs, Sr, Zn, and Se are also mostly concentrated in 
the fine particles. 


The chemical composition of particles can be determined by light 
scattering (Raman spectroscopy), x-ray spectroscopy, Auger spectroscopy, 
chemical analysis, neutron activation, and electron microprobe analysis. 
While the first five techniques provide useful information on isotopic and 
species content, electron microprobe analysis can also be used to 
determine the internal distributions (within a particle) of multiple species. 
Such analyses have revealed that species can be distributed within 
particles in very complex ways ranging from homogeneous (evenly 
distributed) to heterogeneous (random, ordered-layers, or otherwise). As a 
result, the physico-chemical properties of an aerosol can be quite complex 
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and, correspondingly, quite difficult to describe in simplistic terms. 


1.5 The nuclear aerosol 


Atmospheric nuclear tests have, in the past, released large amounts 
of aerosol into the environment. These aerosols contain isotopes of U, 
Pu, Cs, and Sr which emit a, . and y 
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radiation. Atmospheric nuclear tests have been banned since 1962 such 
that the environmental presence of aerosols related to nuclear processes is 
not high. The Chernobyl accident released large amounts of both fine and 
coarse aerosol particles containing radioactive I, Cs, and Te (the volatile 
species). While most of the coarse particles settled within a 30 km zone 
around the plant, the fine particles travelled far and wide and were a major 
factor contributing to the health hazards posed by the accident. 


While the Chernobyl accident is the most recent, and perhaps the most 
vivid accident of this type, there have also been other nuclear accidents 
where nuclear aerosol (by which we imply radioactive aerosol that can be 
traced to origins in nuclear fission related power generation processes) 
releases were registered. 


The aerosols associated with real or hypothetical nuclear accidents are 
generally quite complex in terms of their shapes, sizes compositions, and 
properties. They are formed by vaporization, condensation, and 
fragmentation of material. The manners in which they evolve, in nuclear 
reactor vessels and containments, pose formidable challenges in the areas 
of analytical and experimental investigation. In the next several chapters, 
we will discuss the fundamt:ntals of aerosol mechanics that are necessary 
for such analyses and their application to the field of nuclear reactor 
safety. There are several good texts and review articles that deal with 
aerosol mechanics and closely related topics. We have listed these in the 
references below. 
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CHAPIER2 


The Motion of Particles in Gases 
2.1 Introduction 


Asa pales moves through a gas it experiences drag forces which 
retard its motion. The magnitude of the drag depends on the shape and 
orientation of the particle and also on the constitution of the gas. To 
understand the problem it will therefore be necessary to calculate the gas 
properties and to understand how it interacts with the particle. We 
therefore develop and define in this chapter some basic facts about gases 
and gas-surface interactions. 


The constituents of a gas are atoms or molecules in thermal motion. In 
order to calculate the physical properties of such a medium, e.g. pressure, 
temperature and density, it is necessary to know the velocity distribution 
function of the gas atoms. Thus we need to know f(r,v,t) where 
f(r,v,t)drdv is the number of atoms with velocity between v and v+dv in 
the volume element of space dr at r at time t. Knowing f, it is relatively 
straightforward to obtain the density p(r,t), the temperature T(r,t), the 
pressure P(r,t), and the average flow velocity u(r,t) as follows: 


p(r,t)=mf dvf(r,v,t) 


(2.1) 
u(r,t) p(r,t)= f dvvf(r,v,t) 

i2u2} 
YkT(r,t)pt,t)=Yemf dv(v- 
u)2f(r,v,t) (2.3) 
P,(r,t) =m f dv (v,-u;)(v;—u;) f(r,v,t) (2.4) 

or, in terms of dyadics: 

P@,t)=mf dv@-u)(v- (2.5) 


u)f(r,v,t) 


For a dilute gas, but one which covers most practical aerosol situations, 
f(r,v,t) is given by: 


( | +vi-V, tae Vv )r(r,v,t) 


= f dv; f dv2 f dv; W(vi V3jV2 v;) [£(r,v;,t) £(r,v;,t)- 


2 
£(7,Vi,t) £(x,v2,t)] ( = ) 


where a is the acceleration on the atom due to an external force, F. The 
function W(...) is related to the differential scattering cross section cr(v,0) 
in the following way: 


W(vi > v3¥3 > V2) =|¥; —v,| o(|v, = vob, : +,) (2.7) 


where: 
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W(vi > v,3¥3 2 Vv.) = W(v, > v3¥, 3 V3) (2.8) 


cr(v,0) depends upon the interparticle force law and is available for a wide 
range of potentials (Chapman and Cowling [1960]). 


In order to obtain a solution of Eqn. (2.6), it is necessary to introduce 
boundary conditions. To do so, we need to know how gas atoms interact 
with surfaces. Setting aside the physical details for a moment and 
considering a solid surface, we may write: 


-(ven)f(.,v,t)= f dv'(v'en)r(r.,v' v)f@.,v',t) 


(v',n)>O (2.9) 
where (ven)<O. 


In this equation, n is a unit vector pointing out of the gas normal to the 
boundary point r,. f@r.,vw' )dw is the probability that an atom of 
velocity v' striking the surface at r, will be scattered back into the gas 
with a velocity between v and v+dv. Clearly, r(, ..) will depend on the 
nature of the wall and the interaction potential between wall atoms and the 
gas atoms. 


f(r.,v'~7 }» obeys some useful relationships. For example, integrating 
Egn. (2.9) over v 
leads to: 
J dvr(r,,v' v) =1_ (v’en)>0 
(v,n)<O (2.10) 
which expresses the fact that there is no net accumulation of particles at the wall. 


The wall-particle scattering kernel r(...) also obeys a reciprocity or detailed 
balance relationship: 


Iv'e nl fM(r,, v') r(r,, v' v) 
(2.11) 
=Iv- nl fM(r,, v) r(r,,v v') where (v'en)>O and 
(ven)<O. 
fM(r.,v) is the local Maxwell-Boltzmann distribution 
given by: 
312 
f{M(r,,v)=n(r,t)( m ) exp[-m (v-u(r,t)J2] 
21tkT(r,t) (2.12) 


2kT(r,t) 
where n(r,t) = p(r,t)/ m. 


Various models exist for the kernel, r, but one of the simplest is a linear 
combination of diffuse and specular reflection. By diffuse reflection we 
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mean that the incident atoms are thermally accommodated by the surface 
and reemitted isotropically with a Maxwell-Boltzmann distribution 
characterized by the surface temperature, Tw. Specular reflection means 
that the atoms are reflected as in a mirror, the angle of incidence being 
equal to the angle of reflection. 


2.2 Linear transport theory 


Eqn. (2.6) is nonlinear and therefore difficult to solve both numerically 
and analytically (especially analytically). However, in many practical 
cases, the disturbance in the gas due to the passage of a particle or other 
body causes only a small deviation from the local Maxwell- 
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Boltzmann distribution and we are therefore justified in seeking 
solutions in the following forms: 
f(r,v.t) = fMcr, v,t) [1 + (2:13) 
h(r, v, t)] 


where lhl<<l. 


The local parameters in fM (/.e., p,T,u) are assumed to vary only slowly in 
space and time. However, h(...) can vary rapidly provided that we can 
neglect terms of O(h?). 


Inserting Eqn. (2.13) into Eqn. (2.6) and linearizing by neglecting terms of 
Och’), leads to: 


Dy) + fy D(A) = fy, 1(h) (2.14 
wher ) 
Di tM) = me +(vi. vr)+(ae 

vv)) ™ (2.15 


and: 
T(h) ef ek ao dvz W(v1 V3;V2_—~iv;) {M(r, vz, t) 


[h(r,v;,t)+ h(r,v;, t)- h(r, vPt)- (2.16 
h(t, vz2,t)] ) 
By means of symmetry, we can show that Eqn. (2.16) 
reduces to: 
I(h) = V(v,) h(r,v,,t) -{ dv; H(v; > v,) h(r, vj, t) (2.17 
wher ) 


V(v,)=f dv; f dv, f dv, W(v, > v;¥, — V3) fu(¥2) 


H(v;) vy = 2 f a V; f dv2 f{M(v2) WV Vj;V2 V3) 


and: -fM(v:) Feel Ge W(v1 V2;V; — V;) 
(2.19 
) 


Given W(...), V and :fi are available. We have also assumed that fM does not 
depend on Fr or t. 


The linear transport equation, Eqn. (2.14), has been the focus of a great 
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deal of study for a variety of geometric and physical situations. Details 
may be found in Williams [1971] and Cercignani [1969, 1975]. Our 
interest in the equation stems from its ability to lead to the drag forces on 
small particles moving in a gas. We should bear in mind here that the 
size range of 

interest is very broad; going from a=10-? pm up to perhaps 50 or 100 pm. 
Now, the mean free path, A.,, of gas atoms in air at STP is about 0.065 pm. 


Thus, it is clear that the Knudsen number, Kn (defined as Kn=Ag/a) ranges 
from virtually zero up to around 70. It is very important to know the 
Knudsen number because it tells us about the flow regime of the particle. 
For example, for small Kn where the particle is many mean free paths in 
size, the granular nature of the gas becomes insignificant and it may be 
regarded as a continuous fluid. 

On the other hand, for large Kn, the particle experiences forces that 
depend sensitively on the gas atom distribution function. Thus, for small 
Kn, we may employ the hydrodynamic limit of the Boltzmann equation 
whereas for large Kn it is necessary to use the transport equation. 


The Motion of Particles in 
Gases 
Because the hydrodynamic limit is so much easier to work with 
analytically there are compelling reasons to use this approach when 


possible. Thus, we will show how the continuum equations can be derived 
from the Boltzmann equation. 


Multiply Eqn. (2.6) by an arbitrary function of velocity q,{v1) and 
integrate over all vi- The result is: 


2 (p9)+V,+p¥,0-pV, -ad=0 A¢ 


(2.21) 
where a bar implies the following average: 
- <I>=lJ dv, qf 
p (2.22) 


The tenn on the right hand side can be reduced by use of symmetry to 
the form (Williams 
[1971)): 


pA<!>=%J fi, dv;J dv2dv;w(vi v;;v2 v;) 
[£(v7) £(v3)— £(v.) £(v2)] [0(v1) + (v2) — 4(vi) - (v2)] 
(2.23) 


We note from this that if <j>(v)=l, v, or v2, that A<j>=O. This follows from 
the conservation of mass, momentum, and energy. More generally, we can 
take <I> to be the mass, m, the relative momentum, m(v-u), or the thermal 
energy, m(v-u)2/2. Eqn. (2.21) now leads to the continuity equation: 


op = 
5, + Vs(pu)=0 


the momentum equation (using the 
continuity equation): 


du, 2 Ou; i 7 oP; 
o +S 0,24 Pag 


jel 


which in terms of vectors and dyadics reads: 


O( | : +(ue Vu)) =-(V ¢P)+ pF 


and the (i ieee 
8k Wit4qevT) + 


ee 


'D) (2.24 


2am ch (2.27) 
where the heat flux vector: 


q =%mp (v- u) (v- _u)’ 


(2.28) 
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du, Ou, 
D.. =+) —+— 
a & 2 sa) 


or: Dp = % (vu+(Vuf) 


and 


(2.29) 


Eqns. (2.24)-(2.27) are not a closed set since we have more unknowns 
than equations. Before proceeding it is therefore necessary to obtain 
further relationships for P and q. In other words, we need the distribution 
function f(r,v,t). As an exercise, let us assume that the gas is everywhere in 
local equilibrium with a distribution: 


312 
f(r,v,t)=n(r,t)( mC )) exp{-m __ [v-u(r,t)f} 
21tkT r,t 2kT (r,t) 
(2.30) 


In that case we readily find Pii = nk T \ and q = O. Thus, there is no net 
heat flux and the pressure is given by the normal pressure p=nkT. The 
equations therefore become: 


o($2-+(u-Vu)}+ Vp=F 
dt (2:37 
and ) 


(lat +(u-V)) T+ aes 


(2.32 
) 


These equations are recognizable as the hydrodynamic equations of 
inviscid flow, i.e. the Euler equations. They are useful in regions where the 
effect of viscosity and heat conduction can be neglected. For our purposes, 


however, we need to include viscosity and heat flow. 


TVeu=0 


It is possible from the linearized Boltzmann equation to obtain 
relationships for the pressure and heat flux vector in terms of the 
fundamental force laws between atoms or molecules. Such matters are 
discussed in Chapman and Cowling [1960] and will not be elaborated on 
here. Expressions for P and q are available as: 


P, = p§,,—2pn[D,,-45,,(V-u)| 
or: d: 


pl- 
an 


(vue |-4 1 (Vv eu)} 


uf (2.33 
Y =-AVT ) 

[v 

u+ (2.34 


) 
where up is the viscosity and A is the coefficient of thermal conductivity and 
both are given in terms of certain averages over the differential scattering 
kernel cr(v,0). 


Utilizing Eqn. (2.33) we find that the momentum equation, Eqn. (2.26), can 
be written: 
U 


poe puseVu=-Vpt+yp Vut+%u V(Veu)+pF 
at (2.35) 
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where we note the relationships: 


Vo(Vur=V(V 
ou) Vo(Vu)= 
V-u 
VwICVeu))= V(Veu) 


If the fluid is incompressible, which is generally true for the low speed 
flow of gases, then we have (Vuu)=O. Thus, the equation governing the 
fluid is: 


au 
PtP u- Vu =-Vp+n V u+pF 
a 


(2.36) 


which is one form of the Navier-Stokes equations. When =O we regain the 
Euler equations. 


Eqn. (2.36) may be written in various coordinate systems and, as an 
example, we show it in Cartesian coordinates (x,y,z) where: 


u=iu,+jUy+ku, 


F=iF,+jFY+k F, 


au, du, du, du, 1d a’u, a2u,a’7u,)F 
-+ -+u Sh sr ke ae ee. 


at x. ax y ay z az pax p ax ay az x 


and: ; ; : 
Ma oy, Magy, Bey, en 1 ah Tee Toe : 

In addition, the continuity equation is written: : 
du, é du, du, -0 Pp 
ax ody dz pi ax 


Similarly, the components of the pressure tensor are: 


p 5 au, 


(2.37c) 
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dy ox (2.42) 
= a gs 
me Saupe 
yz zy “az ay (2.43) 
and p= —* (aul. 
dau. 
zx wz PY ax+ az (2. 4A) 


The boundary conditions on Eqn. (2.36) are that the relative tangential 
velocity at the surface is zero, i.e. no slip, and the normal velocity is equal 
to that of the boundary. Thus, for a stationary body, the overall vector 
boundary condition is: 


(2.45) 


Egn. (2.36) is a nonlinear equation and in general admits only a very 
few exact analytical solutions. However, for low speed flows where 
inertial effects are small and there are no rapid changes with time, it 
seems physically reasonable that the left hand side of Eqn. (2.36) will be 
small compared with the right hand side. In order to quantify this, 
let us introduce two 

dimensionless numbers, Res=aU/-vand Rer=a?ro/-v, where -V=p//p is the 
kinematic viscosity, a is the typical dimension of a body, U is the 
asymptotic flow velocity, and ro is a typical frequency of oscillation for 
some time dependent disturbance. Res and Re,- are Reynolds numbers for 
space and time dependent variations, respectively. If we scale space, 
time, velocity, and pressure as follows: 


we find that Eqn. (2.36) may be written: 


ou ae 
Re, —+Re, ie Va =-Vp+ V'ii 
ro r (2.46 
where the force term has been 
absorbed into Pp. 
Three situations arise: (1) if Re,- is sufficiently small we can neglect the 


time derivatives; (2) if Res is sufficiently small we can neglect the 
nonlinear inertial terms, and; (3) if both Res and Re,- are small the entire 
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left hand side may be neglected. 


For most situations that arise in aerosol problems, case (3) is valid and we 
have the equation: 


uV7u = Vp 
(2.47) 


to describe the fluid. Eqn. (2.47) is known as the slow viscous flow 
equation and the physical process it describes is called creeping motion 
or Stokes flow. As long as the Reynolds number is small this equation 
will describe the flow over bodies and surfaces very accurately. Eqn. 
(2.47) has the marked advantage of being linear. 
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If there are rapid time variations in the fluid (e.g., hannonic oscillations) 
then it may not be possible to neglect the time derivative term. In that 
case we must solve: 


pel errs Vp 


a (2.48) 
which is still linear. 


An improvement to the slow viscous flow equations was made by Oseen 
[1910, 1927] who approximated the inertial term by: 


ueVu: U eVu 


(2.49) 


where U is the uniform stream velocity prevailing at some distance from 
the body under investigation. In this way, the Stokes equations become: 


pV7u- Vp=pU* Vu 


(2.50) 


This equation, which is also linear, extends the range of calculated 
properties (e.g., drag) to higher values of Reynolds number. It has been 
studied extensively and its theory placed on a sound footing by Proudman 
and Pearson [1957]. A useful discussion on this matter is given by Happel 
and Brenner [1973] and we also make use of the theory in Chapter 4. 


2.3The drag on a body 


Before further discussion of either the Boltzmann equation or the 
equations of hydrodynamics, it will be useful to define the drag force on a 
body. Clearly, as a body moves through a fluid or as the fluid moves over 
a fixed body, it will exert a frictional force or a drag. It is vital to calculate 
this drag for various shapes of the body since it will tell us, via the 
equation of motion, how rapidly the body moves under various external 
forces. The classic case would be the gravitational settling of a sphere in 
air. In order to quantify the resistive force we must calculate the net 
effect of friction over the surface of the body. 


Consider a body immersed in a fluid and let dS be an element of surface 
normal to the body and pointing into the fluid. The resultant force due to 
the local stresses exerted by the fluid on the body is: 


F=f p-as 
S (2.51) 


where Pis_ the pressure tensor given either by Eqn. (2.5) or by Egn. 
1 


(2.33). In the case of the Boltzmann equation it will be necessary to know 
the complete velocity distribution function of the particles and in the case 
of hydrodynamic theory the somewhat less demanding solution of the 
continuum equations is required. 


2.4The torque on a body 


Due to nonuniform flow or because of an asymmetry in its shape, a body 
moving in a fluid can experience rotation. The forces leading to this 
rotation generate a torque. In order to calculate the net effect, it is 
necessary to sum the turning moments over the surface of the body. 
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dS 


Figure 2.1: Coordinates for torque on a body 


If in Fig. 2.1, 0 is an origin and r is a vector from that origin to the point on 
the surface where the normal area pointing out of the body is dS, then, 
the elementary torque at that point is r x P « dS and hence the total 
torque is: 


T= f rxPedS 


Ss 


Examples of drag and torque are given below. 


2.5 Slip flow 


The boundary condition imposed on the velocity in the equations of 
hydrodynamics is that the tangential velocity at the surface is zero. That is, 
at the surface the fluid is firmly attached to the surface. Solution of the 
Boltzmann equation shows, however, that this is not the case (Williams 
[1971]). For example, in the case of a gas (x>0) moving parallel to a fixed 
wall (at x=0), it is found that at the wall surface the gas velocity is not 
zero, i.e. there is a slippage of the gas over the surface. This effect arises 
ies the atomic nature of the gas and cannot be predicted from continuum 
theory. 


In the very special case of the gas moving over a plane wall it turns out 
that an exact solution can be obtained for certain special models of 
scattering. The average flow velocity of the gas can be shown to assume 
the form: 


u(x) = K, x +} B, +u,(x) 
(2.51) 


As Fig. 2.2 shows, there are two well defined regions as we move away 
from the wall. Near the wall, to be precise within a few mean free paths 
of the wall, the average flow velocity u(x) varies rapidly from a finite 
value u(0) at the surface to an asymptotic value Kox+Bo/2. The term 
u'(x) is a rapidly decaying function of x which is negligible at a few mean 
paths from the surface. The asymptotic form: 


u..y(x) = Ko x + /2 By (2.52) 
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satisfies the hydrodynamic equation, provided that the following 
boundary condition is imposed: 


v dd u.,y(x) = u.,y(0) 
x x=0 (2.53) 
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u(x)Knudsen 
Layer 


Asymptotic 
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Figure 2.2: The Knudsen layer and slip 
coefficient. 


where.=Bo/2Ko- The value of . depends to some extent on the gas- 
atom scattering kernel and the wall-gas interaction but is generally on the 
order of a mean free path. It is clear, therefore, that if the scale of 
distance at which we are working is comparable to or less than a mean 
free path then this slip correction will be important. If, on the other hand, 
the body is many mean free paths in extent, the effect is negligible and the 
condition u..y(O)={} is adequate. 


Although the above argument was based on a plane boundary, it may be 
shown that all solutions of the Boltzmann equation for flow over surfaces 
consist of an asymptotic solution, which satisfies the hydrodynamic 
equations, plus a rapidly varying term which decays to a negligible value 
at several mean free paths from the surface, but which is appreciable near 
the surface. Thus small spheres whose radii are comparable to a mean 
free path will certainly be influenced by this slip effect. 


Use of the slip condition, as shown in its most simple form in mur (2.53), 
enables the equations of hydrodynamics to be used in a range of Knudsen 
numbers much larger than might be expected. Indeed, in many aerosol 
problems, the slip correction covers the complete range of particle sizes of 
practical interest. 


When the theory of slip is extended to bodies of more complex shape, the 
boundary condition has to be generalized. Thus, we write: 


r 
u,-C,, ~P,, =0 


m ns 


(2.54) 


where u, is the tangential velocity and Pn, is a component of the stress 
tensor with n being the direction normal to the surface ands the direction 
tangential to it. Cm is a slip correction factor and is around unity but 
depends weakly on the gas-surface interaction. If the body is moving, then 
the right hand side of Eqn. (2.54) would be equal to the tangential 
component of this velocity. 
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2.6 The drag on an isolated sphere 


The most fundamental problem in aerosol dynamics concerns the manner 
in which a sphere moves in an infinite fluid. Historically, this problem was 
first tackled by Stokes [1845, 1851] using hydrodynamic theory, when he 
derived his famous formula for the frictional drag: 
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F, = 6napnU 
(2.55) 


This formula is limited to spheres that are large compared to a mean free 
path and therefore is invalid for small particles. Stokes' formula was 
modified by various workers for larger Knudsen numbers by the 
introduction of an empirical factor C such that: 


6nauU 


F, = 
Cc (2.56) 
wher 
e: 
C=1+Kn[Ai+ A2 
exp(- (2.57) 
This factor is called variously the Stokes-Cunningham factor, the 
Cunningham factor, or the Knudsen-Weber factor. is the Knudsen 
ieee Ag/a, where Ag is the mean free path and a is the radius of the 
sphere. 


A; are constants the values of which vary from author to author but_are 
given by Friedlander [1977] as A1=1.257, A2=0.400, A3;=1.1. This 
modification enables the Stokes drag to be used up to about Kn=l10 
although, with some further adj ustnent of the A;, Eqn. (2.56) can be made 
to span the complete range of 


Very small particles, where Kn>>1, can be treated as large molecules and 
a particle velocity distribution function can be found using kinetic theory 
from which, by direct averaging, the drag is obtained. For a simple 
model of diffuse reflection it may be shown that (Williams [1973)]): 


ta2P(8kT)112 {1+ }u 


D 3 8 7tm 8 


(2.58) 


where pz is the gas density and m is the mass of a gas atom. Thus, Eqns. 
(2.55), (2.56), and (2.58) span the complete range of Knudsen numbers 
although there is a gap in the range 1|O<Kn<oo. 


It is useful to consider the limiting value of Fyas Kn ooin Eqn. (2.57). 


; 2 
RO- Then we find: 61ta* pU 


8 (Al +A2) (2.58a) 


Noting that A1+A2=(1.657), and from kinetic theory (Kennard [1938]) 
that p/A, =p/i/3 we find that Eqn. (2.58a) differs from the exact value only 
by a factor of 0.65. Thus, as we mentioned above, some adjustment of the 
A:could lead to a formula which is accurate over the whole range of 
Knudsen numbers. 


Useful as these formulae have been, it is clearly desirable to have a 
result which is self consistent and predicts the drag over the complete 
range of Knudsen numbers. This calculation was first carried out by 


a3 


Cercignani and Pagani [1968] and Cercignani et al. [1968] using the 
integral form of the Boltzmann transport equation. In order to simplify 
the equation, these authors employed the BGK (Bhatnagar, Gross, and 
Krook) model for the gas atom scattering and a perfect accommodation 
model for the gas-wall interaction. To obtain the drag, a variational 
method is used the results of which are presented in the form: 
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Variatio 
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Millikan 
Sherma 
n 


0.0 R 


PN 


Figure 2.3: Comparison of variational results with Millikan's formula 
and Sherman's law. Adapted from Cercignani et al. [1968] 
with permission of the American Institute of Physics. 


Table 2.1: Drag on a sphere versus the inverse Knudsen number 
. Adapted from Cercignani et al. [1968] with 
permission of the American Institute of Physics. 


Variatio Millikan's Variational Millikan 
nal 
R resul formula R resul formula 
ts forD ts forD 
for forD 
D 
0.05 0.9778 0.9784 2.0 ous 0.4645 
0.075 0.9651 0.9677 2.5 one 0.4029 
0.1 0.9529 0.9571 3.0 at a 0.3551 
0.25 0.8864 0.8959 4.0 vant 0.2863 
0.5 0.7900 0.8036 5.0 ae 0.2396 
0.75 0.7088 0.7236 6.0 O20 0.2058 
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1.0 
1.25 
1.5 
1.75 


0.6404 
0.5824 
0.5332 
0.4910 


0.6549 
0.5961 
0.5456 
0.5021 
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7.0 
8.0 
9.0 
10.0 


0.1804 
0.1606 
0.1447 
0.1317 
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D - Fo(Kn) -1 (8 3 Ist ) 
- F () - St1t - 2-.ficR2 U2 
oO = (2.59) 


where U = U_ /c, R= a/Oc (= Kn-'),Q = p/p, A. = 0 c,and 
c=(2kT/m)- 


U_ is the velocity of the fluid. J., is the stationary value of a complicated 
functional which has been numerically calculated by Cerergnani ef al. 
[1968). The results are shown in Fig. 2.3 and in Table 2.1. 


It is clear that for large and small values of Knudsen number the variational 
result is exact. The authors state that errors due to the BGK model and the 
approximate nature of the trial function are likely to lead to errors in D not 
exceeding 1%. 


In the figure the curve marked 'Millikan' refers to the use of a modified 
Stokes law including the factor, C, while the curve marked 'Sherman' refers 
to a simple interpolation fonnula of the form: 


D = [1 + (0.685) Rr (2.60) 


Sherman's formula can deviate from the exact results by as much as 10% 
but may be useful in certain approximate calculations. This has been 
verified by Lea and Loyalka [1980) and Law and Loyalka [1986) who solved 
numerically the integral, BGK based, transport equation. 


2.7 Stokes flow in the continuum regime 


In most problems in aerosol dynamics we shall find that the continuum 
equations of hydrodynamics provide an adequate description of particle 
motion if they are supplemented by the slip boundary conditions. There are 
exceptions, but they will be dealt with as appropriate. Thus, in this section, 
we examine the solution of the slow viscous flow equations for a number of 
practical situations. 


In general, three dimensional fluid flow problems are very difficult 
mathematically. There exists, however, a certain class of problems in 
which axial symmetry permits significant simplification. Such axi- 
symmetric problems are characterized by a scalar function called a 
stream function, 'V:- Consider the coordinate system shown in Fig. 2.4. 


The curve AB is the surface of a body of revolution about the z-axis. n and 
t are unit vectors normal and tangential to the curve, respectively. 
Symmetry is assumed about the z-axis and we consider (z,m) to be the 
independent variables. The vector i* is pointing out of the plane of the 
paper so that the system is described by the set of unit vectors (n,t,i.). 
The Stokes stream function 'Vis related to the velocity of the fluid by 
(Happel and Brenner [1973]): 


u=-le: ex vy 
mM 
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(2.61) 


Thus, in the cylindrical coordinates (z,m): 


= I 
u=!aV ee ee 
and 4 mam (2.62) 
m Maz 
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m 


Figure 2.4: A coordinate system for 
Stokes flow. 


More generally, if qi, qz,and <I> constitute a right-handed system of 
orthogonal curvilinear coordinates, then: 


ab, ov and Piece 
0) oq, w oq, 


1 


(2.63) 
where m=m(qi,g2) and h; and hz are the metric coefficients. An 


equation for the stream function 'I' can be obtained as follows. The 
vorticity vector, . is: 


pi nanagel Chae a Oly oe Io. =~) mlexe)n! ip 
s=Viu=i, ($3 ore az) aloo)! *o ~ 


(2.64) 
where the operator E? is given by: 
2 alia) @ 
E=mam mam-+ az (2.65) 
It is readily verified that: 
1 
Vx(VxC)=-i, — E’y 
°S (2.66) 
Let us now return to Eqn. (2.48): 
eat ¥Vuw ayy Pp 
at p (2.67) 


and note that: 
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Vu 
=V 
(V 
°U 
)- 
Vx ( 
V 
x 
U 
) 
( 
2.68) 
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m 


Figure 2.5: An intrinsic 
coordinate system. 


Taldng the curl throughout and using (Veu)=O, we get: 


(2.69) 
B =v Vx(Vx¢) 


where (VxVp)=O. Then from Eqns. (2.64) and (2.66) we find: 


) 
—(E? = E* 
5 (Ew) = 4 (E'y) ery 


which is a linear equation for the scalar '1': In most cases we may neglect 
the time dependent term such that Eqn. (2.70) reduces to: 


The boundary conditions on Eqn. (2.71) can be obtained by reference to 
what Happel and Brenner [1973] call ‘intrinsic coordinates’. Fig. 2.5 
illustrates these coordinates where n is the unit normal to the surface 
and s is the unit vector in the tangent direction. 


In terms of these coordinates, the magnitude of the normal velocity, un, 
and the magnitude of the tangential velocity, U., are given by: 


nm =n (2.72) 
an as 
ie 1 aw 
ee (2.73) 
e rnan 


The problem that will most commonly be encountered is one in which an 
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axi-symmetric body is moving in the z-direction with a velocity u=i,U. 
Thus, with respect to an observer at rest, the impenetrability of the surface 
is described by: 


(u-U)en = 0 (2.74) 
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In the case of no tangential relative velocity: 


(u-U)es =O (2.75) 
Eqn. (2.74) may be written, using Eqn. (2.72), 
and the fact that: 
»~ am 
oY SCS 
as WI 
1 JOT gg lll ches 
M aS aS 
or 
2 (y+io? U)=0 
x(t 2 = 
Integrating this around the body, we find: 
Wiad 2K 
I'+42m* U=0 (2.76) 
where we have defined '1'=0 at m=0, i.e., along the axis 
of the body. Similarly, Eqn. (2.75) may be written with 
the help of Egn. (2.73) and: 
sti am (2577) 
2 an 
as: 
2 ly +i@° U)=0 
on (2.78) 


If the surface coincides with a member of the curvilinear coordinate 
system, say qN, then Eqn. (2.78) becomes: 


(Ay, mu) =O 
aqN (2.79) 


Finally, it is also necessary that: 


lim C"') =O A. 
r- r mpl ( 
where r2=m7?+z? and the velocity is zero at infinity. _ 
U 
If the tangential boundary condition on wu is of the slip type, then ) 
Egn. (2.75) becomes: e 
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s=C -°p 


where: 


du, , du, 
P= ( 7 


(2.80) 


(2.81) 
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Di cee (-2i% 21m) 
(v+4O U)=Cu Ay ds O ds an @ on (2.82) 


2.8The drag 


We also wish to know how to calculate the drag directly from '1': Let us 
recall Eqn. (2.34) for the stress dyadic: 


P = pl-p [Vu+ (Vuf] 


(2.83 
Then, in terms of the coordinate system (n,s,i,) and with: ) 
I=nn+ss +i,i. andu=n 
Un +s u. we find: 
ee ere 2u aun )-- SU (au?® + au, ) 
an as an 
Rearranging and noting that: ae 
du, du 
Vxu= -— 
om aa (3 Os 
we can write P, as (2.85 
eae. 1 oy is ) 
P. = pn=24 Vu, ~su(i,6)=pn+¥(2 S4)-sy Ze y 
Since the symmetry of the flow leads only to a force in the axial 
direction we find: F, = f P,*dS= f P,. dS (2.86 


Ss 


s 
(2.87) 


where dS=21trnds. 


It is shown by Happel and Brenner [1973], using Eqn. (2.86), that the 
drag reduces to the calculation of: 


F,= un | oO — g 2(E¥ Jas 
(2.88) 
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Sometimes it is convenient to divide the drag into two components, one 
due to the normal stress and one due to the tangential stress. Thus, we 
write Eqn. (2.86) as P,=PN+PTwhere PN=np and PT is the remaining 
part. 
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Figure 2.6: A coordinate system for the motion of a 
sphere. 


In this case the drag is: 
F, =pf meias+ F wr-iyas 
Ss Ss 


(2.88a) 


The term involving PN is called the form or profile drag while that involving 
PT is called the skin or viscous drag. 


This formula is completely general and can be used for bounded fluids. On 
the other hand, it is usually very tedious to evaluate the integral. For this 
reason an alternative representation of the drag is often used. This 
representation is restricted to an unbounded fluid but in practice this is not 
often a hindrance. The result, due to Payne and Pell (1960], can be 
written: 


= 81tp lim( _) 
r- m 
(2.89) 


This expression arises if one assumes that the stream function at a 
sufficiently large distance from the sphere is the same as that produced by 
a point force of magnitude equal to the drag on the sphere. If the fluid is 
not at rest at infinity but can be described by a stream function 'I'-, then 
Eqn. (2.89) is modified to: 


seg) 


F, =8ru im 


(2.90) 


2.9Drag on a sphere 


To illustrate some of the general ideas outlined above, let us consider 
the case of a sphere of radius a moving in a stationary fluid with a 
steady velocity U in the z-direction. Fig. 2.6 shows the situation. 
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In this case, rn==r sin(0), hi==l, ho==1/r, 
qi==r, q2==0. Thus: 
ee I al’ 


r sin(0) ae (2.91) 
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av 
r sin(0) 


ar 


and we have to satisfy: 


a sin(0) a 1 2 
a 


( QF’+ a& sin(Q) 1 


subject to: 


‘If(a,0) +) U a? 
sin?(8) = O 


ai | + U asin?(8) 


=0 
aT = 


lim(‘I') =O 


(2.96) 


Let us seek a solution in the form: 


and 


‘1f(r,8) ='h U f(r) sin2(8) 
which, when substituted into Eqn. (2.93), leads to: 


2 2F gy=0 


; dr2 r2 


The general solution of Eqn. (2.98) is: 


f(r) Ay Br+Cr? +Dr* 
r 


(2.99) 


(2.92) 


(2.93) 


(2.94) 


(2.95) 


(2.97) 


(2.98) 


Clearly, from Eqn. (2.96), D=O and C=O. Also, from Eqns. (2.94) and 


(2.95), we obtain A=a?(2 and B=-3a/2. Thus: 
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‘lf(r,0) = 


3 
Yy U sin2(0) (ar 
a? ) 


The corresponding fluid speeds 


are: 
u-=2'U col) (a. 
u, =—% U sin(6) (*) (2) + | 


and: 
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(2.101) 


(2.102) 
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The drag on the sphere can be obtained directly 
from Eqn. (2.89): 


3 3 
F, = 81tp lim[% U a? sin?(8) | 1 —1r)] =-81tp ~a U = -61tna U 
r--+- rae 4 
(2.103) 


which is the classical Stokes value. 


The other expression for F, is Eqn. (2.88) from which we see that 
dS=rd8, dn=dr, and integration is over 8 from O to 1t. Thus: 


F,=pftr’sin® § 6 \AU; )rd8=-6ltpaU 
(2.104) 


which is, of course, identical to the result obtained by the method of 
Payne and Pell [1960]. We may also write the drag as the sum of the 
form drag and the skin drag (F,=F Fr) where FN=-21typaU and Fr=- 
AityaU. These results can be obtained by integrating the normal and 
tangential stresses Pr and Pe over the surface of the sphere. 


It is possible to modify the boundary condition to incorporate the slip 
condition discussed above and given by Egn. (2.54). In our coordinate 
system, we have u,=us and: 


P =P= au C 
ms rel Tr a0 +r 
eee (2.105) 


Hence, the boundary condition now becomes (bearing in mind that the 
sphere is moving with speed, U): 
eee a tr Cc )I=-U sin(8) 
SraS arr (2.106 


But, since u,=U cos(8) on the sphere, this 
reduces to: 


Ug fe C,, 4, U sin(®)—C,, A, a 2(*) =—U sin(6) 
T 


or\ r (2.107 


which in terms of the Stokes' stream 
function becomes: 


Th 46 
+/C 
aft ) « 2altath oe 5 
ar at Usm -C Oe ea ee ae =-aUsm (2.108 
) 
Using Eqns. (2.97) and (2.99), we find that the modified value of Bis: 
Al 


B- 3a(a+2CmA,) 


R 


4 
and hence, that the drag is: 


F,=-6 U 
a EOC Aya 


(2.109) 


1+2C,A,/a 


| 


42 


Aerosol Science: Theory and Practice 


Because we only expect this slip correction to be valid for CmAg/a<<l, 
Eqn. (2.109) can also be written: 


F =- 
61tuaU 
: 1+Cm 
Kn 


where Kn is the Knudsen number. 


While for the sphere kinetic theory calculations give accurate values for 
the drag over the whole range of Knudsen numbers, such calculations 
would be very difficult for other shapes. On the other hand, the equations 
of slow viscous flow can be solved analytically for quite complex shapes 
(e.g., ellipsoids, toroids, dumbells, etc.). Using numerical methods, the 
drag on very irregularly shaped bodies may also be obtained (Segal 
[1979]). If the slip boundary conditions are incorporated, then the drag on 
such nonspherical bodies may be extended into the kinetic theory regime. 
Examples of this procedure will be given in Section 2.20 and following 
sections. 


Finally, we note that an alternative procedure for calculating the drag ona 
sphere (or indeed any shape) is to consider the body to be fixed and allow 
the fluid to move over it with a steady velocity. The modifications 
necessary in that case are to the boundary conditions. For example, at 
infinity, the fluid will not be stationary but moving with a steady velocity, 
U, or to put it another way, the Stokes stream function at large distances 
from the sphere will be: 


yw. =4 Ur’ sin’(6) 


Also, the boundary conditions at the surface of the sphere will be u,=0 and 
us=O for the no-slip condition which, in terms of the stream function, 
become: 


‘Jl(a,0) = 0 
and 


2.10Drag forces on nonspherical bodies 


ee situations, virtually all aerosol particles are nonspherical. The 
case where particles remain spherical throughout their lifetime is 
wien they are liquid drops and, even then, there may be some distortion 
due to external forces. Most aerosols, even if they are created as spheres, 
will coagulate and the product will tend to be irregular aggregations which 
can vary from 'fluffy' balls to long dendritic forms. Fig. 2.7 shows some 
typical particle shapes. If there is considerable moisture in the gas then 
aerosols do tend to develop a close packed form resembling spheres but, in 
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general, this is not the case and it is necessary to develop a procedure for 
calculating the drag on and effective sizes of such agglomerates. 


Before discussing methods for dealing with the highly irregular shapes 
discussed above, it is useful to examine how the drag behaves for some 
simple shapes such as spheroids, dumbells, and toroids. Such shapes will 
give some indication of the effect of geometry and will also enable the 
accuracy of the 'equivalent sphere approximation' to be assessed. The 
equivalent sphere approximation simply assumes that the nonspherical 
particle has the same drag as a sphere of the same volume. 
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(c) 


(a) (b) RH=5.0%  (c) RH=30.0% 
RH=0.5% 


Figure 2.7: Na-oxide particles at various relative humidities. 
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Adapted from van de Vate et al. [1980]. 
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2.11 The drag force on a spheroid 


We have seen in Section 2.7 that, for axially symmetric bodies, the 
Stokes stream function satisfies the following partial differential equation: 


E4y=0 (2.110) 
The coordinate system for the body is shown in Fig. 2.8. 


n ands are the unit normal and tangent, respectively, and i. and im are unit 
vectors in the z and rn directions, respectively. For axial symmetry, it is of 
considerable assistance to introduce a conformal transformation of the type 
(Happel and Brenner [1973]): 


z+im = f(l; +iTj) (2.111) 


where f(1;+iTJ) is defined so that the coordinate surfaces correspond to the 
boundaries of the geometry of interest. It is readily shown that in the new 
coordinate system: 


ry -on'| 2a), 2(m2¥ 
~—— El )2(om)| 


where @=@(I;,TJ) and h is the metric coefficient. In the present case, we 
choose I; as the coordinate normal to the surface and TJ as the one tangent 
to it. 


(2.112) 


In the case of an oblate spheroid the appropriate transformation is: 


f(I; +iTJ) = c sinh(I; + iTJ) 


(2.113) 
where OSI;<» and OSTJSit. This leads to 
the relations: z = c sinh(I;) cosh(TJ) 
(2.114) 
and 
rn = c cosh(I;) sinh(TJ) (2.115) 
Eliminating TJ we obtain: 
22 ro 
c” sinh?() ” c” cosh?(&) a 
(2.116) 


From this we can readily establish the fact that the coordinate 
surfaces, !;=constant, are a family of confocal oblate spheroids. 


Now, the boundary conditions on the surface of the spheroid are: 
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u = Une 
seis ah (2.117) 
Tae (2.118) 
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im 
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Figure 2.8: A coordinate system for an axially symmetric body. 


where ul; and Uri are the fluid normal and tangential velocities and U is the 
translational velocity of the sphere in the z-direction. If slip boundary 
conditions are to be used, then the condition for the tangential velocity 
becomes: 


CA, . 
u, — P., = Usel, 
iM (2.119 
wher ) 
e: 
Pi;,,=ul “9 (h wy, s 
(rut) (2.120 
) 
We shall not, however, employ this enhanced boundary 
condition here. It is not difficult to show that: 
nei =ham 
(2.121 
) 
and: 
PIO} 
sei, =-h— 
: Ela If 
1 
and, moreover, from Eqns. (2.72) : 
and (2.73): 
hdl r 


35 


and: 


n dll 
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Figure 2.9: A coordinate system for a spheroid. 


In order to process it is useful to define two new variables, A=sinh( ) 
and =cosh(11). Then it follows that: 


1/2 
B=o[(% +1)(1-C’)| (2.125 
) 
Z=CA 
(2.126 
) 
a 
c(A.2+ 2.127 
se, ayn 
see (2.128 


where, from Fig. 2.9, a and b are the major and 
minor radii. In terms of A and . the boundary 
conditions become: 


oy _ 2 2 
a U(r +i)s (2.129 


and: 

oy 2 2 

+ =-Uc’(1-C*)A 

OX her, (1-67) de (2.130) 
where A.o=[(a/b)2-1r''*defines the surface of the spheroid. 


The equation for 'l' talces the form E*'!'=0 where, in the new system of 
variables: 


37 


207 


2 1 2 ie 1-C? on 
: areal +1) Sart ( Cag (2.131) 


Happel and Brenner [1973, page 145] show that the solution to the 
equation for 'l' can be written as: 


Td.) = (1- 7) {-C1A+C2[A-(A-2+1) coc! (1)]} 


(2.132) 


38 


The Motion of Particles in Gases 


where C, and C2 are to be determined from the boundary 
conditions. The result is: 


Bow 2c?U 
: Aot 1~4,) cot (Ao) (2.133 
) 
and: 
ee c?U(1-4;) 
2 Ao t+ 1-2, cot” (Ay) (2.134 


To obtain the drag, we use the result of Payne and Pell [1960] 
given in Egn. (2.89): 


VW 
F, = lim 
tal ca] (2.135 
5 oa re ) 
c 
(2.136 
We have, therefore, for the drag on the oblate spheroid: ) 
R{O)- 8itucU 
A.o+(1-A!)coC (2.137 
(11. ) 
ie 81tybkK?U 
eee K+(«? —1) tan™(k) (2.138 
e: ) 
«? =a71 


The drag on a prolate spheroid can be obtained directly from the result for 
the oblate case if we note that coordinates appropriate to the prolate case 
are defined by: 


f( +i Tl) = c cosh( +i Tt) 


(2.139) 


Then, with t=cosh( ) and =cosh(Tt), we note that there is a one-to-one 
correspondence if we replace A. by it and c by -ic. Since the surface of 
the prolate spheroid is defined by to=constant, it is now only necessary 
to set aria va 


a2 


(2.14 
39 


te lL 


to obtain: 
FiP)= ud a 
Oo 
| +1) t) © to 
81tybK?U 


“(ae +1) in K+) Fe 
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Figure 2.10: A coordinate system for an oblate spheroid moving along the 
direction of its major axis. 


Two interesting limiting cases can be obtained from Eqns. (2.137) and 
(2.141). In the oblate case if we allow a>>b it reduces to a disc of radius, 
a, then we find: 


F;,(disk) = -16ya U = oor ue UC i) 
(2.143) 


which is a factor of (0.85) less than a sphere of the same radius. 


In the case of the prolate spheroid, if we allow b<<a, it reduces to a thin 
rod. After a careful limiting procedure we find: 


F,(rod) = inf?) 


The resistance is therefore relatively insensitive to the ratio (alb). 


(2.144) 


The results for the oblate and prolate spheroids are relatively easy to 
obtain because the problems are axially symmetric. However, we may also 
ask for the drag on an oblate spheroid when its major axis is in the 
direction of motion. 


As Fig. 2.10 shows, the direction of motion is now in the IN direction. This 
requires a more detailed treatment of the flow and has been solved by 
Oberbeek [1876] who obtains the following expressions for the drag 
(denot 16npbx?U or the oblate spheroid: 


a (3x7 +1) tan“ (x)—« 


In the 
case of 


l6npbK?U (2.14 


F, (P) = -——————_———_.—— 
(2x? -1) inf e+ 2) +85 = 


the prolate spheroid moving in the direction IM, the result (2.145 
is: ) 


(2.14 
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Figure 2.11: A spheroid at arbitrary 
orientation. 


In practice, the spheroid may be at some arbitrary orientation in space as 
shown in Fig. 2.11. 


However, because the equations of fluid flow describing the drag forces are 
linear, we can use superposition to obtain the net drag force by resolving 
the values obtained in the two separate cases: Fu and F.1. Thus, the 
compound drag is: 


F, =F, cos(6)+F, sin(0) (2.147) 


Bearing in mind that the value of U in the expression for Fu is now U cos(0) 
and in the expression for F.1is U sin(0), we obtain: 


8rpbK* Ucos?(0) 16muLbK? U sin?(6) 
OF « +(«? —1) tan (x) i" (3x? -1) tan™(k)-« 
(2.148) 
Similarly, for the prolate case: 
3 2 3 s 2 
ee 8nubK cos ©) 16m bK usin um 
(2x? +1) nf +2) 88 (2x? -1) nf +2) 488 
by ob by ob (2.149) 


The limiting case of a disk moving at angle, 0, is obtained by allowing k 
= in Eqn. (2.148), whence: 


F, (disk) = — 18 pax U [3 cos”(6) +2 sin?(6)| 
(2.150) 
43 


Clearly, Fo(O°)/Fo(90°)=1.5 and, as we expect, the drag is much less 
when the disk moves edgeways. 
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Table 2.2: Reduced drag, Fo/61tayU, on spheroids. 


QbhU!. $12h1 roid PrQlatl. $12! 
1.rQid 
K t/2 average = equiv. 
equiv. 

average 

sphere sphere 
0.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 1.0 

0.1 0.999 0.998 0.998 0.998 ane 0.997 0.997 0.997 
0.2 0.996 0.992 0.994 0.993 0.984 0.988 0.987 0.987 
0.5 0.979 0.957 0.965 0.963 0.916 0.936 0.929 0.928 
1.0 0.943 0.88 0.901 0.891 0.767 0.821 0.803 0.794 
2.0 0.896 0.770 0.812 0.765 Bee 0.654 0.623 0.585 
5.0 0.861 0.658 0.726 0.581 ee 0.471 0.432 0.338 
10.0 0.852 0.61 0.69 0.463 0.264 0.381 0.342 0.215 


100.0 0.849 0.57 0.663 0.215 0.139 0.230 0.200 0.0464 
#8 0.849 0.566 0.660 0.0 0.0 0.0 0.0 0.0 


If the spheroids are assumed to be rotating due to Brownian motion, then 
an average over the orientations can be taken leading to the replacement 
of cos*(0) by 1/3 and sin?(0) by 2/3. 


We illustrate these results numerically in Table 2.2 for 0O=0 and 1t/2 and 
also for the average case. The values shown in Table 2.2 are those of the 
reduced drag, Fo/61tapU, i.e. deviations from the Stokes result for a 
sphere of radius a. 


We also show the result for the equivalent sphere approximation in which 
the Stokes drag on a sphere is employed with the effective radius, R, 
being determined from 41tR?/3=Vpsor V 
where Vps=41tab?/3 and V =41ta’b/3. 


01 


As might be expected in the case of the oblate spheroid, the drag is less 
when it moves in the direction of smallest cross sectional area. Similarly, 
in the case of a prolate spheroid, the drag is smallest when it moves in the 
direction of the ‘needle’ axis. As far as the equivalent sphere is 
concerned, we note that for K<2 (i.e. (a/b)< 5) its accuracy is better than 
6%. It is, therefore, a convenient approximation for slightly deformed 
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spheres. 


It is appropriate to note at this point that the mobility, B, of a particle is 
defined as the velocity per unit force. Thus, we may write U=BF. Then, 
from the Einstein relation, D=kTB, we can write D=kTU/F. It follows 
therefore, from Eqn. (2.147), that the diffusion coefficient for an 
arbitrarily orientated spheroid is: 


1 co s( 8) si n(e ) 
Do, ie oe SS 
(2.151) 


where Diy=kKTU/Fiiand D1.=kTU/F1.. Using Eqns. (2.137), (2.141), 
(2.145), and (2.146) 
leads to the desired result. 
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2.12 The drag on a closed torus 


Another nonspherical shape for which the drag may be obtained exactly 
is the closed torus. This problem was first solved by Dorrepaal et al. 
[1976a] for the case where the toroid moves in the direction of its major 
axis. Fig. 2.12 shows the situation. 


In order to convert the equation, E'\j,=0, to a suitable system, the 
following tangent sphere coordinates are introduced: 


me ween 


6+ = and e417 


These coordinates define closed toroids of circular cross-section of 
radius a=1/211o, ie. 
11=constant defines a family of closed toroids. In terms of these new 
coordinates we find: 


voile alta a 


(2.152 


The boundary conditions on the surface of the toroid are un = Un * ) 
iz or, in terms of \jf: 


+L Ull 0 
2 (2 #11 )2- (2.153) 
The transverse condition is u. = Us » iz or, if we include slip: 
Cm Ag 
Uz ~~ HU = ns Zz 
(2.154 
) 
wher 
e: 2 2 2 2 
Pn, = [ [¥ +11 )ujj+:_L[4 +11 )un]] 
with: 
u =(2+112)2 al 
° 11 
en WW 
d: - (2 +1222 a 
Un- 11 a. 
The slip condition therefore takes the form: 
Now, 
(+r) aio, |a(G+ny ay|_1 a(n) ay)|_y(m-8) — P 
n on ™ font non} nal nn 0 (&? +77) Dies 


aal et al. have shown that the general solution for \jf is: 


(6) = fan? J ds {A(s) I,(sn) + B(s) 0 Io(s)} cos(s&) 


(2.156) 
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Figure 2.12: A closed torus moving in the direction of its major axis. 


where 1) and 1; are modified Bessel functions and A and B are unknowns 
to be determined from the boundary conditions. In the case of no slip, 
Dorrepaal et al. obtained an exact value for the drag: 


~ 1~2[1,(x) K(x) +1, (x) Ky(x)] | 
F,=-8yau | - MipEC@GT dx = -(35.26) paU 
(2.157) 


Using a variational method, Williams [1987a] obtained an approximate 
result for the drag, including slip, in the form: 


F ==-(35.26) au{1+(2.6306)1c} 
u 1+(5.0418)1c 


(2.158) 


where A=C )1./2a. This slip correction enables the result to be used over a 
much wider range of physical conditions. It is useful to compare Egn. 
(2.158) with the corresponding value for a sphere as given by Eqn. 
(2.109) and is instructive to calculate the drag on a sphere with the same 
volume as the toroid. Since the toroid volume is 21t?a* we find the 
effective sphere radius is: 


37t)l/3 


Pras e (2.159 


from which, using Eqn. (2.109), we obtain: 


F ==-(31.60) aufl+(193)a} 
err pl 1+(1.789)A 


(2.160) 


While the leading term is in error by about 10%, the slip corrections 
are seen to differ significantly from the exact result. Results for an open 
torus with no slip are given by Majumdar and O'Neill (1977]. 


2.13The drag on two spheres in contact 
49 


The problem of drag on two spheres in contact has been solved for no slip 
by Cooley and O'Neill [1969]. In this case both spheres are moving along 
their line of centers. We shall discuss the procedure for calculating the 
drag. 
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Figure 2.13: A family of curves generated by (z,lil)H(S,TJ) 
transformations. 


The problem is axially symmetric and so we have to find a solution of 
E*'lf=Osubject to the following boundary conditions: 


u. =Un ¢i, 
and: 


r 
1 Posey Seal 


The following transformations are convenient: 
26 
e we n’ 
2 T. 
n=7-N_- 
1;2 +TJ2 


and: 


because they generate a family of curves as shown in Fig. 2.13. 


In Fig. 2.13, ai=a and az=ka. However, for simplicity, we only consider 
the case of ai=a, deferring the general case until Section 2.25. We note 


that !;=constant defines circles of radii a=1/so- 


The appropriate form for E’ is then identical to Eqn. (2.152) and, as 
shown by Cooley and O'Neill, the general solution is: 


. gol “dd B(s) cosh(s& +C(s) € sinh(s&)} J,(sn) 
mee (6 +n’) Leen } (2.161) 


where B and C are determined, by the boundary conditions. For the 
case of no slip, Cooley and O'Neill obtain for the drag: 


F, = -61tpafU 


(2.162) 
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r- ¥sinh 2 }ds=12902819 
t1- (s). ? 


Jo sinh(2s)+2s (2.163) 
With slip, Williams [1987b] has used a variational method to find an 
approximate result as follows: 


F= -61t a U(1.2804147) {1+ (6.950))..+ (8.595),..2} 
° y 1+(8.128)).+(14.95)A? (2.164) 


For the equivalent sphere approximation, in which 


R=2!'3a, we find: F =-61t aU(1.259921) {1+ 
(2.165) 


587 
eeu ye 
f m 1+(2.381)A. 


The error in the leading term is 14%, the term to O[A.) is 4%, and the term 
to O[1/A] is 4%. 


2.14 Upper and lower bounds on drag 


In a study of Newtonian viscous fluids in quasi-static flow, Hill and Power 
[1956) developed some extremum principles. These authors were able to 
obtain upper and lower bounds on the energy dissipation of a body 
translating and rotating in a viscous fluid. Consequently upper and 
lower bounds for the drag were available. One useful general conclusion 
of this work is that the drag on a body of arbitrary shape can be 
bracketed from below by the drag on any inscribed body and above by 
any circumscribing body. Thus, no matter what the complexity of the 
body, it should always be possible to find simple inscribed and 
circumscribing shapes: the simplest situation being spheres. As an 
example, let us consider the case of the closed toroid mentioned above. 


For the inscribed body we see that a torus of radius a contains a disc of 
radius, 2a. The drag on such a disc is, as we have seen, given by: 


Fdisi< = 32pa U = (10.186)1tua U 


(2.166) 
The body can be circumscribed by a sphere of radius 2a, the 
drag of which is: 
Finer = 120paU (2,167) 


A somewhat closer circumscription would be obtained with an oblate 
spheroid whose generating ellipse has a major axis of length 4a anda 
radius of curvature at the ends of the major axis equal to 2a. This 


4 


requires the eccentricity to be 11 2 and the minor axis to be of length 2 
2a. The drag on such an ellipsoid is: 


Fcllipsc = 8-v'21tpa U = 


(2.168) 
(11.314)1tpa U Now, the exact result as 


shown in Eqn. (2.157) is: 


(2.169) 
Ftoroid = (11.224)1tpaU 
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wae 
= 


Figure 2.14: A deformed spheroid, 
r(0)=1+e(0). 


Thus, we see that: 


Fig (9.4) < Feria < Fonipse (0-8) < Foohere (7) 
(2.170) 


where the% error is given in brackets. We see that Hill and Power's 
method is indeed useful but that in this case the lower bound is less 
accurate. 


2.15A general technique for axially symmetric bodies 


In an attempt to obtain some general trends for the drag of objects of 
variable shape, O'Brien [1968] carried out a semianalytical study based 
on the work of Savic [1953]. The coordinate system is not specialized to 
any specific configuration as with the ellipsoid or torus but rather the (r,0) 
system is retained and the surface of the body is defined by a relationship 
of the form: 


r(0) = 1 + e(0) (2.171) 


where ris normalized to the equatorial radius, a (see Fig. 2.14). 


Thus, the equation to be solved, E*Jf=O, is in (r,0) or rather (r,p) 
coordinates, where p=cos(0): 


2 
a2 1 p2 a2) 


(2-8 aoe JO 
ar r (2.172 
ay ) 


In this case the body is assumed to be stationary and the fluid flows 
over it so that the boundary conditions are: 
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and: 


1 av_, 


o> 1) or 
r(i-p?) "or (2.175) 
on the surface of the body and assuming no slip. 


A general solution to Eqn. (2.172) can be writte11 (Savic (1953], Sampson 
(1891]): 


Tp) = L c -1/2)(y) [An rn + en r2. + Bn r-n+l + Dn r-n+3] 
n=2 (2.176) 


where c 112i) are Gegenbauer polynomials. There is also the restriction 
that coefficients for powers of r greater than two are zero. Thus, a simpler 
form for Eqn. (2.176) is: 


‘l'(r,p) =hu (1-p2) a2 r2 + L c -1/2'(y) [Bn r-n+l + Dn r-n+3] 
n=2 (2.177) 


where we have set A2=Ua? to ensure the correct asymptotic behavior. 


The coefficients of 'l' are computed by matching boundary conditions at 
a finite number of points on the body contour using Eqn. (2.171). Of 
course, only a finite number of terms are taken in the summation 
according to the accuracy desired. The greater the distortion from a 
sphere, the larger the number of terms required for a given accuracy. 


In order to calculate the coefficients Bn and Dn it is necessary to solve a 
set of algebraic equations. Then, 'l' can be reconstructed and hence the 
fluid velocity. The drag is obtained directly from Eqn. (2.90) which leads 
to: 


F=4nxpaUD, 
(2.178) 


where a is the equatorial radius and we have noted that: 


cs" (u)=4(1-v") 
Thus, knowledge of D2gives the drag. 


O'Brien has written a computer program which solves the problem for 
arbitrary E(8). If m collocation points are taken then there are (2m+2) 
equations to solve. In most cases O'Brien takes m=l1O and hence solves 22 
simultaneous equations. The analytical form used for r(0) is: 


K 
(8) = 1+ L Eeue 
k=l (2.179) 


The accuracy of the drag on oblate and prolate spheroids is shown in 
Fig. 2.15 where the circles are the numerical approximations and the full 
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lines the exact results from Eqns. (2.138) and (2.142). It is obvious that 
more collocation points are required for highly eccentric oblate spheroids. 
In this case eccentricity is defined by: 


2 
e= |-- b2 )" 
(ba (2.180) 
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Figure 2.15: Drag ratios for ellipsoids. Adapted from O'Brien 
[1968] with permission of the American Institute of 


Chemical Engineers. 
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Figure 2.16: Bodies with p-square deformations. Adapted from 
O'Brien [1968] with permission of the American Institute of 
Chemical Engineers. 
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Figure 2.17: Drag ratios for bodies with p-square deformations. 


Adapted from O'Brien [1968) with permission of the 
American Institute of Chemical Engineers. 
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Figure 2.18: Correlation of fonn factor f with change in volume. 
Adapted from O'Brien [1968) with permission of the 
American Institute of Chemical Engineers. Ref. 14 
refers to Heiss and Coull [1952). 
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The drag ratio, d, is defined as the drag divided by 61tapU. 


This method is, of course, most useful for bodies where no analytical 
result is available. Fig. 2.16 shows a selection of shapes generated by the 
equation r=1+fp’, with their inscribed prolate and oblate ellipsoids. The 
results for the drag ratio, d, and the form factor, f=d-1, are shown in Fig. 
2.17 as a function of £. The dashed line is the linear perturbation result of 
Brenner [1964]. Some further results are given for shapes in the form 
r=1+£,p+£2p’ with positive and negative values of £; and f2.- 


O'Brien discusses the application of the above technique to arbitrary 
shapes which can be entered numerically. He finds that there is some 
difficulty in convergence for highly distorted bodies and suggests that 
improvements will result if more points and more precision are 
adopted. Since his work is now more than 20 years old, it would seem 
likely that modern computers should be able to overcome these 
difficulties. There are also alternative methods of solution available based 
on the finite element method (Segal [1979]). 


O'Brien's work continues with some discussion of the drag ratio. For 
example, he uses the theorem of Hill and Power [1956] of inscribed and 
circumscribed spheres and also the equivalent sphere approximation. 
Fig. 2.18 shows the results for spheroids. Clearly, both the equivalent 
sphere results and the exact results fall between the bounds, but the 
equivalent sphere is not very accurate. This is consistent with the 
results given in Table 2.2. Various correlations between drag ratio and 
what O'Brien calls the deformational volume are given. 


One major difficulty with the above theories concerns particle orientation. 
Our theory assumes that the particle falls with its axis vertical. Oblate 
spheroids of uniform density will tend to do this naturally, but a prolate 
spheroid will tend to rotate to a position of maximum stability. Although 
this tilt will not be appreciable it does lead to a correction that would have 
to be accounted for via Eqn. (2.149). 


2.16 Other methods of drag calculation 


An ingenious method for dealing with particles that are composed of finite 
linear arrays of axi symmetric bodies has been developed by Gluckman 
et al. [1971, 1972]. We shall describe this theory with an illustration of 
flow past arrays of spheres which conform to natural coordinate 
systems. 


The procedure begins by using a system of coordinates which is 
appropriate for spheres, such as the one used by O'Brien in the preceding 
section. Indeed, Eqn. (2.177) is the basis of the calculation. Consider a 
linear array of spheres as shown in Fig. 2.19. 


The equation for \j/is linear, which means that at the point (r,u=cos(0)) it is 
possible to write the stream function as a superposition of stream 
functions generated by each sphere. Thus, if 'lii is the stream function at 
(r,.) due to sphere j, the net effect will be: 
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(N-1)/2 


mf 


-(N*-1)/2 (2.181) 
for N odd, with the origin taken at the center of sphere zero. 


For an even number of spheres, the origin is taken on one of the spheres 
closest to the center of the chain: 
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Alves 
patereas ~~) 
ae, ky 


j=-2 j=-1 j=0 j=l 


2d 


j=2 Figure 2.19: The geometry of the multiple 
sphere system. 
N . 
w= Iwj 
-(N-2)/2 (2.182) 
‘l'i is of the form of Egn. (2.177) as follows: 


llf.(r p) = ..U r? sin?(O0 ) + [B .r-ntl+D. 
: 24 
wher PPPS RB) e. O] NJ oD ee) 
fl (2.184) 
e: r) =[(x-2jd)2 +y’ 
Sicqe (2.185) 


It is now necessary to choose the constants Bni and Dni to satisfy the 
boundary conditions. Since the force on each sphere is given by: 


Fi= with ri cand walk aM 
0 Jed 


we can use the orthogonality properties of the Gegenbauer polynomials to 
obtain: 


(2.186) 
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Fj) =41tpD2i (2.187) 


The terms in Egn. (2.181) are called multipoles by Gluckman et al. [1971, 
1972] and each multipole has associated with it two constants, BDi and DDis 
which are related to the intensity of 
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the multipole. For flow past spherical objects the no-slip condition results 
in two equations for each discrete point on the arc of the body, i.e. at 
(Oi,ri=a). At these points: 


WY _ 
0; (2,188) 
and 
. yw 
—=+0 
, (2.189) 


The two arbitrary constants can therefore be used to satisfy the boundary 
conditions at one point on the sphere j. To satisfy the boundary conditions 
over the complete surface, corresponding to an infinite number of points, 
it will be necessary to retain an infinite number of multipoles. In practice 
only a finite number can be retained and the viability of the model depends 
on the rate of convergence for a desired accuracy. It is to be expected, 
however, that the method becomes more accurate as G/a_ since then the 
problem would describe an isolated sphere. On the other hand, touching 
spheres would represent a severe test of the method. 


Asa De ractical matter, we note that if there are N spheres in the chain 
and the boundary conditions are satisfied at M points on the arc of 
each sphere, then there will be 2NM simultaneous algebraic equations 
to be solved. Thus, differentiating Eqn. (2.181), using Eqn. (2.183), and 
applying Eqns. (2.188) and (2.189) leads to: 


N _M+l 
-U cos(eim)+ L, L, [B:qm Bng + 0:qgm 
Dnq] = 0 (2.19 
and: q=l 0) 
n=2 
N M+l 
Usin(eim) ak L, ribs IB [B; vue Pad +o;qm (2.19 


where the B:qm , B;qm, 0:qm ,, and o:qm are known functions of rqm and pqmes 
p is the collocation point and 1 p M. Egns. (2.190) and (2.191) must be 
solved numerically. 


As an example of the accuracy of this work, Gluckman et al. have applied 
it to the case of two spheres with flow along their line of centers. This 
problem was chosen because it is one of the few multibody problems for 
which an exact result is known. Such a solution was provided by Stimson 
and Jeffrey [1926] as we shall illustrate in Section 2.25. In order to 
represent the drag on the spheres the force on each one is written 
F=61tpaUA. Clearly, for widely separated spheres, d>>a, A 1 and we have 
the classical Stokes value. As the spheres approach one another there will 
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be an interaction effect and A will be different from unity; in fact A is less 
than unity since the effect of two spheres moving together is to reduce the 
drag. We have the curious fact, therefore, that two identical spheres 
moving downwards under gravity, fall faster than each individually. 
However, this is incidental to the problem in which the most important 
piece of information required is to see how many terms are needed in the 
multipole expansion to lead to satisfactory accuracy. 


Omitting discussion on some purely practical matters concerned with the 
computation (given in the original papers, Gluckman et al. [1971, 1972)) 
we show the results in Table 2.3. 
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Table 2.3: Approach to the exact solution for flow past two spheres 
(values of A). Adapted from Gluckman et al. [1971] with 
permission of the Cambridge University Press. 


Number 
of $12aGin . d/a 

points, 1 Z 3 4 8 16 
M 


1 0.6615 0.75065 0.80851 0.84604 0.91484 0.95530 
3 0.6441 0.74244 0.80477 0.84414 0.91454 0.95525 
5 0.6448 0.74266 0.80472 0.84412 0.91454 0.95525 
7 0.6451 0.74266 0.80472 0.84412 

9 


In Table 2.3 the convergence of the method is investigated over the 
range 1::;d/a::;00, Convergence is seen to be good as the last number 
given is exact except in the case d=a when it is (0.64514). For example, in 
the most restrictive case of touching spheres, we see that four 
significant figure accuracy is achieved with only nine equally spaced 
points. As a increases, the convergence improves dramatically. Even 
one point leads to an error of only 2.5% for d=a. 


These encouraging results suggest that the drag for multiple arrays will 
be given very accurately. As an example of the technique, we show in 
Fig. 2.20 how the drag varies from sphere to sphere in a chain of seven 
spheres. The associated Ai values are given at different spacings. It is 
interesting to note that the drag increases as we move to the outer 
spheres. Such results give some indications about the nature of settling 
of long dendritic aerosol particles which, if not rigidly connected, would 
tend to fall in a bent shape. 


Gluckman et al. [1971, 1972] have extended this superposition 
technique to arrays of spheroids. In order to do this, the coordinate 
system has to be changed from that of a sphere to that of a natural 
confocal system for the spheroid (oblate or prolate). Then such 
elementary solutions are superposed as for the spherical case. 
Numerical results are given in the original paper and extensions to 
arbitrary shapes can be found in Gluckman et al. [1972]. 


Finally, we note that some recent work on dendritic chains attached to 
a collector have been reported by Ramarao and Tien [1988]. These 
authors used slender body theory and report values of drag on various 
configurations. 


2.17Irregular shapes 


In virtually all practical situations aerosol particles are not only 
nonspherical but are highly irregular and have no particularly classifiable 
shape. It is useful, however, to look at irregular shapes that are composed 
of regularly shaped sub-units. This procedure was described in the previous 
sections. Some experimental work along these lines was carried out by 
Kunkel [1948] with glass beads in oil. While this is not an aerosol it does 
exhibit similar shape effects. Table 2.4 shows the shapes considered. It 
was noticed that the linear chains always rotated until their long axis was 
horizontal. Plate-like objects would fall with their flat surfaces in a 
horizontal position although any asymmetry would cause a sideways drift 
as the particle fell. 
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Sphere number (j) 


Figure 2.20: Drag correction factor for a 7 sphere chain at different 
sphere spacings. Adapted from Gluckman et al. [1971] with 
permission of the Cambridge University Press. 


Table 2.4 shows the radius, a, of the sphere of equal volume and the 
radius, a., of the sphere, assuming Stokes' law, that has the same fall 
velocity. It is evident from these results that a.<a, indicating that 
nonspherical shapes always have greater drag than the equivalent sphere. 
We also note that the discrepancy is larger the greater the distortion 
from spherical symmetry. These results are not unexpected but it is 
useful to see them quantified. Kunkel also looks at other flat plate shapes 
(circles, squares, and rectangles) and obtains similar conclusions. 


Since it is very difficult, if not impossible, to calculate the drag analytically 
for irregularly shaped particles, it is convenient to introduce some 
semiempirical description that can be linked to experiment but which is also 
useful for incorporation into theories. In view of the fact that most 
theoretical formulations of aerosol dynamics are based on spherical 
particles, it is conventional to define effective particle diameters. Since 
several such definitions exist we shall discuss each one and see how useful 
it may be. We shall concentrate on the continuum regime using slip 
corrections where necessary. 


We recall that the classical result of Stokes' law for the drag on a sphere of 
diameter, d, is (see Eqn. (2.56)): 


F= 


We have written the result in terms of diameter because most work on the 
drag of irregularly shaped particles employs the concept of effective 
diameters rather than effective radii. For nonspherical particles it is 
convenient to retain the Stokes' law form and to write the drag as: 
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Table 2.4: Radius, a, of the equivalent sphere. Adapted from 
Kunkel [1948] with permission of the American 
Institute of Physics. 


Equal Equal fall Dineren 
Arrangemen — volume velocity ce 
t radiu radius, in 
Ss, a.(mm) Percent 
a(m 
m) 
linear O 1.18 1.2 2 
0) 
00 1.51 ta 7 
(C)O 1.72 a 13 
CXXX) 1.95 te 20 
OOOOCXX)O 2.40 1.6 32 
4 
plane & 1.72 1.5 11 
3 


@ 2.28 1.8 20 
3 


space (6 bead cluster) 2.12 1.8 13 
5 
F= 31tudc KU 
C(d, (2.192) 


where de is the equivalent diameter, i.e. the diameter of the sphere having 
the same volume as the body. The parameter 11: is called the dynamic 
shape factor. As we have seen above, 11: can only be calculated 
theoretically for certain regular shapes. The shapes that have been 
investigated are summarized in Table 2.5. 


To the summary in Table 2.5 must be added the semi-analyticaVnumerical 
results of O'Brien [1968] and of Gluckman ef al. [1971, 1972] discussed 
one . well as the modified results which include slip (Williams 
1987a,b]). 


We should also note some inconsistencies in the use of Eqn. (2.192) 
arising from slip corrections. It is conventional to use the Cunningham 
correction factor with the effective diameter to correct for slip but to 
use the uncorrected value of 11:. As we have seen it is sometimes possible 
to obtain a value of 11: which itself contains slip corrections, in which case it 
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would no longer be necessary to use C as well. 


For regular shapes, Kops [1976] has given an excellent summary of the 
various forms taken by 11: for cylinders and ellipsoids in various 
orientations. Also Dahneke [1973a,b,c] has given a prescription for 
modifying the constants appearing in C to account for shape over the whole 
range of Knudsen numbers. 


The case of highly irregular particles cannot be dealt with theoretically and 
so recourse must be made to experiment. In Eqn. (2.192) we see that the 
drag is characterized by two parameters, 11: and de. However, from an 
experimental point of view, one parameter describing the drag would be 
more convenient. In this respect, two different but related effective 
diameters have been introduced: the Stokes diameter, cl. and the 
aerodynamic diameter, d,. 


The Motion of Particles in Gases 


Table 2.5: Various shapes investigated in the literature. 


Spheroids and Gans [1911]; Payne and Pell 

needles Lenses [1960] Payne and Pell [1960] 

and hemispheres Collins [1963]; Dorrepaal e¢ al. 

Hollow spherical [1976b] Payne and Pell [1960] 

caps Toroids _ Stimson and Jeffrey [1926]; Cooley and O'Neill 

Bispherical units [1969]; O'Neill [1969]; O'Neill and Majumdar 
[1970a,b] 


The Stokes diameter, d,, of a particle is defined as the diameter of a sphere 
with the same density and settling rate as the particle in question. On the 
other hand, the aerodynamic diameter, d., is the diameter of a sphere of 
unit density with the same settling rate as the particle in question. The 
aerodynamic diameter is more useful than the Stokes diameter because it 
does not require knowledge of the particle density which is often difficult to 
obtain. For this reason, it is generally preferred by experimentailists. 


Relations between d., K, and d., may be obtained by considering the 
terminal velocity of the particle. 1fU is the terminal velocity, then: 


31tud, KU ds; 
eta) - 0 * Pog 


(2.193) 
where we neglect the density of the gas. Thus: 
U = d; pg C(do 
18pK (2.194) 
For a reference sphere having the same settling velocity but unit 
density, po. we have: U= d;pogC(d, 
18p (2.195) 
whenc 
1 ¢ (a, E24 
d, af iP yee 
{K Po C(d.) e (2.196) 
The relationship between d. and d. 
is clearly: 
d2 =( £ ){C(d,)}d2 
a Po C(d.) 5s (2.197) 


Further classifications of irregularly shaped bodies have been 
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introduced by Leith [1987]. Leith notes that the total drag on a body is 
the sum of the form drag (due to the normal stress) and the skin drag 


(due to the tangential stress; see Eqn. (2.88a)). Thus, the standard 
Stokes fonnula is actually: 


F, =-31tudU (2+%) (2.198) 
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where the 1/3 corresponds to form drag and the 2/3 to skin drag. It is then 
argued that fonn drag, because it arises from integration of the fluid 
pressure over the object surface, should be associated with the area of the 
object projected normal to its direction of motion. By analogy, therefore, 
form drag for a nonspherical particle might be associated with a sphere 
with same projected area as the nonspherical object. The diameter of such 
a sphere is cl,,. 


Friction or skin drag is due to integration over the whole surface of the 
body and therefore the friction drag of a nonspherical object should be 
expressed through a sphere with the same total area as the object. The 
diameter of such a sphere is d...,. 


Such definitions raise questions about how to calculate the effective 
surface area of an irregular body, especially those with cusps and 
perforations where there are some hydrodynamically inactive zones. 


Bearing in mind the two effective diameters, Leith suggests that the drag be 
written: 


F, =-31tp U (% dn + 


(2.199) 
f des) This may be 
rewritten as: (2.200) 
F, = -31tudn UKn 
where the dynamic shape 
factor: 
Kk -—-Z# az. 
VFB 
n (2.201) 


Alternatively, if the dynamic shape factor is defined in the traditional way 
in terms of the equivalent volume diameter: 


where: UK d d 
K=1 Wot 1. 
3-d— 3d 
c (2.203) 


In order to evaluate Kn, Leith has used some measured results on prisms 
obtained by Johnson (1985]. 


Fig. 2.21 shows how Kn varies with dcsfdn from the Johnson results and 
compares it with the simple hypothesis ofEqn. (2.199). There are deviations 
which increase as the object becomes less spherical. Using a least squares 
fit to the Johnson data, Leith arrives at: 


Kn= (0.357)+ (0.684) des +(0.00154)(lengthratio)+(0.0104) 
where: (axisratio) 
dn (2.204) 


of motion )*léngth ravio =~ 2 re. 


thedirectit@? gf sh hanisiny g amEqigcted area Dr mal Oar 
shortest axis in the projected area normal to thedirection of 
motion (2.20 
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Figure 2.21: The dJd,, versus measured shape factor, K,, for prisms 
tested by Johnson [1985) (d.=d.,.). Adapted from Leith 
[1987) with permission of the Elsevier Science Publishing 
Company. 


As a check on this semi-empirical result, the value for a sphere is 
K,,=(1.053) and is 5.3% in error. Fig. 2.22 shows Kn as measured for 
Johnson prisms versus Eqn. (2.204) and a satisfactory correlation is 
observed. To see how the same formula can be used for other shapes we 
show Fig. 2.23. This compares the measured K,, values for prisms, spheres, 
cylinders, spheroids, and double cones with Eqn. (2.204). Again we note 
the satisfactory agreement. Thus, while the raw theory expressed by Eqn. 
(2.201) shows some deviations, the modified expression, with the two 
additional terms involving axis ratio and length ratio, leads to excellent 
agreement. While these results are still related to nonspherical but regular 
shapes, Leith argues that they are not completely empirical and highlights 
parameters that should affect drag for less regular objects, eg. the 
effective surface concept. 


One of the most systematic and accurate investigations carried out on 
irregularly shaped particles in recent times is due to Kops [1976) and 
deals with the physical characterization of branched chain-like 
aggregates. Such aggregates are found as a result of the combustion of 
hydrocarbon fuels or by the condensation of metallic vapors. They are 
composed of a large number of primary particles. In the experiments 
carried out, the aerosol particles are produced by means of the exploding 
wire technique. Fig. 2.7 shows typical aerosols generated by this method. 
Branched, chain-like, dendritic forms are well illustrated and the 
nonsphericity is evident. The important aspect of this study as far as drag 
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is concerned is the determination of a relationship between the 
aerodynamic diameter and the number of primary particles, n, in the 
aggregates. Results show that for n up to a certain critical value, the 
aerodynamic diameter is 

found to be proportional to n''® which corresponds to more Or less 
linear chains. For n exceeding the critical value, the aerodynamic diameter 
is proportional to n'!3 which corresponds to irregularly shaped _ three 
dimensional networks. Some typical results for the 
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Figure 2.22: The K,, from Egn. (2.204) versus measured K,, for 
prisms tested by Johnson [1985). Adapted from Leith 


[1982) agvith permission the Elsevier Science 
Pu aT Company. 
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Figure 2.23: The K,, calculated from Eqn. (2.204) versus measured K,, 
7 


for prisms (squares); sphere (plus); cylinders (diamonds); 
spheroids (crosses); and double conicals (triangles). 
Adapted from Leith [1987) with permission of the Elsevier 
Science Publishing Company. 
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a: Fe oxide, dis=0.028 pm, 
cmg=1.67. c: Cu oxide, 
d,,=0.020 um, <j,,=1.55. 
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ig=0.018 pm, 
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Figure 2.24: Relation between the aerodynamic diameter ca ), the 
number of primary particles (n), and mass (m) of 
branched chain-like particles. Equation numbers refer to 
the original work. Adapted from Kops [1976] with 
permission of the Netherlands Energy Research 


Foundation ECN. 


relationship between the aerodynamic diameter and the mass of the chain 
(and consequently the value of n) are shown in Fig. 2.24 


On the assumption that the particle size distribution can be described 
by alow cry AN ho f--- O“apter 1), Kops shows that the two 


lineary = k,n’ (2 di, exp|2 in(o,,)| 
0 


and: 


(2.205) 


(2.206) 
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where k; and f; are constants independent of d. or n. dis is the geometric 
mean diameter of a primary particle and a is is the geometric standard 
deviation of the primary particle size distribution. 


The log-normal distribution is: 


Ox) = -'- ; 
Se e.: _In (&%/xs)} 
x-../21 In(a ) 2 In2(a ) 
8 8 (2.207) 
where 0:-;x:1;;0. The moment of 
f(x) is: 

x! = x; exp[’2 r* ]n’(an 208) 
Thus, for example: 

X= exp[ 

and: *s In*(a 9) : ae 

x = x! exp[ 

In?(a )) 7 (2.210) 
on te (2.205) and (2.206) can be deduced from Eqn. (2.196) in the 
following way. If we introduce a new dynamic shape factor: 

i: = KC(d.) /C(d.) (2.211) 

then: ; 

d. = e )' 

a ae (2.212) 


_ i,t t22g tas 
e Oe, AO St (99713) 


where 1t d: /6 is the mean volume of a primary particle. Thus, 
3 


from Edg4ys 270}: & =n? "S a, explf In2(a (2.214) 


Accordingly, we may write: 


1/2 


e 
—/ r) 
a.™ ( a ; 113 


e [f ‘ (2.215) 
X in’*(a 
Pp )) 
This equation is equivalent to Eqn. (2.206) 
if we write: 
. 1 
pp: = (2.216) 
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Such a result has been verified by Stober et al. [1970] and Mercer e¢ al. 
[1972] for cluster aggregates composed of up to 23 monodisperse 
polystyrene spheres. 


In order to establish Eqn. (2.205) it is necessary to introduce the sphericity, <I>, 
where: 


v=nd?/A 


and A is the surface area of the aggregate. Now for an aggregate of n primary 
particles: 


L=nt a? =nt di, exp|2 In°(o,,)| 


(2.217) 
from Egn. (2.208). Thus, we find: 
<I>=) exp[1n?(cr s)] 
2 1 (2.218) 
and hence: 
1 2 
1, =———r (] fr ay: expl2 in°(o,,)| 
(KO) (Po (2.219) 
This equation corresponds to Eqn. (2.205) if 
we identify: 
tt Fo = (2.220) 
I 


It has been shown by Stober that, for linear aggregates of not more than 
eight monodisperse polystyrene spheres, this relation is indeed true. Figs. 
2.25 and 2.26 show how f, and k; vary 


with the mean primary particle diameter, d,, for various materials. 


One curious but interesting feature of aerosol behavior is the very abrupt 
transition from linear chains to three dimensional networks. Kops 
argues that this could be due to the effect of Brownian rotation on the 
coagulation process. We _ envisage two rotating linear chains 
coagulating and forming a larger chain. However, Brownian rotation 
will decrease with increasing chain length and this will lead to a 
greater chance of forming three dimensional networks. Thus, at least a 
qualitative change in structure is expected due to the coagulation 
process. Kops also advanced some quantitative arguments based on the 
speed of Brownian rotation but indicates that, while the proposed 
mechanism is plausible, his calculations provide no strong argument for 
the abrupt transition. 


2.18 Particles with a fractal structure 


The dimensions of points, lines, surfaces, and solids can be ordered 
because points can divide lines, lines can divide surfaces, and surfaces 
can divide solids into separate parts. Such ordering defines the so- 
called topological dimensions of an object. In the above cases, the 
dimensions are 0, 1, 2, 3, respectively. There is, however, another 
aspect of dimensionality which until relatively recently has been 
overlooked, namely, that the size of an irregular object 
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Figure 2.25: Relation between the mean primary particle diameter, 
, and f; obtained from exploding wire aggregates. 
Adapted from Kops [1976) with permission of the 
Netherlands Energy Research Foundation ECN. 
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diameter, d, and k, of Eqn. (2.205). Adapted from 
Kops [1976) with permission of the Netherlands 
Energy Research Foundation ECN. 
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or, for example, its perimeter depends on the length scale used to 
measure it. A classic example of this length scale can be understood if one 
were asked to measure the length of the coastline of the British Isles. This 
could be done by pacing it out following all the twists and turns in various 
inlets and coves to obtain a certain length, l1- On the other hand, the 
measurement could be done on a much finer scale using a rod one cm 
long. In that case a much finer structure of the coastline would be 
observed leading to a perimeter, f2, where f,is certainly greater than J/;- As 
the scale of measurement is refined, ultimately leading to atomic 
dimensions, the perimeter continues to increase. It seems, therefore, that 
the definition of size of an irregular object is scale dependent. Such 
problems do not arise with mathematically smooth curves such as 
spheres and parallepipeds but such bodies are ideals that do not occur in 
nature. 


These arguments would suggest that it is not possible to obtain any 
fundamental parameters to define an irregular body. However, 
Richardson [1960] suggested that the length of the perimeter of an 
irregular object, L(E), measured with a scale length,€, could be written as: 


L(E) WuFel 0 (2.221) 


where D is independent of €. Richardson argued that to approximate a 
coastline by a broken line, one needs roughly Fe-° intervals of length€, 
thereby leading to the length L(E) above. To Richardson, D had no special 
meaning other than that of a useful classification parameter of a 
particular coastline. It was Mandelbrot [1977] who proposed that in spite 
of the fact that D was not an integer it should be interpreted as a 
dimension: a fractional or ‘fractal’ dimension. Such ideas, at the 
mathematical level, had been previously discussed by Hausdorf [1919]. 


Eqn. (2.221) has been verified experimentally by Richardson and the 
results are discussed by Mandelbrot [1977]. Fig. 2.27 shows the curve: 


log,o(L) = log,.(F) + (1 — D) log, (e)| (2929) 
for various coastlines and for a circle. 


It is clear that, for the circle, as E Oitslength rapidly converges to a fixed 
value and the zero slope leads to the value, D=l, which corresponds to a 
line. On the other hand, for the irregularly shaped bodies, the size 
continues to increase as E O but, most significantly, the slope 1-D is 
constant. It varies for different coastlines, i.e. different fractal structures, 
but is a well defined parameter for a particular structure. For example, the 
west coast of Britain has a fractal dimensionality of approximately 1.15. 


There are many other shapes in nature that are irregular and can be 
interpreted as fractals. For example, snowflakes, clouds, water and jets, 
leaves, root formations, and the bronchial tract of the lung. Fractal 
structure is not confined to closed shapes but also describes branching 
processes such as lightning and tree shapes. Fig. 2.28 shows such an 
example. 


A fractal nature can also be associated with irregularly shaped aerosol 
particles in the sense that if a particle is made up of a collection of primary 
particles, its effective 'size', R, can be written: 


R(k) = Ak° (2.223) 


where k is the number of primary particles and A and a. are parameters 
associated with the fractal structure. If the composite particle were to 
form a close packed structure, we would 
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Figure 2.27: Richardson's empirical data concerning the rate of 
increase of coastlines' lengths. Adapted from Mandelbrot 
[1977) with permission of 
B.B. Mandelbrot. 


Figure 2.28: Fractal umbrella trees and fractal canopies. Adapted 
from Mandelbrot [1977) with permission of B.B. 
Mandelbrot. 
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expect, for sufficiently large k, that a roughly spherical object would be found 
with ex=1/3. 

ex=1/3 corresponds to a volume that is proportional to the number of primary 
particles. 


Recently, Mountain and Mulholland [1984] have carried out some tests 
on the shape of aggregates formed during the process of Brownian 
coagulation. In this case, it was assumed that the particles were very 
small compared with a mean free path and so they are in the free 
molecular regime. 


The simulation is carried out using the following equation of motion, or Langevin 
equation: 


where vis the particle velocity, MO the mass of a sub-unit, MO a friction 
coefficient based on free molecular flow and F is a random force due to 
molecular bombardment. Thus, we have the classical Brownian situation. 


The simulations involved 500 particles. Also Mountain and Mulholland 
assumed that the friction coefficient mo increases linearly with the 
number of sub-units, k. This is an 

approximation that has not been justified but is, nevertheless, a reasonable 
first approximation. Essentially, it means that as clusters collide and stick 
mo changes to the new mass and therefore so does MO . Thus, the larger 
clusters will have greater friction coefficients and hence smaller speeds. 
The simulation solves the Langevin equation at each time step and checks 
to see whether a new cluster has been formed. When this occurs, the 
radius of gyration of the cluster is determined and the process continued. 
The outcome of the simulation is a relationship for the radius of gyration, 
Rg(k), as a function of k. It was found that: 


R,(k) =Ak*| (2.224) 


where A=(0.34) and ex=(0.56). The dimensionality of the clusters is 
therefore D=l/ex=(1.78) rather than 3 for close packed units. That we have 
a fractal structure is established by virtue of the fact that ex remains 
constant as the cluster grows. This implies that the growth follows the self- 
similar replication properties associated with fractal geometries. On the 
other hand, from a purely pragmatic point of view, it could be argued that 
Eqn. (2.224) is nothing more than an ‘experimentally’ or numerically 
determined recipe. There is no fundamental theory of fractals involved, 
only the observation that some form of self-similarity is present. This is 
useful, but in no way assists in formulating any new equation of aerosol 
dynamics or leads to better methods for calculating drag on such particles. 
What tends to be done in practice is to use the fractal relationship between 
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effective size and number of sub-units to modify the existing formulae. For 
example, we could argue that the volume of a sphere containing k sub-units 
is proportional to k. Thus, Eqn. (2.224) could be rewritten as: 


a( 
0 


where R is the radius of the equivalent sphere describing the cluster. 
This has indeed been done in aerosol physics (Simons [1987]) and in the 
scattering oflight by fractal particles (Berry and Percival [1986]). The 
results of the computations using D,=(1.78) instead of 3 leads to 
significant differences and shows the importance of the dimensionality 
of the object. However, it is not clear that a single parameter, D°' will 
cover all aspects of the problem. For 


(2.225) 
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example, in Brownian coagulation the size of the particle enters in both the 
magnitude of the drag and in the effective cross section for interaction. 
Now, while a radius of gyration may be a good measure of the effective 
cross section of a particle, it may not describe the drag very well, which 
depends on other features of the shape such as its axial ratio and other 
asymmetries. Thus, the use of fractal recipes is certainly a step in the right 
direction, but they must not be used uncritically. 


2.19 Rotational motion and torque 


In order. to study rotational motion it is useful to return to the vector form 
of slow viscous flow as represented by Eqn. (2.47). Then, if we write: 


u=im Um tie Ue ti, u, 


(cylindrical coordinates) and insert this into Eqn. (2.47), we find for the 
components, Um, u¢, and u,: 


oe -- aue= ! 
dp 
> 2 Mm dp pam 2228) 


v2u + aum=./.. 


(2.227) 
and: do 
emm «> pmb 
(2.228) 
wher Vu =..!, dp 
e: pa 
2 a a i1ai 
a 
v ---F--, +--+ ,--, 


az2 ammamm axi> 


If p, Um, and u, do not depend on <I>, then it is readily shown that Eqns. 
(2.226) and (2.228) describe the axial symmetry case discussed earlier. On the 
other hand, the equation for u+ describes rotational motion about the z-axis 
and will therefore be useful for calculating the torque on axially symmetric 
bodies. This particular form of the viscous flow equations was first 
discussed in detail by Jeffery [1915a,b]. 


The equatjon for ue where u is independent of <I>, becomes: 
a 


1 a 1) 
(a+ aM+ ae UL. 
The boundary condition associated with the u. 
problem is: 
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=nm 


(2.230) 


where M1 is the angular speed (magnitude of the angular velocity) of the 
sphere. If there is slip at the surface, then the condition is modified to: 


4 CH iE ~ 
=nmM (2.231) 
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As we have shown earlier, the torque, T, can be written: 


T=] xp -aS =| 1xpnds 
Ss S 


which can be transformed to: 


r=2npf 2(} ts 


where s is measured along the arc of the contour, c. 


(2.232) 


An alternative expression for the torque, valid if the fluid is unbounded, 
was derived by Kanwal [1961]. The result, which is analogous to that of 
Payne and Pell [1960] for the drag (see Eqn. (2.89)), can be written: 


T = 81tp lim (r° ) 
ac (2.233) 


We will apply these results to some geometries of interest. 


2.20 The rotating sphere 


Let us consider a sphere of radius a rotating about an axis. Eqn. (2.229) 
can be written in spherical coordinates as: 


f x2 2 
The boundary condition for no slip 

becomes: u.(a,8) = ano 

sin(8) 


and we seek a solution in the form: 


ue(r,8) = ,i(r) 
sin(8) whence: 
reli" + 2ril'- 211 = 0 


subject to ,i(a)=a !lo. 
The general solution of the equation for ,i(r) is: 
B 
,i(r) =Ars 
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(2.234) 
(2.237) 


(2,235) 


(2.236) (2.238) 


But, since u+ Oas r oo, A=O. From the boundary condition we have that, 
B=a’ilO,and so: 
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Oe ai (2.239) 
Using Egn. (2.232) with rn=r sin(8) and ds=a d8 we find 

for the torque: T = 81tpa’ n (2.240) 
An identical results ensues from Eqn. (2.233). 
It is interesting to extend this result to the case of slip boundary 
conditions. Then, we find that Eqn. (2.231) is written: 


_U+ cm Ag pne = ano sin(8) 
y 


(2.241) 
In this case, since u,=0, we 
can write: 
. *) 
pne =pr ar (7 (2.242) 


Using the transformations of Eqn. (2.236) we find that the boundary 
condition on 11(r) becomes: 


ri(a)-ano =Cm Ag a y| 


or Lf rea (2.243) 
Thus, after some algebra: 
A 
ue(r,8B=) a no sin(8) 
whence: mg 
T= 8l1tya3 no 


The effect of slip, therefore, is to reduce the torque. Of course, as the ratio 
A.la becomes very large, the result would fail since we then enter the 
region of free molecular ffow. In that case Halbritter [1974] has used 
kinetic theory to obtain: 


2cx1t 4- 
TK =--pva uo 
3 (2.246) 


where v=(8kT/1tm)!"7is the mean speed of the gas molecules and a is 
the accommodation coefficient. Halbritter also gives results for rotating 
oblate and prolate spheroids in the free molecular regime. We shall 
discuss his technique below. 


It is interesting to note that if A/a is very large, then Eqn. (2.245) reduces to: 
71 
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(2.247) 
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But, from the kinetic theory of gases: 


HY I iz 

1 ee (2.248) 
whence 

ZJa_Cx (2.248) 


which is very close to the exact result. This is a case where the slip 
correction is valid over a wide range of Knudsen numbers on the 
assumption that Eqn. (2.245) is a reasonable interpolation between the 
two limiting cases. 


2.21 Nonspherical rotating bodies 
There are a variety of shapes for which the equation for u¢# can be 
transformed into a suitable coordinate system such that exact solutions are 


obtainable. For example, a prolate spheroid results from the transformation 
(Jeffery [1915b]): 


z+iM =c cosh (1; + 


il1) Then a solution of 


the form: 


ep ae B, P!(cos(n)) Q2 (cosh(é))| 


arises, where aii and Q ‘Il are Legendre functions. When this solution is 
made to satisfy the no-slip boundary conditions the coefficients Bn are 
found, from which: 


r1,6,,,, 30, elle 1 


tLe (a_O+cC) _ 8,05 c]-t 


‘1 


(2.249) 
where cC? =a - kh , a = ccosh(lg9, and b =c sinh(1; ). Thus: 
ho-- -2tleg C+ b°) 
ao -bo 


Using the slip boundary conditions it is found that, to a reasonable first 
approximation: 
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’ rc? OQ, 


Ic Cu Ng O08 1 In [22] 
ay bo bp -c 


T(A, / ao) = 


For large Knudsen numbers, we find: 


ay ba | 


T(A, / ao) 2 $2 Q Con, 
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(2.250) 


(2.251) 
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which, as we shall note below, is not the same as the free 


molecular value. The oblate spheroid requires the 
transformation: 
z+im=csinh( +ill) 


and hence all prolate results are valid provided we replace c by -ic and 
interchange aO and bo- Thus, the torque on an oblate spheroid spinning 
about its axis of symmetry is VJeffery [1915b]): 


T=1;-1tyo. n een 
1 


Coc 


(2.252) 


wherec? =a2.- *? 
oO O° 


The limiting case of a disk arises when bo 0. 
Then we find: 


Tdisk = ¥ Ha no (2.253) 


If we apply slip corrections we find, to a first 
approximation: 


8 2 cmas , C_b_o_ 
3 
ah a c (2.254) 


11s / 3 uo 
ee (2.255) 


This is not the correct limit, which according to 


Halbrfttead 1974] is: 7, = 1 4n, (2.255a) 


Another shape that has received some attention is that of a closed torus 
rotating about its major axis as shown in Fig. 2.29 


This problem was solved by Dorrepaal et al. [1976a] for no slip and by 
Williams [1987a] with slip. Results for the torque are given in the form: 


71S 


T().)- TCO) 
wher -1+(3.3055)). (2,256) 


T(O) = (50.9968) 1t H 


a (2.257) 


and A=CmAsf2a. 
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2ap 


2az 


Figure 2.29: A closed torus rotating about its major axis. 


Jeffery [1915b] has also considered the case of two nonconcentric spheres 
rotating about their line of centers, but we will defer discussion of that 
case until later. 


2.22Torque on an ellipsoid in free molecular flow 


If the size of a body is very small compared with a mean free path of gas 
atoms, then its motion can be studied very precisely. This is because the 
presence of the body does not affect the velocity distribution of 
impinging atoms which is given by the gas conditions. We describe how 
to calculate the torque and the drag for such bodies and illustrate the 
method by some results obtained by Halbritter [1974]. 


In principle, the limit of Kn o can be dealt with by solving the collision 
free form of the Boltzmann equation, Eqn. (2.6). However, in practice it is 
more convenient to start from first principles. Let us assume, therefore, 
that the prevailing gas atom velocity distribution function is r(v) and that 
this is incident on the body. Due to the boundary condition, the 
distribution which leaves the body will be changed to f'(v). Thus the 
elementary force dF on a surface element dS of the body will be: 


dF = -dS im J vi (v' ¢ n) C(v') dv'+m f vi (v' ¢ mn) f+(v’) dv'] 
(v',n)<O (v',n)>O (2.258) 


where n is the outward pointing unit normal at dS. On the left hand side of 
the equation is the rate of change of momentum on dS. I- and [- are 
related by the boundary condition. 


If the body is rotating with an angular velocity, N, with respect to the 
laboratory system, then at every point r on the surface of the body, the 
velocity v' is connected with the velocity in the laboratory system v by 


v 


v'=v-Oxr. For a body rotating with an angular velocity -Oxr, the 
Maxwellian distribution will be: 
SL = 
CWw)=Nc >» expt{-(v'+o xr)2} 
21tkT (2.259) 
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where ny is the number density of the gas and T is its physical temperature. 


We use a simple boundary condition of perfect accommodation although the 
more general case of specular and diffuse reflection is considered by 
Halbritter. Thus we can write: 


2 
F+(v)=-" ©) 7 expf-mvi J (-v'en)c(v')dv' 
aay os (2.260) 


where (ven)>0. 


Inserting this expression into Eqn. (2.258) leads to: 


dF=-dS[m J vi(v' en)f-(v')dv'+p vm J (-v'en)C(v')dv'] 


ONS? (v'n)<O (2.261) 
where v = (8 kT / 1t 
m}'!?. 
If the condition nL<<v is satisfied, where_Lis a typical dimension of the 
body, then we may write: 2 i 

C(v')"" ncopd exp{-mv' t = V r)] 
° 21tkT 2kT (0 
kT x (2.262) 


For a rotating Brownian particle where QL/V...(m/M)'!”, M being the mass of 
the body, this is clearly a good approximation. After inserting Eqn. 
(2.262) into Eqn. (2.261) and integrating over v' we find: 


dF =-dS pn- ds P, v[/ (0 xr) +(4 4+ 1t)nn-(0 xr)] 


(2.263) where the gas density p,=mny and the pressure p=kTp/m. 


The torque on element dS is dT=rxdF. Integrating over the surface we find the 
total torque: 


T=-Y%pvilf rx(Oxr)dS+(+%1t)J (rxn)Oe(rxn)ds] 


(2.264) This expression is valid for a body of arbitrary shape. 


For a sphere and a disk the approximation of Eqn. (2.262) is not 
required and it is only necessary to change the velocity variable to 
v=v'+Oxr and note that nx(Oxr)=O. We then find Eqns. (2.246) and 
(2.255a), respectively. After some lengthy integrations, Halbritter finds 
the following results for prolate and oblate spheroids. 
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2.23Prolate spheroids 


The spheroid is characterized by the unit vector, u. The major and minor 
semi-axes are a and b (a>b) and the eccentricity e=(1-b?/a’)'!”. Then it is 
found that: 


T=-1,,uueN-ran -uvuen) (2.265) 


where yiand y. are functions of the eccentricity. 
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2.24QOblate spheroids 


An expression is obtained similar to Eqn. (2.265) but with different 
values for y1, and y.1..One interesting limiting case is for the disk when the 
angular velocity lies in the plane of the disk. Then we find: 


T=-%(1+'%41t)pva* nN (2.266) 


which is about twice the value for the case when the disk rotates about its central 
axis. 


Full details of yii, y.1., and other matters may be found in the original 
reference (Halbritter [1974]). 


. . I “4 
O-lciJ,.10 -IfM ; "a Lif -.P-,1 ‘IfFfif J¥ 
nnn OFl-H,,10 -IrfM ; "a Lif-.P-,L 1 a 
Vp iiiinTuaanVibNLiTLAdiAAPUANT LT LETT ATTA PLEA LATAADA AA TAAT UR TLETITLLAV ELA DALTLA TL TAAT PULTE 


The basis of aerosol coagulation involves the collision of two particles. 
The simplest case is that of two spheres and it is clear that this problem 
must be ay understood before problems of greater complexity can be 
considered. 


While there were a number of very early attempts to tackle the problem of 
the motion of two spheres in a fluid, the problem for one important special 
case was not solved exactly until 1926 by Stimson and Jeffery [1926]. This 
particular problem was that of two spheres of different radii moving with 
the same velocity along their line of centers. Some years earlier Jeffery 
[1915b] had also solved the problem of two spheres rotating about their 
line of centers with constant but differing angular velocities. 


In this section we will discuss Jeffery's method for the two spheres but 
generalize it somewhat so that the spheres have different velocities. 


As the two spheres are moving along their line of centers, we have an 
axially symmetric problem as shown in Fig. 2.30. We have seen that for 
axially symmetric bodies, the Stokes stream function obeys the 
equation: 


E‘y =0| (2.267) 


Since we assume that the fluid is stationary at infinity, the boundary 
conditions on each sphere are: 


'f+1,.uf V, =0 ee (2.268) 
wthmv.=0 on2 (2.269) 


D1 4% mv» =0 
on 1 (2.270) 
3 


CI'+%uf V2)=0 
= on (2.97 


and ‘/f Oat infinity. 
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Figure 2.30: Motion of two spheres along their line of centers. 


The key to this problem is the choice of an appropriate coordinate system. 
The bipolar transformation is suitable and is defined by: 


tiGPrA(z+e)) 
m-+i(z-c) (2.272) 
which leads to: 
m= c sin(T1) 
cosh(s)- (2.27 
cos(T1) 3) 
and: 
c sinh() 
cosh(s)- cos(T1) (2.274) 


The surfaces obtained by rotating the curves ;=constant about the z-axis are a 

family of spheres having z=O (or s=O) for a common radial plane. Two 
spheres external to each other are defined by s=a, =13 (a>O, 13 <0). 2,13, 

and the constant, c, may be chosen so that these spheres have any radii and 

any center distance greater than the sum of their radii. If the radii are a 

and az 

and have their centers at distances, di and dz, on opposite sides of the origin, 
then: 


ai=c cosech(13) 
cosech(a) az di=c 
= coth(a) 
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d2 = -c coth(13) 
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(2.275) 


(2.276) 


(2.277) 


(2.278) 


(2.279) 
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Solving these equations leads to: 


‘ ? 1/72 
L= of«(S 1) feo 
a ay 


and: 


2 1/2 
=m -(- |s0 
a, a, 


It is also useful to have a and in terms of the interparticle distance, r=d1+d2- 
In that case: 


a» Ett VE! -t 


-eIngtt-Ldt. 
| : II 228 


We see, therefore, that these are natural coordinates for systems of 
two spheres. Before transforming to these new coordinates, let us note 
that the ordinary theory of linear partial differential equations with 
constant coefficients (Sneddon [1957]) shows that a solution of Eqn. 
(2.267) is: 


(2.280) 


(2.281) 


(2.28 


and 1) 


yf ='1'1 +2z'1'2 (2.283) 


where \jfland \jf, are any solutions ofE2v=0. Transforming to the new coordinates, 
we find: 


ey 2M (2 (an) -a] E]r(-v" 2 one) -u1 


yf = 
where p=cos(ri). 


The general solution of E2v=0 is readily shown to be: Kcosht 


LE 


2.284 
)- nfl" f {an cosh((n +¥2) ) + bn sinh((n +¥2)s)} 
v"(y) 
“7 
(2.285) 
wher 
e: vn () = pn-1(y)- pnt! (2) oc Pl: (226 
(y1) sin(ri) 6) 


Thus, the general solution of Eqn. (2.267) is, using Eqn. (2.283): 
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Vf =(cosh(;)- nig F vos ttcopht )-p][an cosh((n+'%);)+bn 


+ asinh(;) [en cosh((n +%);) + dn sinh((n 


+7/2)!;)]} 
(2.287) 
After some Fea raugement and use of the relation: 
ju ‘n= Vi- } nl 
2 2n+ 3 ntl 
we have: 
*f 
'1'=[cosh(];)-ypr3' BE, Un(1;)Vn(y) 
= (2.288) 
wher l 
e: 
Un(I;) = An cosh{(n -%2};) + a 
sinh{(n -%)! (2.289) 
+Cn cosh((n +%)!;)+ Dn a 
+');) 
Writing: 
x = L, Unt) Vn(y) 
ae (2.290) 


] 


we find that the boundary 
conditions become: 


eV c2(1-p2) 
X(CX,H)- -2 - Eoghf 
and: V, l 
I C2(1- 2) 


x(f3, w)- -2 Y2\_cosh(f3)p-__)"2 
since a/ on= a/ O/;, the normal boundary conditions transform to: 
‘lit ce anne 


VA) - 4V, ( 
Oa 


3/2 
ae ea ye 


and: 


a 2 1-17)sinh( )sinh(£3) 
ol; =4V2 {cosh(f3)- 


y)3t2 In view of the fact that: 
V= 2n+l. ()PC'IC ) 
76 


n n(n+l)SIDTJ np 


we Can write: 


X=41,__n_+\Un(!;) sin(TJ) P1'"(y) 
n=l n n+l (2.291) 
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Thus, at 
=a: 
is 
I-) 2n+1 ( ) (t1C) oF ‘ 
£J (| 4) Un(a.)sm 11 Pn p ~ 22 Vi 
nny | )112 
n=l cos 0. - 


Multiplying by P2l(y) and integrating over 11(0,1t), 


we find: dlisin (11 RAL) 
ely ; m 2 1 
2n+1 U|! . If d 11° Gin! ipPPCut, 
)PG HG) -1V ; 
f' 
n=t n(n+l) 0 0) 7 


(cosh(a.)-p) But, the integrals may be carried out on both sides 


of the equation and lead to: 


U _N ¢? m (m+ 1) {exp[-(m-%) a.]_exp[-(m +¥2)a.] } 


ath ./2 2m+1 2m-1 2m+3 
ener 
U- (P)=- Voc" m(m+l1){exp[(m-'4%)P]_ exp[(m+'¥%)P 
a .f7, 2m-+1 2m-1 2m+3 


Employing the other two boundary conditions, we find integrals of the 
type encountered previously. These can be evaluated with the net result 
that: 


San ee rom m a 
. (Cm. ie coe at ee 
h 
sia ST. net oe 1) 

p- 
-v2 2m+1 

uwre *. m(m+1) [( )] 
-. smh(P) ----'-- exp m+% P 
-v2 2m-+1 


where the prime denotes differentation with respect to - The four boundary 
conditions lead to four equations for the unknowns, An, Bn, Cn, and Dn. 
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With the Stokes stream function known, we return to Eqn. (2.88) to 
calculate the drag forces on each sphere. This is a lengthy and tedious 
procedure and requires evaluation of: 


Ficke ay 
Ry=uR o (EY an 
4,2 HL J Eya lov ott é = a8 

(2.292) 


The viscosity here should not be confused with the variable, p=cos(11). The net 
result is that: 


F, meh Y (2n+1)[A, +B, +C, +D, ] 
c Tl (2.29 
and: 3) 
p= 202mm Y; (2n+1)[A, -B, +C, -D,] 
n=1 
(2.29 
4) 
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The total drag on both spheres can be calculated using Eqn. (2.90). 
This is much easier to employ than the integral form but only gives the 
total effect F,+F, and not the more important individual values. We 
observe that: 


_ Aw 2yit f (2n+1)(An +en) 
F, +F-z ¢ Hl (2.295) 


If the results for An, Bn, Cn, and Dn are collected together as required in 
Eqns. (2.293) and (2.294) we find that the forces may be written as follows: 


F, =-ic, V,; +A, 


V> (2.296) 
F, — -1C, V; + (2.297) 
A., V; 


where: 


K,= wlt-v'2 f (2n+1)(A:-An +B:-Bn +e:- 


(2.298) 
en +0:-on) 
c n=] 
f (2.299) 
K, = plt-v'2 (2n+1)(-A:-An +B:+Bn -e:- 
en +0:+Dn) 
c n=l (2.300) 
A., = pilt-v'2 f (2n+1)(A: +An +B: +Bn +e: +en 
(2.301) 
+o: +Dn) 
c n=l 


).2 =p1t-v'2 f (2n+1)(An -A:-Bn +B:+en- 


e:-on +0:) 
c n=l 


An = (2n+3) K {4 exp[(n + ¥%)(P-a)] sinh{(n +%)(a-P)) 
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+(2n +1)2 exp(a-P) sinh(a-P) 
+2(2n -1) sinh{(n + ¥2)(a-P)) cosh{(n +%)(a+ P)) 
-2(2n + 1) sinh{(n +%)(a- P)) cosh{( n -%)(a+ P)) 


-( 4n? 

- 1) sinh(a- P) cosh(a + P)} 

Bn = -(2n + 3) K {2(2n -1) sinh((n + ¥2)(a-P)) sinh((n + ¥%)(a+ P)) 
-2(2n + 1) sinh((n + ¥%)(a-P)) sinh{(n -%)(a+ P)) 


+(4n? 
- 1) sinh(a-P) sinh(a + P)} 
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Cn A= -(2n -1) K {4 exp[(n +%)(P -a)]sinh((n +1)(a- P)) 
-(2n +1)’ exp(p-a) sinh(a-P) 
+2(2n +1) sinh({n -%)(a-P)) cosh({n +%)(a+ P)) 
-2(2n + 3) sinh((n +’2)(a-P)) cosh((n +%2)(a+ P)) 
+(2n + 3)(2n +1) sinh(a-P) cosh(a + P)} 


Dn A= (2n -1) K {2(2n +1) sinh((n -’%)(a-P)) sinh((n +%2)(at+ 
P)) 
-2 (2n + 3) sinh((n +'2)(a- P)) sinh((n +%)(at+ P)) 

+(2n +1)(2n + 3) sinh(a-P) sinh(a + P)} 


A: A= (2n + 3) K { 2(2n -1) sinh((n + %)(a-P)) sinh((n +%)(at 
P)) 


-2(2 n +1) sinh((n +%%2)(a- P)) sinh(( n -’2)(a+ P)) 
-(4n’ . 1) sinh(a-P) sinh(a + P)} 


B: A= -(2n + 3)K {-4 exp[(n +')(P- a)] sinh((n +')(a-P)) 
-(2n +1) exp(a- P) sinh(a- P) 
+2(2n -1) sinh((n +')(a-P)) cosh((n +%2)(a+ P)) 
-2(2n +1) sinh((n +%)(a-P)) cosh((n -2)(a+ P)) 
+(4n’-1) sinh(a-P) cosh(a +13)} 


Cia= -(2n -1) K {2(2n +1) sinh((n -%)(a-P)) sinh((n +¥%)(a+ P)) 
-2(2n + 3) sinh((n +%)(a-P)) sinh((n +¥%)(a+ P)) 
-(2n +1)(2n + 3) sinh(a-P) sinh(a+ P)} 
o:A = (2n - 1) K{-4 exp[(n + %2)(P-a)] sinh((n +'/)(a-P)) 
+(2n +1) exp(p- a) sinh(a-P) 
+2(2 n +1) sinh((n -2)(a-13)) cosh((n +%2)(a+ 13)) 
-2(2n + 3) sinh((n + %)(a-P)) cosh((n +%)(a+ P)) 
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-(2n + 3)(2n +1) sinh(a-P) cosh(a + P)} 
A= 4 sinh’((n+?4)(a-P))- 2 n + 1)2 sinh’(a-P) 
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and: 


K- c*7n(n+])) 
-(4n2-1)(2n+3)v'2 


These formulae are taken from the paper by Spielman (1970] and eliminate 
some errors which appear in the paper by Maude [1961]. 


The special case of two spheres moving in the same direction with equal 
velocities, U, has been studied numerically by Cooley and O'Neill (1969]. In 
this case, Eqns. (2.296) and (2.297) become: 


Fi= -(K1 -A.1) U 
and: 
F2 = -( K'.2- A-2)U 


To simplify the notation, Cooley and O'Neill set ai=a and az=ka.(see 
Fig. 2.13). In that case, the forces can be written: 


F, =-61tpaU ((%4.%) 
F, = -6ltpa U £(£,f) 


where Eis the normalized interparticle separation (j.e., the gap between the 
surfaces). In terms of the center to center distance, r, E=(r/a)-1-k. The 
spheres touch when r=a(1+k). 


The following relations hold for the functions f; and f.: 


fi{t,f) = t fie) 


f,(14,f)= f f,(k,£) 


Consequently when f;, and f; are known for 0<k1, they are known for all k. 
When k>1 we replace E by E/k. 


Extensive tables of f; are given by Cooley and O'Neill [1969] but these are 
summarized in Fig. 2.31 which shows f; versus interparticle separation, E, 
for various ratio of radii, k. Cooley and O'Neill note the interesting behavior 
of the forces acting on the larger and smaller spheres as contact is 
approached. For example, if the ratio of the larger sphere's radius to the 
smaller sphere's radius is A (i.@., either k or 1/k), then the results shown in 
Fig. 2.31 indicate that the force on the smaller sphere decreases 
monotonically with E from its maximum value at infinite separation to its 
minimum value at contact. However, the force on the larger sphere decreases 
monotonically with E to its minimum value at contact for 1<A. A.*, where 


A.¢.,.10n. 


For A.>A.*, the force on the larger sphere passes through a minimum at 
8 


some finite distance from contact before rising again to a larger value at 
contact. 


A useful review of the topics discussed in this and earlier sections can 
be found in O'Neill [1981]. 
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2.0 4.0 8.0 8.0 


Figure 2.31: Graphs of f; pence against e. Adapted from Cooley 
and O'Neill [1969] with permission of the Cambridge 
University Press. 


2.26 The limiting case of touching spheres 


While the results of the previous section can be used for any value of the 
separation distance, the infinite sums become very slowly converging as 
the spheres approach each other closely. For this reason, Cooley and 
O'Neill [1969] have calculated from first principles the drag on two 
unequal touching spheres moving along their line of centers. This 
procedure involves the coordinate transformation: 


27 26 


O= Zz 
6+ and B+ 


Cooley and O'Neill find it useful to measure distance in units of the radius 
of the sphere in z>O. This sphere is of radius a. The sphere in z<O is of 
radius ka. The two spheres are therefore defined by =1 and =-a, 
respectively: Following the procedure described above and details in 
Cooley and O'Neill, the general solution for the Stokes stream function is: 


comauah (A +§C)sinh(s&)+(B+ED) cosh(sé)} J,(sn) i 
0 (2.302) 
where J; is a Bessel function and A, B, C, and D are unknown functions of 

s. Applying the four boundary conditions: 
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Table 2.6: Values of A, and A, for different values of the interparticle 


separation, r/a. r/a A, Ao 

r/a A, Ao 
2.0 0.6451 00 3.0 pret 2.039 
2.01 0.6457 53.48 3.5 Det 1.754 
2.05 0.6480 12.71 4.0 ee 1.597 
2.10 Of8889 7ddds a0 Roe (ie 
js, 2INU 3 

(!;2 + Tl2) 

and: ; 

aw 81;TI"U 


al-;  (1;2+T12f (2.303) 


at 1;=1 and -ex, leads to equations for A, B, C, and D. Moreover, use of 
Eqn. (2.88) gives, for the forces on the spheres, an expression of the 
following form: 


F =-61tpaUf 


(2.304) 
where U is the common velocity of the 
spheres and: 
4 
f=" f s+ A) ds (2.305) 


0 


with the(+) sign referring to the upper sphere and the(-) sign to the lower 
one. In the case of 
equal size spheres a very simple result emerges for f: 


cS if-41 Zsinh2(s)-2s2}ds=0.645141 
(0) 


Thus, the force on each sphere is significantly less than the isolated value. 
Cooley and O'Neill give extensive tables of the factors, f; and f2, for each 


(2.306) 
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sphere for various values of the ratio, k. As we have discussed in the last 
section they also give results for spheres separated by a center to center 
distance of r. In order to illustrate these results in more detail we consider 
spheres of equal size moving with equal velocities, U. Then, the force 
acting on one sphere may be written: 


, ae -6l1tpa (2.307a) 
where: , 
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Figure 2.32: Resistance coefficient for equal parallel motion 
parallel to the line of centers (equal spheres, radius 
a). Adapted from Davis [1966] with permission of the 
American Geophysical Union. 
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Figure 2.33: Resistance coefficient for equal anti-parallel motion 
parallel to the line of centers (equal spheres, radius a). 
Adapted from Davis [1966] with permission of the 
American Geophysical Union. 
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1 ne +1) [ 4 sinh2((n + + Oe} oot eT) \ 
tn A ee SERS) AEM el Met #8) beds Aol gee Gey 
2 
3 


where a.= cosh-!(r/ 2 a). 


We also consider the same spheres moving with equal but opposite 
velocities towards each other. In that case we write: 


F, = -61tya UA., (2.307b) 


Table 2.6 shows the values of A.. and AO for different values of the 
interparticle separation r/a. Figs. 2.32 and 2.33 illustrate the results 
graphically as a function of (r/a)-2. 


We note that for particles moving in the same direction the force 
decreases as they move closer together. On the other hand, particles 
moving toward each other experience an increasing force as_ they 
approach (Maude [1961]). Hocking's [1959] approximate results are 
shown in Figs. 2.32 and 2.33 for comparison. It is noted that in all of 
these calculations the unsteady term in the Stokes equation is assumed 
to be negligible (Cooley and O'Neill [1969]). 


The case of spheres moving together is an important one since it 
corresponds to the motion that arises in coagulation. It is of some concern, 
therefore, that the force is seen to become infinite when the spheres 
touch. 


It is very important to calculate the manner in which the force sd eagea 
infinity as the spheres approach each other. To study this we note that 
can be written explicitly as: 


A. =t smita) n(n+1) [4cosh ((n+%4)a.)+(2n+1)2 sinh2(a.) 
(2n-1)(2n+3) 2sinh((2n+)a.)-2n+))sinh(Za.) 
( 


= 1 
2-308”) where a.= cosh-'(r / 2a). 


The above series is mathematically convergent for all ratios 1<r/2a<oo 
but numerical convergence is poor near r=2a or as Cx. 0. However, a 
method based upon ‘inner and outer expansions' has been developed by 
Cox and Brenner [1967] and used by Hansford [1970]. It leads to the 
following result: 


A, ''" -e i In(..!.)+ (1.303913...) +0) 
2a. a. (2.309) 


The accuracy of this result is shown in Table 2.7. The exact and 
asymptotic results are in good agreement even for a.=1. 
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Since 


ae . (t/a -2) for small a., we see that when the spheres are very close: 


a 
Ao™ 2(r-2a) (2.310) 


In practice, this behavior means that the particles will never touch. This 
may be seen if we assume that one of the particles is stationary and the 
other is moving under the action of a 
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Table 2.7: Comparison of exact and asymptotic formulae for the 
Stokes force on either of two identical approaching 
spheres. Adapted from Hansford [1970). 


a r/2a exact AO Eqn. 
(2.309) 
0.0 1.00 204.001 204.000 
5 1 
Oe Bes 10.571 10.552 
oP ee 3.987 3.928 
eee hee 2.562 2.451 
1.0 1.54 1.974 1.804 
O 3 


constant force, say gravity. Then, if his the separation distance between 


the sphere surfaces, we can write U = li and solve the simple equation: 
db =-K h 
dt 


where K = mg/37t a’ yl. 
Clearly, the time to move from an initial separation, ho, to a reduced separation, h, 


is: 
- i n(*e) 
K h (2.311) 


As h O, the time is infinite. Three procedures have been used to overcome 
this embarrassing and clearly false behavior. (1) In calculating collision 
behavior a collision is defined to have taken place when the spheres are a 
certain fraction of their size apart. This somewhat ad hoc assumption is 
useful because the final results for trajectories are not too sensitive to 
the separation distance chosen (Hocking [1959)). (2) It is assumed that 
some surface forces of the van der Waals - London type exist which are 
attractive and which overcome the repulsive fluid force. (3) Kinetic theory 
considerations become important when the gap between surfaces is 
comparable to a mean free path and therefore slip boundary conditions 
should be employed. 


Procedure (1) is a practical solution. Procedure (2) is probably true but is 
sometimes difficult to incorporate into trajectory calculations. Procedure 
(3) is the most satisfactory method and has been carried out by Davis 
[1972) and by Hocking [1973), although a combination of procedures (2) 
and (3) would presumably be the most desirable. 
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Davis introduced slip boundary conditions into the Stimson-Jeffery analysis 
discussed above. The expression for the transverse component now 
becomes, from Eqn. (2.82): 


2 441m?) Be a p 


an 2 - Po oom (2.312) 


wher 
e@: 
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Table 2.8: Equal parallel motion, e=0.01. Adapted from Davis 
[1972] with permission of the American 
Meteorological Society. 


Kn F/F, F1/Fls F:zfF2, 
0.01 0.992 0.998 0.992 
0.02 0.985 0.996 0.984 
0.05 0.964 0.991 0.966 


Pn, = Psu = ( cosh(s)- y){(cosh(s)- p)[sin{11) ‘Il’ ,,,,;-  cosec{11) 'l' ss] 
Hl 
-3 [sin(11) "',,+sin(s) cosec(11) d} 


The upper sign is to be used for s=a and the lower one for s=- . Tobe 
more precise about the historical origin of this term we note that Bart 
[1968] first introduced it in connection with the motion of viscous fluid 
spheres settling in the presence of a plane surface. It was not, however, 
used in the kinetic theory context. 


When these boundary conditions are used to determine the unknowns, An, 
Bn, Cn, and Dn in Egn. (2.288), they lead to a set of recursive algebraic 
equations which must be solved numerically. Details of the calculations are 
not given by Davis but his results are of considerable interest. Two cases 
are examined: parallel motion in which the spheres move in the same 
direction with the same velocity and anti-parallel motion in which they 
move towards each other with the same velocity. 


Results are given in terms of the effective Knudsen number, 
Kn=C,,,A.s/az, aS a ratio of the force including slip, F, to that excluding 
slip (i.e. the Stimson-Jeffery calculation), Fe. Also, for numerical reasons, 
it was not possible to calculate the forces for spheres whose separation 
was less than e, where: 


e = (r- a,- a)/ a, 
Table 2.8 shows the results for parallel motion. 
It is clear from these results that the effect is small for Kn<(0.05). 
Unfortunately, Davis does not give values in the interesting region of 


large Kn although the gap width is very small; h=a2/100. 


In the case of anti-parallel motion along the line of centers, Tables 2.9 
and 2.10 show the results. 


For the case of equal size spheres shown in Table 2.9, we note that 
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deviations from the case of no-slip become marked at close separations, 
e.g. when the Knudsen number is (0.002) there is a decrease in the 
repulsive force between the spheres by a factor of four. Similar results are 
noted in Table 2.10 for the case of unequal spheres. The effect does not 
seem to discriminate 
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Table 2.9: Equal anti-parallel motion, aifaz=1.0. Adapted from 
Davis [1972] with permission of the American 
Meteorological Society. 


Kn f=0.10 f=0.001 
f=Q.01 
FIF. f FIF. f FIF. f 


0.002 0.98 0.980 0.75 0.833 0.260 0.333 
0.005 04 0.952 0.58 0.667 0.152 0.167 
: 0.010 0:88 0.909 a 0.500 0.097 0.091 
0.020 ee 0.833 0.32 0.333 0.061 0.048 


Table 2.10: ave anti-parallel motion, ai/a2=5.0. Adapted from 
Davis [ 1972) with permission of the American 
Meteorological Society. 


Kn f=Q,1Q ad f=Q,QQl 
F1/F1s f F1/Fis f F1/F1s f 
F2/F2s F2/F2. F2/P2, 

0.00 0.973 0.96 ta 0.755 0.74 0.83 0.301 0.298 0.33 

2 5 7 3 3 

0.00 0.937 0.91 0.95 0.587 0.57 0.66 0.175 0.167 

5 9 2 4 7 

0.172 
0.01 0.887 0.85 0.90 0.452 0.43 0.50 0.111 0.091 
0 6 9 5 0 

0.109 
0.02 0.81 0.76 0.83 0.332 0.31 0.33 0.070 0.048 
0 4 3 3 6) 3 

0.068 


between larger and smaller spheres, the forces on both of which are 
affected by much the same factor. 


Davis has developed an extremely simple yet accurate interpolation formula 
for the ratio F/F, in the form: 


f= ( - 


Kn 
JE (2.313) 


Values for fare also given in Tables 2.9 and 2.10 and are seen to compare 
very favorably with the exact results. We also note that at very close 
separations the force, with this correction factor, becomes: 


F= -6ltpau-- *-° = -31tyaU/ Kn 


2(r-2a) Kn (2.314) 


This eliminates the 1/e behavior of the pure Stokesian force and thereby 
allows collisions to occur in a finite time. It is also of interest to note that 
the result is similar to that for a single sphere with a Cunningham 
correction factor as shown in Eqn. (2.56). 


A different approach to the small gap problem has been taken by Hocking 
[1973]. Here, use is made of lubrication theory which enables certain 
terms in the Navier-Stokes equations to be 
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eliminated thereby leading to an exact solution for the drag. Using slip 
boundary conditions Hocking shows that the forces on the two spheres, 
one of which is at rest and the other moving towards it with a velocity, U, 
can be written as: 


F- -6lta pU,r,(?l 
2- 2 N 


; (2.315) 
and: 

F, z So ul U (2.316) 
wher FC 

27 c2 2 [((1+j3)In(1+j3)- (2.317) 

13] 

(ai +az) hj3 

and: 

Fe) _- f£(2) 

N - a, N (2.318) 


with h=r-a,-aand13 =6 Ag/h. Defining Kn = Ag/a and looking at 
small separations where 13>>1, we find, for spheres of equal size: 


F = 27t ay ul in(6aKn) 
Kn hh (2.319) 


This behavior is not in agreement with the work of Davis, but does appear 
to be more soundly based. It does lead to a finite collision time and so, 
again, we see that kinetic theory considerations can remove the 
unphysical limit of the Stokes no-slip theory. 


Further considerations on this problem involving the rate of appa 
of a sphere to a plane surface have been given by Brenner [1961], Cox 
and Brenner [1967], Mackay et al. [1963), and Hocking [1973). 


Another case which has been dealt with fairly accurately in the slip flow 
regime is that of two spheres of equal size joined rigidly together (Williams 
[1987b]). The solution follows closely that of Cooley and O'Neill described 
by Eqn. P: a except that now one of the boundary conditions becomes: 


(S411) aut cnaue= UIs 
All as p 1 (2tll2 at S=1 
where: 22 \2 -_ 


= {1-((s+11 a3" £1-[(s411 )3a"')} 
1p aS 811 as all 811 a, 


The resulting equation for the stream function cannot be solved explicitly 
but a variational principle was used to calculate the drag on the bispherical 
unit. The result is: 


F= -61ta a 2804147)i1 +(6.950)A +(8.595),!} 
1+(8.128)A +(14.95)A2 


where A= Cm Ag/ a. 
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Q, 


Figure 2.34: Two rotating spheres. 


I 
Clearly, the case for A.=O corr esponds to the result of Cooley and O'Neill 
for the double unit. However, the term in curly brackets describes the 
effect of slip. In the limit of A.-+00, we find F=-61tapU(0.7363), whence: 


FA= 0.5750 
00=) 

F(A= 

0) 


which is an exact result because the limiting cases can be solved without 
approximation. For a sphere, the ratio is 2/3. (Y',/e also note < 
typographical error in the original reference regarding this result). 
should be noted here that, while the limit Moo may be useful for ae 
bubbles in a fluid, it is not necessarily good for aerosol particles in the free 
molecular regime (as we pointed out earlier in Section 2.22). 


2.27 Two rotating spheres 


A further problem regarding two spheres, solved by Jeffery [1915], i 
when they rotate about their line of centers. Here ore desirés to find t 


torque required to maintain them in motion with angular speeds N, a 
N,- Fig. 2.34 shows the situation. 


Eqn. (2.229) describes such motion and, when it is transformed to 


bipolar coordinates by means ofEqn. (2.272), leads to the solution 
(Jeffery [1912)]): 


u, oral A {A. cosh((n+¥2)s)+B. sinh((n+'%2)s)}P1'l(y) 
ae, (2.320) 
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The boundary condition for no-slip is: 
ue = Qle On S = cl 


u® = -nom on S= -P 
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Table 2.11: Two equal spheres - one free. The ratio N1/i/Z as a function of ex. 
Adapted from Jeffery [1915b]. 


ex 2a/r ill/n2 ex 2a/r i11/il2 
0.2 0.980 0.1278 1.4 0.464 0.0126 
0.4 0.925 0.1023 1.6 0.388 0.0073 
0.6 Co 0.0759 1.8 Cae 0.0042 
0.8 ve 0.0524 2.0 bers 0.0023 
1.0 O68 0.0340 20 Uae? 0.0005 
1.2 ae 0.0211 3.0 es 0.0001 


Using some integral relations involving the Legendre polynomials, we 
find An and Bn and hence the torque from Eqn. (2.232). Details may be 
found in the two papers by Jeffery [1912, 1915b] but the result is: 


T = Bit yl o[N f cosech*((m + 1) ex+ mf3)- n f cosech*(m + 


1) (ex+ £3))] 
m=0 m=0 (2.321) 


If one sphere is inside the other, then f3 is negative and the calculation shows that: 


T 
=81tyc?(n.-NZ) L cosech*[(m+lex-mf3] 
ae (2.322) 


Suppose that one sphere, f8, is made to rotate with _a given angular 
speed, Nl... Then there will be a certain value of 1, for which T, 
vanishes. This is the steady angular speed with which 

sphere ex would rotate if allowed to move freely. In the case when one 
sphere encloses the other this occurs when il1=ilz. That is, if one sphere is 
allowed to move freely it will acquire the speed of the other sphere and 
both will move as a rigid body. When the spheres are separated and 
external, the other sphere will move with the angular speed: 


L cosech?[(m+1)(ex+f3)] 


Qh= Q2 m-=0 


L cosech?[(m+lDex+mf3] 
m=0 (2.323) 


To illustrate these results numerically, we consider spheres of equal size, 
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when sech(ex)=2a/r. In Table 2.11 we show the ratio N,/Q. as a function 
of ex. 


From these results we infer that there is very little interaction between the 
spheres. Even when the gap to interparticle ratio is as small as (0.02), one 
sphere communicates only about 1/8 of its spin to the other. 


Jeffery also gives results for a sphere spinning in the neighborhood ofa 
plane which corresponds to the special case of f3=0. 
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Figure 2.35: The torque on rotating spheres. 


As far as we are aware, no slip corrections have been made to this 
problem although the modification is straightforward. Extensions have 
been made by Dean and O'Neill [1963] who considered a sphere rotating 
at a distance, d, from a rigid plane with the axis of rotation parallel to the 
plane. Because the equations of viscous flow are linear, it is possible, 
by combining Jeffery's result with that of Dean and O'Neill, to find the 
torque on a sphere rotating with its axis at an arbitrary angle to the plane. 
Some numerical results are given by Dean and O'Neill but the calculations 
are far more complex than for the case considered by Jeffery. 


2.28 The motion of spheres moving perpendicular to their line of centers 


One of the more difficult problems of slow viscous flow involving two 
spheres concerns the understanding of their motion when they move 
perpendicular to their line of centers. While several approximate 
techniques have been used to obtain the general trend of motion and drag 
forces (Hocking [1959] and Happel and Brenner [1973]), a definitive 
treatment was first given by Dean and O'Neill [1963] and O'Neill [1964]. 
This work formed the basis for the later investigations of Wakiya [1967], 
Davis [1969], and O'Neill and Majumdar [1970a,b]. 


We shall review below the procedure for dealing with this problem. The 
basic equations for study are: 

Vu = Vp (2.324) 
and: 

Veu=0 (2.325) 


We also note that as the spheres move a torque is generated by the 
relative motion and so they tend to rotate. This rotation has to be included 

in the fluid dynamics. The situation is shown pictorially in Fig. 2.35. 

The spheres move in the same direction with speeds U: and U2 and have angular 
speeds of Nl, 
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and 1, respectively. It is convenient to introduce a cylindrical system of 
coordinates as 
shown in Fig. 2.36. 


In such a system, Egns. (2.324) and (2.325) take the form given by Eqns. 


(2.226) and 
(2.228). In addition, the continuity equation becomes: 
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Figure 2.36: A cylindrical coordinate system for two spheres. 


+ ! ju +! au.+ au.=0 


Cammmmag, az (2.326) 


If there is symmetry about the plane, g,=0, solutions can be found in 
the form: 


p=: f, Qm cos(m<!>) 
— (2.327) 


Um=', (: Qm +qm +sm )cos(mq,) 


(2.32 
8) 
u = Ls (qm - 
and: sm)sin(mq,) (2.32 
m=O 9) 
wu=% ( Qm +2Wm) 
cos(m q,) ae 


where c is a constant length to be defined later and . Qm, Sm, and Wm are 
functions only ofrn and z Satisfying: 


L Qm = Jim Wm = L-1Sm = L +l qm (2.331) 
with L!the operator: 
* ae a: cme ve 
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L ===, eee tes 
m ammam im az 


The equation of continuity becomes: 
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B3B+mi -+zi)- +cla ~ + m-—-+-—l) + (a— — 
( oie m1} S43-awmi Sige 
am azm am mum amimm az (2.332) 
The symmetry of the problem, i.e. translation and rotation perpendicular to 
the z-axis (line of centers), requires that m=l. The solution will then 
describe translational motion parallel to the x-axis and rotation around an 
axis parallel to the y-axis. 


The equations for Qi, qi, Wi, and s; are now expressed in terms of the 
bispherical coordinates introduced by Jeffery [1922]. Then, it is readily 
shown that: 


W, =(cosh(s)-p)1" “f 


J 
An(A,B,s)P!I(q) (2.333) 


QI =(cosh(s)-p)1 e e f 


An(€,D,s)P!'1(u) G32) 
n= 
2 
q = (cosh(s)-p)1' :f, An 
(2.335) 
and: ; (G,H,s) P 71(y) 
n=l 
2 f (2.336) 
Ss, =(cosh(s)-y)1' ey An(E,F;,s) 
P!7l(y) n=1 
where P!ml(y) are associated Legendre polynomials and: 
A,(A,B,€) =A, exp|(n + 3)6] +B, exp[-(n+3)&| | (2.337) 


The constants An, Bn, Cn, etc. are determined from the 
boundary conditions. 


Substitution of these equations into the continuity equation also leads to 
two further relations between An, Bn, Cn, etc. 


Using the appropriate expressions for the drag forces and the torque, it may be 
shown that: 


2x2 sinh(a) >) E, 
n=0 


F =-6n La, 
(2.338) 


F, =—6ma, 22 sinh(B) >> F, 
n=0 
97 


(2.339) 


and: z 
T, =-81 ws wsinh2(ajL (2n+1- 
coth(a)) Ls (2.340) 
n=0 
ds Ade : 
T = -81tpa_-77 sinh2(P (2n + 1- (2.341) 


coth(P)) Fn 
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The forces are in the x-direction and the torques are in they-direction. 

To obtain a closed set of equations for the coefficients An, Bn, Cn, etc., 
it is necessary to employ the boundary conditions. We assume that 
sphere 1 moves in the x-direction with a speed, U1and rotates about 
the y-axis with angular speed, n1. Similar conditions apply to sphere 2. 
Then, on =ex: 


Um= nl (z-d1) cos(<!>)+ ut 
cos(<!>) ue =-n1(z-di 
sin(<!>)- Ujsin(<!>)u, = - 
n1m cos(«<l>) 

while for =- : 
um = nz (z +dz) cos(<j) + 
Uz cos(<j>) ue = -nz (2 +dz) 


sin(<j>) - Uz sin(<j>) u, = -nz m 
cos(<!>) 


Comparing with Eqns. (2.327)-(2.330) leads to: 


qi =>--+ -- 
Z Z 
and: 
aal’ | 2 
Se 22 1 2 qd+2 ,n1 m,wim 
1 1 1 
1 Z Z 


for =ex, with a similar result for = . 


Inserting Eqns. (2.333)-(2.336) and using some well known properties of 
Legendre polynomials leads to a set of six linear algebraic equations for 
the An, Bn, Cn, etc. Unfortunately, these equations are recursive and 
therefore have to be solved numerically. Such calculations have been 
carried out by Davis [1969] and by O'Neill and Majumdar [1970a,b]. We 
shall discuss their results below since they have important consequences 
for coagulation processes and aerosol behavior in general. 


Davis [1969] reports his results in the form: 


99 


and: 


Ft = 6l1tpal[ct ur+C5 uz+C9az nt + 
C13 az nz] F2 = 61t paz [Cz ut + c6 Uz + 

Cto a2 nl +c14 a2 n2] Tl =81t p ai [c3 Ul 
+C7 U2 +Cu a2nt +C15 a2 n2] 


Tz = 81t pa; [c4 ut + Cg Uz + C12 a2 nl 
+ ct6 a2 n2] 
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(2.34 
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where the Care functions of mass ratio ai/al and interparticle 
distance s=r-aj-al. On the other hand, O'Neill and Majumder 


[1970] write: 
(2.346) 
Fl = -61t p al [fl1(k,E) U1 +f22(t,f) ul + fu (k,E) al nl - 


(2.347) 
f1l(t.f) al nl] Fl= -61t p al [f22(k,E) ul + fll (t, ul 


+fll(k;E) al nl - fll (t,) al nl] 


7 -_ —81 B at [g2:(k,e) U, + 8n(¢.£) U, + 81,(k,€) a, Q, — 8:2(t.£) a Q, | | (2.348) 


Tl= -81t p a;(-g22(k,E) ul - gli(t,) ul - g1zCk,E) al nl + gll(t. 
alnl] (2.349) 


In these formulae, E=(r/a:)-1-k where k=al/a1. Extensive tables of the f;i 
and g;i are given. However, other than the case for which aj=al, the 
numerical results are not directly comparable except in some special 
cases. Where comparison of the numerical results is possible they do 
agree. For purposes of illustration, we use Davis' results although, as 
ey ae of O'Neill and Majumdar show, several of Davis' Care 
related. 


The forces are reported in the literature in two different ways. Some work 
ignores the rotation of the particles and the forces are quoted in the form: 
3 = 6npa,[C, U, +C,U,| 
and: 
3, = 6npa,[C, U, +C.U,]| 


(2.350) 


(2.351) 


In practice, however, the particles are free to rotate (for experimental 
confirmation see Jayaweera et al. [1964]). Some earlier but less accurate 
work by Eveson et al. [1959] should also be noted. This means that there 
is no net applied torque. Rather, the translational motion of the particles 
leads to a torque which causes rotation. The corresponding angular 
velocities are obtained by setting T1=T1=0 in Eqns. (2.344) and (2.345). 
Thus, we may solve for nj1 and nz in terms of Uj,and U2 and eliminate 
the il; from Egns. (2.342) and (2.343). The net 

effect is that: 


a,Q, =C,,U, + Cy UZ 


and: 
a,Q, =C,,U,+C,, U, 
where: 
C.=- C,,C,-C, Cy 
7 Cas - CC 
12 “15 116 
C= C,,C,-C, Cy, 
= 
Ci, Cys — Cu Cie 10 
C= C,,;C, — C3 Cig 
? C,, Cy, - Cys Ci 
Ce = Gs C, -C, Cie 


~ GC. C. _ C,; Cc, 
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CDC. ~CDCD 


- Cb)"--+ 
Ca)'-.- 
Figure 2.37: The translating and rotating spheres considered by Davis 
[1969). 
Fl= 61tpal[(cl +C9C19 +C13C17) ul +(Cs +C9C20 (2.352) 


and: 


+Cl13cl8) u2] F2 = 61tpa2l(C2 + CypC19 +C14C,, U1+ (2.353) 


(Cg +Ci0 Coo +C14C18) U2] 
The rotations therefore affect the drag forces. In order to illustrate the 
magnitude of these 


corrections, Davis [1966) has given graphs of F, and F, for equal 
spheres as a function of interparticle separation for the two cases. To 
be more specific, he has considered two dynamical situations as shown 
in Figs. 2.37(a) and 2.37(b). 


Thus, parallel and anti-parallel motion are studied. We also note that for 
anti-parallel motion the spheres rotate in the same direction whereas in 
parallel motion they rotate in opposite directions. Figs. 2.38 and 2.39 show 
the actual values of the F; wherein we observe that for anti- parallel motion 
the effect of rotation becomes significant as the spheres get closer. The 
difference for touching spheres amounts to about-18%. Thus, neglect of 
rotation leads to an overestimate of the drag. It should be noted, however, 
that at a separation of 3a, i.e. a gap distance of one radius, the difference 
is negligible. 


In the case of parallel motion, the error caused by the neglect of rotation is 
much smaller, amounting to only about -1.5%. Once again the drag is 
overestimated by neglect of rotation. We note that O'Neill and Majumdar 
[1970a,b] have given expressions for (j and g;j when Eis very small. 


2.29Arbitrary orientation of the spheres 


We now have relations between the drag forces and velocities for spheres 
of arbitrary size ratio moving along their line of centers and perpendicular 
to their line of centers. From these two cases it is possible to obtain a 
general expression for two spheres at any arbitrary orientation. Fig. 2.40 
shows two spheres which, for the sake of example, we will assume are 


10 


moving downward under the force of gravity. 


Note that the force m;g can be resolved into components along the line 

of centers and perpeneic ar to the line of centers. F;, are the forces 

along the line of centers and U;, the corresponding velocities. Fi8 are the 

forces perpendicular to the line of centers with Us, the corresponding 

velocities. But Fir and U;, correspond to motion along the line of centers for 

oo have the Stimson-Jeffery solution of Eqns. (2.296) and 
297), Le.: 


F1, =-K1 ulr +,.1 u2, (2.354) 
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2.6- NO ROTATION (a) 


WITH ROTATION (6) 


(D 


(DcASE" 


(D WeAsE 


0.1 1.0 10 


Sia 


Figure 2.38: Resistance coefficient for equal anti-parallel motion 


perpendicular to the line of centers (equal spheres, radius 
a). Adapted from Davis [1966) with permission of the 
American Geophysical Union. 


£0, (SS SS SS eee eS Se . 
a» _ => 
| 08 
(NO ROTATION (A)& HOCKING s 
== CD CD 
ASE A 
0.7 
\_WITH ROTATION 
(B) (D (DcASE a 
0.6 ,_ not eae veheut eaves Wee ebb bd il 
0.01 0.1 1.0 ~ 10 
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Sia 


Figure 2.39: Resistance coefficient for equal parallel motion 
perpendicular to the line of centers (equal spheres, radius 
a). Adapted from Davis [1966) with permission of the 
American Geophysical Union. 
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Fre 


u2e 


Fl, 
UL 


mlg ule 


Figure 2.40: The motion of two spheres at any arbitrary orientation. 


an 
d: F2, = -K2 U2, + *-2 U1, (2.355) 


Similarly, Fie and Ui8 correspond to force and motion perpendicular to the 
line oe for which we also have exact solutions in Eqns. (2.352) and 
(2.353): 


Fie= 1U1le +81 (2.356) 
d: U2e F2e = 2 U2e (2.357) 


+ 82 Ule 
(Because Fir and Fie are drag related they are negative). 


These four relations may be combined in a convenient 


way by writing: Fl =-ku. ul-k12. U2 (2.358) 

an 

d: F2 = -k21. ul - 
k22. u2 e282) 

where kii are the resistance tensors. Such tensors are a ie 
conveniently written as: kii =31ty(ai +ai){si/r) +1:/ 
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r)[1-:n} 
(2.360) 


where I is the unit dyadic and r is the interparticle distance between 
the sphere centers. Clearly, Sii and Tii are directly related to Ki, AO, i, 
and 8i above in the following way: 


The Motion of Particles in Gases 

K1 = 61tpa, S11 1=-6ltpal%1 
11.4 =-31tp(aj+a2)S,>5 81,= -31ty(ait+a2)T12 
K2 = 61t p a2 S22 


A.2 = -37t p(a,+ 
a2) S21 


2 = --61t p a2 T22 
O02 = -37t p(a,+ az) T21 


Sii and Tii depend only on rand the ratio of the radii, a2/a1. 


Eqns. (2.358) and (2.359) are in a particularly useful form since they can 
be expressed easily in any system of coordinates (e.g. Cartesian (x,y,z)) 
when necessary. 


In the case considered above, the forces acting against the drag forces are 
those due to gravity, with: 


Fi, =-m; gcos(0) 
and: 
Fie = -mi_ g sin(0) 


However, Eqns. (2.358) and (2.359) are valid for any arbitrary situation. 
Batchelor [1976, 1982] and Jeffery and Onishi [1984] have found it 
convenient to rewrite Eqns. (2.358) and (2.359) in terms of mobility 
tensors, biie in the following way: 


U, =b,,+F, +b, °F, (2.361) 


U, =b,, °F, +b, ° 2| (2.362) 


The sign of Batchelors forces are opposite to those of Eqns. (2.358) and 


(2.359) because he considers them to be applied external forces whereas 
our forces are assumed to be drag forces. Batchelor writes: 


1 rr rr 
b., =————5 5A, (tr) = + B,,(r [-] 
a Tera itt) r if) r 


(2.363) 
where the A;i and Bii are readily related to the resistance matrix 
elements, Sii and Tiie Batchelor notes some useful relationships 
between Aii and Bii: 
ao = A22(p.1 B11(p,11.) = B,(p,l 
" /A) 
poles BI2 (p, A,) = B2l(p, 1/ ran 


A21(p,1/11.), A) 


Moreover, the reciprocal theorem of Lorentz [1906] leads to: 


A12(p,11.) = A21(p,11.), 


B12(p,11.) = 
A12(p,1/11.)= B21(p,11.) 
Ao1(p,V/11.), 
21(p.1/11.) B12(P1/ 11.) = B21(p] A2SE2) 
/11,) 


where p=2r/(a1+a2) and A.=a2/a1. Similar relations hold for the Sii and Tiis 
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Some useful expansions of Aii and Bii are given by Batchelor for large 


separations: 
60A.3 32A.5(15-4A.2) 192A.5(5-22A.743A.4) -10) 
a eee ae eter es HE a gaures Sa ieae ee "+0 p 
oy (l1+A.)4 p4 (1+A.)6 p6 (I+A.)8 pg 
68 AS 32A,9(10-9 A +9 A.) 
Bi i ‘wd - - +0( -10) 
u- - (1+A)6 — (IFA) pg p 


ar 2{1+11:)+ 1200f +O(p--9) 
A12-2p (1+A)2p3 (1+A) pl 


3 4d+az2 + O[ -9) 
B12 = 4p + (1+A.)2 p3 p 


and: 


From these expansions it is interesting to observe the deviations from 
Stokes' law at wide separations. Thus, for spheres moving along their 
line of centers we find for the force on sphere 1: 


ry, = 67 1 Au i+ 4° Lal a2 + 43 r4 (-2a3ao +27 a,2 a2 + 34, ad )] 


3 .a.2 la 
ae SR 
Ure 


ta fh 244 3)- 75 (ada? 4277 aQadia at 
2h 2 2 124122 12 1 1 2 
4 2 (2.366) 


For sphere 2, it is necessary to interchange the subscripts 1 and 2. 


For spheres moving perpendicular to their line of centers we obtain: 


3 a2. 
1 Ug Sse + a? +H a arst ad) + 845 (a8 at+ a4)]} 
4 4 216 de Bae 24 a. 4 


2 2 2 (2.367) 
again, interchanging the subscripts 1 and 2 for sphere 2. 


There are four special cases where it is useful to have readily 
available numerical results. These cases are as follows: 


(i) Equal spheres moving with equal velocities along their line of centers: 


| 


Fe =6ltpatc 
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(ii)Equal spheres moving with equal and opposite velocities towards 


each other along their line of centers: 


“6 () 


(iii) Equal spheres moving with equal velocities p ndicular totheir line of 


centers: QO 
-(O 


+ =ompak, 


(iv) Equal spheres moving with equal and opposite velocities 


perpendicular to the; of centers: 
-G) 


“7 =OR aK, 


The dynamic form factors k,,and k .. are listed in Table 2.12 as a function of 
the interparticle distance p=r/a. The curious aspect is the slight minimum 


in K around p=(2.01). 


2.30 The superposition method 


An early and somewhat primitive procedure for dealing with the 
interaction of two spheres moving in a fluid is called the superposition 
method. While this method is not used for precision calculations, it has 
a certain physical appeal that is worth noting and, moreover, it could be 
of value in dealing with the interaction of nonspherical bodies. We shall 
therefore give a brief description. 


Consider two spheres moving in a fluid in the coordinates of Fig. 2.41. 
To a first approximation we may write the forces on the two spheres as: 


F, = -6npa, [V, -U,(d,6+)] 


10 


and: 


(2.368) 
F, = -6n 1a, [V, — U,(d,8)]] 


(2.369) 


where U;(d,0) is the fluid velocity at the center of sphere 2 due to Stokes flow 
around sphere 

1. Uz(d,0+7t) is the fluid velocity at the center of sphere 1 due to the 
Stokes flow around sphere 2. 


Now, in terms of the coordinates, x and y, we may write: 
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Table 2.12: The dynamic form factors, JCiiand x.. Adapted from 
Batchelor [1976] who in turn obtained them from Cooley 
and O'Neill [1969], O'Neill and Majumdar [1970a,b], and 
Nir and Acrivos [1973]. 


p K K Kj Ko 
2.0 0.6452 00 0.7241 2.494 
2.001 = - 0.7141 2.141 
2.005 - - 0.7129 2.069 
2.01 0.6457 53.48 0.7127 2.026 

2.05 0.6480 12.71 
2.10 0.6509 7.413 0.7185 1.797 
2.25 0.6593 4.036 
2.5 0.6729 2.772 

2.75 0.6859 2.298 

3.0 0.6983 1.039 0.7894 1.370 

3.5 0.7214 1.754 
4.0 0.7423 1.597 
5.0 0.7772 1.424 

7.0 0.8264 1.270 0.9020 1.122 
00 1.0 1.0 1.0 1.0 
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Figure 2.41: A coordinate system for the motion of two spheres. 
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Vl =; Vix + j Vly 
U2 = ir2 Ur2 +ie2 Ue2 
Vz = i V2x +j V2y 
U, = irl url t+iel Uel 


But also, ir2=-irland 
ie2=-iel: ir, =i 
cos(8) + j sin(8) 
ig, = -i sin(8) + j 
cos(8) Therefore: 
V.. Uz = (Vix + Ur2 cos(8)- Ug2 sin(8)) i 
+ (vly + ur2 sin(8) + Ue2 cos(8)) j 


and: 
Vin. Us. U ; 
a 14 Uz C050) - Ven sin(@) |i+| —* +—? sin(6)+—* cos) 
im pa, V,, - Vi3 Nig > Vig Vis 
Vv, 
=A, iol n)) 
o (2.370) 
A similar calculation leads to: 
V. 
be yooh i4| Sears | 
6m Wa, Vo, 2x (2.371) 
where: 
Ven sin(@) 


U 
=] 12 @)- 
A, =1+ cos(8) 


1x 


x 


U,, Us, , 
A, =1—-— cos(6) + — sin(8 
p= cos(@) + sil) 


U Ue2 
Yy ~ sin(8)+-cos(8) 
V,x Vix 


and: ‘6 a 
V, lo: 61 

r, =—-—— sin(6) - — cos(6 

° Vox Vox ( ) Vox ( ) 


But Stokes flow predicts: 
10 


U, =”2U a“ cos(e)(2— J) 
— arr 
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Uy =-Y%4 U_ a’ sin(8)(1-+ )_ 


Using these results in Eqns. (2.370) and (2.371) 


leads to: 
A. 14\v2a3t!d cosa2,d +218) | (2.372) 
(3a2 a;). _2(a)] 


Ix 


A =1-- Vix (1. (3--a- 1 a:) coe) pela’ -“S), sm2(a)] 


2 Vio2 dé £43 4 
d3 (2.373) 
( 3 
TY, = -%& :sin(8) co § ; - d;? (2.374) 
an 
d: ; 
Y2 = -¥%4 _:: sin(8) cos(8)( - 2) (2.375) 


Eqns. (2.370) and (2.372) are therefore the results for arbitrary 
interparticle distance, d, and orientation, 8. To compare with known 
exact results we set a;=a, and 8=0, 1t/2. When 8=0, we have spheres 
moving along their line of centers, and for touching spheres we find: 

''1 = 0.3135 (0.6452) 

', = 1.6875 (00) 

. = 0.594 (0.724) 

: = 1.406 (2.494) 


AR A ZR 


The exact values follow in brackets. It is clear therefore that the 
superposition method gives only a general trend. However, for large 
separations it is not an unreasonable approximation. Further details may 
be found in Pruppacher and Klett (1978]. 
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CHAP1ER3 


The Dynamic Equation for the Aerosol 
Distribution 


3.1 Introduction 


The pioneering work on the coalescence of particles to form successively 
larger particles was carried out by Smoluchowski [1916, 1917]. His 
particular interests were directed towards hydrosols rather than 
aerosols but the principle remains the same. Before proceeding with a 
detailed modem treatment of coagulating particles as a whole, it is 
worthwhile outlining Smoluchowski's approach because of the insight 
that it contains. 


If we consider a single test sphere of radius, a;, within an ensemble of such 
particles whose density is N per unit volume, then the number striking the 
test particle per unit time will be 41tD,a,N where D, is the diffusion 
coefficient. If we consider the total number of collisions due to all the 
particles acting as centers of removal, the net rate of removal will be: 


2 
ay =—4nD, a, big 
dt 2 


(3.1) 


where the factor of 1/2 is due to the fact that we must avoid counting the collision 
twice. 


Since all particles are diffusing, we must write instead of D;, the sum 
(Di+Dz) and a; must be replaced by ai+az- Thus, a more realistic rate of 
change of particle concentration will be: 


GN _ on (D, +D,) (a, +a,) N? 


dt 
(3:2) 
The diffusion process discussed above refers to Brownian motion and 
therefore according to Einstein: 
D= 
61tpa (3.3) 


where k is Boltzmann's constant, T the temperature of the gas, andy its viscosity. 
Thus: 


Wa ATL 1 Vo a y 
(3.4) 
In order to proceed, some assumptions must be made about the way in 
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which the radii, a;, change with time. Clearly, some average value must 
be used and we suggest setting a=a(t)=aof(t) where 30 is the initial 
average radius. It is not necessary to know f(t) because only the ratio aifa2 
occurs. Thus, Egn. (3.4) becomes: 


(3.5) 


The solution of this differential equation subject to the initial condition N(O)=Np is: 
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N (t)- No 
1+KNot/2 (3.6) 


where K=SkT/3yp. The average volume can therefore be calculated from: 


Gp NON 0 


N(t) (3.7) 
where Y, = 41ta /3. Thus: 


Y=vo(1+2KNot) (3.8) 


i.e., a linear increase with time. 


3.2 The distribution function 


The type of analysis described above was employed to study coagulation 
problems during the 1930's with some improvements to account for 
deviations from Stokes' law for very small particles. It is clearly 
unsatisfactory because it gives only a measure of the total number of 
particles present and some indication of the average volume. To extend the 
method to more complex coagulation mechanisms, and to losses due to 
settling and deposition, seems unproductive although it has been done. 
It is necessary, therefore, to seek a more comprehensive description of 
the aerosol distribution. 


To this end we introduce the particle distribution function n(v,r,t) 
where n(v,r,t)dvdr is the number of aerosol particles with volumes in 
the range v to v+dv in the volume element of physical space drat r, at 
time t. Before discussing this general function we consider a simpler 
situation in which there is no spatial dependence and no loss of 
particles. Thus, the only process occurring is that of coagulation, i.e. as 
time proceeds an initial distribution of very small particles becomes fewer 
in number but larger in size. 


The process may be illustrated by noting first that coagulation takes 
place in discrete steps. Indeed, the volume distribution function is really 
a histogram rather than a smooth curve and we should speak of njJt(t), 
rather than n(v,t), where nit) is the number of particles with k sub units at 
time t. Here we assume that the sub-units are primary particles of a 
given size. A balance equation may be constructed for nit) as follows: 


or Vp | .n.nk . - nk b. kn. 


(3.9) 


where we have suppressed the argument t. The parameter bij is the 
number of collisions per unit time between particles containing i sub- 
units and j sub-units. The first term on the right hand side of Eqn. (3.9) 
is the rate at which k-type particles are formed as a result of the 
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collision of i-type and (k-i)-type particles. The factor of 1/2 is again 
present to prevent collisions being counted twice. The second term 
describes the rate at which particles of type k are being removed due to 
collisions which convert them to some other size. The initial condition 
would be ni(0)=n0Oi, i.e. a given number of particles with i primary sub- 
units is present at the beginning of the coagulation process. Given bij, 
the above equation may be solved recursively to obtain nit). 
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In general it is more convenient to write the discrete distribution 
function nk as a quasi continuous function of volume or some other 
convenient size descriptor. For example, in his classic work on this 
subject Muller [1928a,b] let: 


1,(t) = n(v,,t) Av, | 


be the number of aerosol particles per unit volume at time t whose 
volumes lie between v; and v;+dvi. Thus, as dvi O, n(vi,t) becomes the 
continuous function n(v,t). At the same time, the coagulation rate bij 
becomes K(vi,vi) where vi and vi are the volumes of the colliding particles. 


Thus, Egn. (3.9) can now be written as: 


ool Av, = ey (v,.v; -v;) n(v;,t) n(y, -v,,t) Av, Ay, = v;) 
jel 


-n(v;,t) av; L K(v;,vJ n(vi,t) dvi 


j=l 
Dividing by dvi and taking the limit as dvi Obut with dvi fixed, leads to: 


an(v,t V 
a a 
t 0 


duK(u,v-u)n(u,t)n(v-u,t) 


-n(v,t) J:du K(u,v) n(u,t) (3.10) 


where v;=v and vi=u. While the first formulation of the aerosol balance 
equation was given by Muller [1928a,b], it was pointed out by Zebel 
[1958a] that Muller had neglected a term inside one of the integrals and 
his equation is therefore incomplete. The corrected integro-differential 
equation for heterogeneous aerosols first appeared in the Handbook of 
Aerosols [1950] with authorship credited to D.E. Goldman who, however, 
never published it in a journal. We should also mention the apparently 
independent work of Schumann [1940] who derived Eqn. (3.10) and 
solved it exactly for some special cases. 


Interpreting Eqn. (3.10) physica) we can Say that the first term on the 
right hand side expresses the fact that particles of volume, v, are created 
when particles of volume, u, collide with particles of volume, v-u. The 
second term states that a particle of volume, v, disappears after colliding 
with a particle of volume, u. 


In some applications it may be more convenient to write the first integral 
on the right hand side ofEqn. (3.10) in another way. Thus, if we note that: 


Vv v/2 


Y% J du K(u, v- uw) n( u) n(v- w) = % J du K(u,v - u) n(u) n(v - u) 
0 0 
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+¥Y% JduK(u,v-u)n(u)n(v-u) 
v/2 


and then in the first integral on the right hand side set u=v/2-w and in the 
second integral set u=w+v/2, we find that the right hand side becomes: 
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v2 Jdw K(v /2-w,v /2+w) n(v /2+w) n(v / 2-w) 
+, Jaw K(v /2+ w,v / 2-w) n(v /2+w) n(v /2-w) 
From the symmetry of K(u,v) this becomes: 
i Jaw K(v /2+w,v / 2-w) n(v /2+w) n(v / 2-w) 


Now setting w=v/2-u, we find: 


Tdu K(u, v- u) n(u) n(v-u) 


Thus the factor of 1/2 disappears but the upper limit of the integral 
becomes v/2. 


Yet another way of writing the right hand side of Eqn. (3.10) which 
is sometimes more instructive is as: 


( | 1 loag ='%rdur dw K(u,w) o(v-u -w) n(u,t) n(w,t) 


-rdw o(w-v) n(w,t) fdu) K(u, v) n(u,t) 


The delta function expresses conservation of volume in a collision and, 
bearing in mind the limits on v, is equivalent to Eqn. (3.10). 


Eqn. (3.10) has some interesting integral properties which can be 
demonstrated by multiplying it by 'If(v) and integrating over v(O,00). 
Thus: 

d- l- dv 'lf(v) n(v,t) = wl- dul-av ['lf(v+ u)-v(v)-v(u)] K(u, v) n(u,t) 


n(v,t) 
dt o te) re) 
(3.11) 


Egn. (3.11) is found by judicious changes of the orders of 
integration and use of the symmetry condition K(u,v)=K(v,u). 


Two very useful relations arise from Eqn. (3.11). First, if we set 'lf=1, 
then we obtain: 


d. N(t) = -Yp | i aul dvK(u,v)n(u,t)n(v,t) 
dt fe) fe) (3.12) 


11 


and secondly, if'lf=V, then we find: 


dg>(t)= 0 
dt 


(3.13) 


where the total number of particles per unit volume of space is given by: 
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N(t) = Jjav n(v,t) (3.14) 
and the total volume of particulate per unit volume of 


space is given by: q,(t) = l dv v n(v,t) (3.15) 


We also note that the average volume v(t) is given by 
q>(t)/N(t). 


The fact that dg,/dt=O, implies that q>=constant irrespective of the nature 
of the coagulation. This is clearly physically true because, for pure 
coagulation, the amount of material remains constant. It is simply being 
converted from a large number of small particles into a smaller number 
of large ones. Of course, if there is a loss mechanism such as settling or 
deposition this result is no longer true. 


The result given by Eqn. (3.12) is also very useful and instructive. For 
example, if the coagulation kernel is independent or insensitive to particle 
volume, then we may write: 


GN = -}. KN? 
dt (3.16) 


which corresponds precisely with Smoluchowski's original formulation with 
K=8kT/3p for Brownian coagulation. We shall see in later sections that 
Egn. (3.11) is particularly valuable for obtaining approximate solutions to 
complex coagulation processes. 


3.3 Space dependent balance equation 


We consider now the balance equation for n(v,r,t) in which mechanisms for 
loss and gain of particles are present. Thus, we have (Friedlander [1977]): 


LT +V ¢ [U(,r, t) n(v,r,t))- Ve[D(v,r, 


n(v,r, t)) at 
+ [I(v,r, t) n(v,r, t)) = S(wr_t) +(: } 
= 018 (3.17) 


where U(v,r,t) is the vector sum of the fluid and particle velocities, D(v,r,t) 
is the Brownian diffusion coefficient, l(v,r,t) is the rate of growth of an 
individual particle due to evaporation or condensation, and S(v,r,t) is an 
independent source term. The quantity (an/at)co*s denotes the coagulation 
terms as displayed on the right hand side of Eqn. (3.10). 


Physically, therefore, we note that the second term on the left hand 
side of Eqn. (3.17) describes losses due to convective motion of the 
particle, the third term is due to diffusion and the fourth to vapor 
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condensation or evaporation. On the right hand side, there are gains due to 
the source and the coagulation processes. In general, all of the parameters 
U, D, I, etc. are functions of position and time. Eqn. (3.17) is intractable 
as it stands and therefore a number of assumptions are made in order to 
simplify it. One of these is spatial homogenization. That 

is, the aerosol is assumed to be in a well stirred atmosphere so that its 
density is spatially constant except in the neighborhood of surfaces. We 
shall describe such a homogenization procedure below but first we 
note that in a turbulent fluid, such as that expected in a reactor 
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containment building, it is possible to replace the turbulent 
component of U by an eddy viscosity term (Friedlander [1977]) such 
that: 


U n(v,r, t) e(r) Vn(v,r, t) +(1T+ VP) n(v,r, t) (3.18) 


In this equation, e is the eddy viscosity, VP is the velocity of the particles 
due to external forces 


(such as gravity or electric fields), and IT is the mean gas velocity. The terms 
involving spatial derivatives in Eqn. (3.17) can therefore be replaced by: 


V e(D+e) Vn(v,r,t)+ V e[(IT+ VP) n(v,r,t)] (3.19) 


Let us now average Eqn. (3.17) over the volume of the vessel, V. In doing 
this, we define the average particle distribution function as: 
niv,t)= ! f ar n(v,r, t) 
Vv (3.20) 


Then, averaging the gradient term and using Gauss' 
theorem, we find: 


ovis f drV°[(IT+VP)n(v,r,t)]=_!_ il (3.21) 


dAe(IT+vp)n(v,r,,t) 
Vy VA 


where A is the surface of V and n(v,r.,t) is the value of n at the wall, r,. Eqn. 
(3.21) is further simplified if we set n(v,r.,t),.,.n(v,t) such that the right hand 
side of Eqn. (3.21) becomes: 


R. = Ae(IT + VP) 
n(v,t) (3.22) 
As an example, let the mean gas velocity, U, be zero at the wall and let 


Vlic. e the settling velocity, kV., due to gravity (k being a unit vector in the 
direction of gravity). we find: 


= Vv) n(v, t) 
R, = 4+ (3.23) 


where A,is the area of the floor and V,(v) is the Stokes' velocity. For a 
vessel of height, H, we may write R.as: 


V__ ,(v) n(v,t) 
a (3.24) 
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In the case of diffusion, the averaging leads to: 


if drv-(D+e)vawry= fF dA*Vn(v,r.,t)(D+e(r,)) 
Vy VA 


But at the wall, e=O and deposition is due to diffusion only. We therefore 
have to approximate the term: 
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DI dAe Vn(v,r,,t) 
Vv 


To do this we assume that there exists a thin boundary layer of thickness, Oo, 
near the wall and that normal to the wall we can set: 


ne Vn(v,r,,t) = n vt) 


D 


with n being a unit vector normal to the wall. 


Thus, the loss term due to wall deposition by diffusion is: 


DW)A 
R = its JAy n(v t) 
D (3.25) 

where Ap is the area of surfaces exposed to diffusion. 
It has been shown by a systematic study (van de Vate [1980)) that the 
diffusional boundary layer thickness, UO, is given by: 

55 = (4.6) Div)? | 
where OO is in cm and D in cm? s-' Thus, an 

estimate of Rdis:R = Ad D(v)o.735 

n(v t) 


The rate of growth, I, can be due to several different mechanisms. Condensation, 
which may 

be viewed as accretion of vapor molecules through Brownian diffusion, talces the 
form: 


Iv, t) = a(t) vi lS (3.28) 


where a(t) involves various physical parameters and the difference in 

vapor pressures of the diffusing species in the bulk gas and at the 
particle surface. If the particle is very small its radius of curvature will 
influence I but we neglect that effect here (Twomey [1977)). For 

chemical reactions, which occur on the surface of a particle, I is proportional to 
area, viz: v“" 3, 

while for volume reactions I is proportional to v. A general form which covers all 
cases may 

be written: 


[(v,t) =1,(t) v* (3.29) 
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or a sum of such terms. 


Finally, we note that the well-mixed hypothesis assumes the volume average of 
the nonlinear coagulation term to be equal to the product of the averages: 


iJ drnir,t)nv,r,t)=! drn(u,r,t) !_ / drn(v,r,t)=n(u,t)n(v,t) 


Vy VY Vy (3.3 
0) 
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It is difficult to assess the error involved here, but it is well to keep it in 
mind. 


Collecting up terms, we see that the balance equation for the particle 
volume distribution function takes the form: 


ED Gece ieonway = | ee ee eT 
i a u,t) 
dt av o 
-n(v,t) rdu K(u,v) n(u,t)+ S(v,t) 
(3-31) 


where R(v,t) is of the form, avm+bvn. 


Eqn. (3.31) is basic to many studies of aerosol behavior in reactor 
environments. 


3.4 Representation in terms of radius 


Sometimes it is convenient to describe the particle distribution function 
n(v,t) in terms of the radius of the equivalent spherical particle, where 
v=4m3/3. Let us therefore define: 


fi(r,t) dr = n(v, t) dv 
or: 
fi(r,t) = 41tr* n(v,t) 


Now with u=41ts?/3, we find by direct transformation that ii(r, t) satisfies: 


dfi(r,t) + R (r,t) fi(r,t)+i.[i(r,t) fi(r,t)] 
dt dr 


af as K(s,(r2- s°)1'9) fs, ) n(4it (2-83) /3,)- fle yr ds 
. 21tr'! K(s,r) ii(s, t) 


whe 
e: 
F 3 
RH)—R413 tr +) 
\(r,t) = 1 ATet ) 
Aitr2 3 't 
and: 
3 
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Kis n=K4s ,4 73) 


There only remains the tgrm n(41t(r3-s9)/3,t) to deal with. This is done by 
setting w=41tq~/3 and q- =r3-s~. Then: 


n(w, t) dw = n(q, t) dq 


whence: 
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dq n“ 
=~ - -5 313 4) 


r 
n(w,t)=n(q,t)- 
Aw ) (q.t) Eee 3)213 


Ww 


and the equation, in terms of radius, becomes: 


@ Qs aay [> 
| 


\ae 
=} [fas R(s(" - *)”) fi(s,t) A(( -s*)",1) ert ii(r, t) fras K(s, t) 
(P-s) "| ts, p (3.32) 


Some workers use an equation in which the upper limit on the integral is 
r/2'!3 rather than r (Zebel [1958a]) and eliminate the factor of 1/2 
preceding the integral. 


35 Multicompartment aerosol equations 


The well-mixed hypothesis is considered to be conservative in terms of 
mass leaked to the environment, i.e., through any breaches in the outer 
containment, and it has the advantage of allowing calculations to be 
carried out without a detailed knowledge of the internal structure of the 
containment vessel. It is clear, however, that certain situations may arise 
(e.g., in long term sodium fires) in which convective loops are created 
where the containment atmosphere will be mixed in a periodic manner. 
Such matters have been considered by Jordan et al. [1980] in relation to 
the 'chimney effect' caused by a pool of burning sodium. They argue that 
the aerosol particles created immediately above the flame zone of the fire will 
rise vertically in a 'chimney' and not 'see' the containment walls until they 
reach the return loop. During this transport period, which is characterized 
by high aerosol concentration, rapid particle growth occurs and indicates 
that particles will be significantly larger when they eventually meet the 
container walls than might be expected from the well-mixed hypothesis. 
The degree of deviation will depend on a characteristic mixing time and 
intuitively we might expect the well mixed model to break down when the 
characteristic coagulation time is much smaller than the characteristic 
mixing time. If, therefore, particles remain in the chimney region for 
several coagulation times, some degree of failure of the homogeneous 
model can be expected. 


This particular problem has been modelled by Jordan et al. by splitting the 
containment vessel into a number of zones and allowing particle flow from 
one zone to another according to the expected gas flow in the system. Fig. 
3.1 shows the general arrangement which contains four zones although 
two are identical. 


The volumetric flow from zone i to zone j is denoted by qi-+i. In the case 


described above it is clear that in a steady state and for incompressible 
flow: 


11 


Ql-+2: Q3-+i 
Q2-+3: Q3-+i#t Q3-+2 


More accurate relations can be obtained by considering the gas dynamics more 
carefully as we 
will show below. 


The zonal concept may be expressed quantitatively by averaging the space 
and time dependent Eqn. (3.17) over a zone of volume, Vk, within the total 
volume, V. Then, assuming that transfer between zones i and j is governed 
by a leakage probability per unit time, Cx;-+ie we can obtain N coupled 
aerosol equations, where N is the number of zones. 


11 


Aerosol Science: Theory and Practice 


Pad 


1)Na source zone, 2) chimney zone, 3) 
external zone Figure 3.1: Aerosol flow in the 


various zones of a containment. 
In order to establish a useful theory of coupled zones or chambers, we 
consider Eqn. (3.17) and integrate it over the volume, Vi, of a single zone 


i which is coupled to other zones through various openings or flow 
regions. 


Fig. 3.2 illustrates zone i with gas moving from it into zones i+1 and 
i+2 and with gas being received from zones j and j+1. 


Integrating Eqn. (3.17) we find, after using Gauss' theorem, that: 

7 [Vi nJv,t)]+ i} dA V[n(v,r,,t)D(v,r,)]+ ‘| das 

UW,r,t) n(v,r,t) = Qi 
A, A, (3.33) 

where Ai is the surface area of Vi and the average density of particles in 
zone i is: 

ni(v,t)= !_ J drn(v,r,t) 

V,.V; 
Qis the average of the right hand side. 
Let us assume that Ai consists of j parts through which gas can flow either 
11 


into or out of Vi. Let the areas of such parts be Aii where j= ,2,...,N. 


The remaining part of Ai, which we call A;d, is the area of solid surfaces. It 
is now assumed that, while passing through a flow route, the convective 
term, nU, dominates the diffusive term, DVn. On the other hand, on the 
solid part of Ai, both diffusion and convective flow play a role in depositing 
material on the surface. 


With this division of Ai in mind, we can write Eqn. (3.33) as: 
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j+l i+ 


—< 


j i+2 


Figure 3.2: Aerosol inflow and outflow from zone i. 


il [Vi ni(v,t)]+ f dAe {V[n(v,r.,t) D(v,r.)]+ U(v,.r.,t) n(v,r.,t}} 
A 


M 
+ L dA ¢ U(v,r,,t) n(v,r.,t) = Qi 
j=l aij (3.34) 


i=1,2,....N, where N=number of zones. Miis the number of entry and exit points 
in zone i. 


We now assume that, on Aid and Aiie the values of n, Vn, D, and U remain 
sensibly constant, so that we may write: 


2 fy, n(vst]+ {Aie* V[a(voFunt) D(voFs)] + Ais U(vort}f 
PY i Aii ¢ u(v,r.i,t) n(v,r.i,t) = Qi 
i=l (3.35) 


It is useful at this point to separate the flow terms into those entering i 
and those leaving it. Thus, if there are M<:> exit points: 


Mi 
Laii °-U nvr Aii ¢ U n(v,r,i't)+ L,Aii ¢ U n(v,r.i't) 
jel jrl (3.3 
j=Mf>+1 6) 
But for outflow, the density n(v,r,j,t) will be characterized by the average 
density in i, thus we may write approximately: 
Mlo) Mfo) erate trans oe are vere 
L Aiie Un(v,r,i't)"'-ni(v,t) L Aii Ui jel 
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(3.37 
) 


On the other hand, for inflow, the density n(v,r,j,t) will be characterized by 
the average density in the outside zone Jj, thus: 
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Mi 
L, Aii ° U n(v,r,i't) == L, Asi Ui i(v,t) ni(v,t) 
j=M['>+1 iF M\>41 (3.38) 


We also write for the surface term: 

J aa-Unw.r,,t)==Aid Uid ni(v,t) 

Aid (3.39) 
where Uid is the deposition velocity. 
As far as the diffusive term is concerned we use the well-mixed hypothesis 


in each zone, and in a thin boundary layer of thickness, O;, near the 
surface, we write: 


a rh =. ni(v,t) 
; (3.40) 


Collecting all these terms together, we find: 


a of vt) + A, Div) Vi nit +A_qyid id On twin:(v,t! 
vi ni = 
t 
Me> A. 
+ ‘L “@Uk 1 ,t)Vi ni(v,t)-Vi ni(v,t) L, ao Ui 
t 1 = 
/V, y= Qi i=M\>+1 vj i vi (3.41) 
The averaging of Q is straightforward and takes the form: 
a 
ij =--;--[li(v,t) Vi ni(v,t 12 Vi J du Ki(u,v-u 
Ot =i vn D le VJ du Kituv-u) 
Vi ni(v, t) Jjau Ki(u, v) ni(u, t) + Vi Si(v, t) 
(3.42) 
Now we set: 
RiAv,t)= Aid Di(v) 
Ol Vi (3.44) 
Ris; Ey Aid _ UiAv, t) 
vi 


“i 
ee 
sas Qj itv ms 
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iced Ys; (3.45) 


(3.46) 


and obtain: 
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k+2 


Ay aak- 1 A,_ 17k Ayaan A at i? 


Figure 3.3: Aerosol flow in linearly coupled chambers. 


“LY, n,(v,t)]+[R,a(v.t) + R,(v.t)] V, n,(v,t)+ [L(t V, n,(v,t)] 


M1 M°> 


= L ai i(v,t) Vi ni(v,t)-Vi ni(v,t) ai i(v,t) 


+4 V; du Ki (uv- u) ni(u, t) ni(v- u,t)- vil au Ki(u, v) n;(u,t) +Si (v, t) 
ni(v, t) 
0 


(3.47) 
These equations form a coupled set and are substantially more difficult to 
deal with than that for a single zone. 


3.6The gas dynamics 


The problem discussed in the previous section has provided a means of 
dealing with coupled zones or chambers if the coupling coefficients «; i 
can be obtained. This may be done by means of an uae ba of the gas 
dynamics. As a simple example of how to carry out such a calculation 
we consider a series of linearly coupled chambers as shown in Fig. 3.3 
(Simpson et al. [1989]). 


If rk is the gas density in chamber k and Wk,i is the mass flow rate of gas 
from chamber k to chamber j, then from continuity: 


d pk= 


Vp Og Wie” Nie K 21,2,8)4.J 


(3.47) 
where J is the number of chambers. We assert that Wo,1 = wJ,J+l = 0. 


In terms ofUi i above we note that Wi,i = Pi Aii Ui ie We may also write 
an energy balance. In doing so, however, we assume that the control 
surface is adiabatic and that no external work is done. Treating the fluid 
like a perfect gas, we may write for chamber i, Pi=piRTi, where R is the 
gas constant, Pi the gas pressure, and T; the gas temperature. Then: 
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Cv.d (.T)- WwW. .chtve 2) - we. (h4' V2) 


voi I “ae i-1,1 i 
dt Pl 111 2 itd 11+! 2 itl (3.48) 
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| | vi-+j 


Figure 3.4: Aerosol flow between two coupled chambers, i and 
j. 


where C, is the isochoric specific heat, h the specific enthalpy, and v the gas 
speed. 


Wi.i can be obtained from an adiabatic analysis. The calculations can 
be rather tedious but because of its importance in aerosol transport, 
we give below a detailed treatment for two coupled chambers. For this 
analysis we are indebted to Dr. R.C. Raichura of Queen Mary College, 
London University. 


Consider the two coupled chambers as shown in Fig. 3.4. In chamber 1, 
we have temperature, T,(t), pressure, P,(t), and density, pi(t). The 
volume is constant and has value, V;, with an area, Ai, normal to the 
orifice. This orifice is a narrow opening leading to the second chamber in 
which the temperature, pressure, density, volume and area are T2, P2, pz 
V2, and Az, respectively. The velocity of the flow through the orifice is u(t). 
The velocities in chambers 1 and 2 are considered negligible because the 
area of each chamber is much greater than the area of the connecting 
orifice. We write the equation of continuity for the system: 
0O= Gms, + m’out- min 
(3.49) 


where m.:v is the mass of gas in the control volume and rh is a mass flow 
rate. For chamber 1, 
we have: 
rhn=0, m,v=p, Vand rh, = 
rh(t) and hence: 
V dpl =-rh 
1 dt (3.49a) 


Similarly, for chamber 2: 


V2 dpz = O= 
rh dt 0 


[<a] 


The energy equation takes the form: 
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fa u*)dm.. -f 


fn cine dt a A (3.49b) 


(3.50) 


where we have assumed no external heating or work done on the gas. Ecv 
is the energy in the control volume and h(t) is the enthalpy. u=u(t) is the 
velocity at the edge of the orifice, A,,. and Ain are the areas at the orifice. 
For chamber 1, the integral over Ain is zero and we find: 
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J (h+%u?)dmou, =m(h+'%u?) 


A3;. 


The energy of the gas in the control volume is: 


7 (T, -T,) p, V, C, 
where TR is a convenient reference temperature. Thus: 
dE Vv d 
Set spel 
or es r dt 
ty Vv, q 0? 0) (h+ u ) 


Similarly, for chamber 2, the integral over AOU, is zero 
and we find: 


d ‘ 
* Va 5, (P2 Te) =m (h +3 0") 


We also have the perfect gas equation: P=pRT. 


(3.51) 


(3.52) 


It is now necessary to obtain the equation for the mass flow rate. To do 
this we assume that the flow is steady, adiabatic, and frictionless. Then 


from standard gas dynamic theory (Shapiro [1953]): 
9 W2 
h=qAp, ren ¥ Rt} 
wher 


e: ie Ir fe : 
. Gif 2Sx 
iif p Lo 


II, : 


and the critical pressure 


ratio is: 
rl 
=| yt 
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(3.53) 


(3.54) 


Also in deriving Eqn. (3.54) we have assumed isentropic flow such that: 


Ye 
ele 
P, Pi T 


(3.55) 
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We note at this point that, if friction cannot be neglected, then Eqns. (3.53) 
and (3.54) are still valid if y is replaced by a polytropic index of expansion. 
There are also corrections that can be made to account for the type of 
orifice (e.g., smooth nozzle or standard orifice). 


Proceeding with our calculation, we combine Eqns. (3.49a) and (3.49b) 
and integrate to obtain: 


V1 p1(t) +V2 p2(t) = V1 p1(0) +V2 p2(0) = M 


where M is a constant. Thus: 
P2 = P2.0 + (P,.o- P,) Rv = f(p1) (3.56) 


where Rv=V1N is the volume ratio. Then, from Eqn. (3.55): 


= T= pl 
p , P, pe! pl g(p,) 
(3.57) 


Similarly: [f(p,)]r-1= T, 
h(p,) 


T= p, (3.58) 


is obtained using P1=P1RT1. 


Egns. (3.56), (3.57) and (3.58) give p2, P2, and T2 in terms of Pjand p1. 
However, we have not yet used the energy equations, Eqns. (3.51) and 
(3.52). Adding them and integrating leads to: 


CV v, PL(t) T, (t) +CV V2 P2(t) T2(t) = CV v, P1(0) 'fi(O) +CV V2 P2(0) T2(0) 
=E 


where E is a constant. 


Since P=pRT, this becomes P1V1+P9V2 = E (y-1). Using Eqn. (3.57) for 
P2, we find: 


p= (y-DE = 
i wil +q(P1) v2- 
P(P1) (3.59) 
Returning now to Eqn. 
(3.49a): 
(3.60) 
V dp, =-rh 


1 dt 
we make the assumption that Eqns. (3.53), (3.54) and (3.55) are 
12 


valid, such that the properties P, p, T, etc. are instantaneous values. 
Thus: 


1/ 

rh=QA p,, 2.r_R 2 

T, ‘B (3.61) 
} 


where q=q(P2/P1) and P2/P1="((P1), so that: 
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= g(Pli wail g(P,)2%. 


In any case, q=q(p1). 
Substituting in Eqn. (3.60), we find: 


1/2 
V dpl=-q(p)Ap P(Pl) =-<l>(P) 
{ 2 
1 dt I I y tL. PI ; (3.62) 


Integration of this equation leads to a relationship t=t(p1) or p1=pl1(t). 
From Egn. (3.59) we find Pi(t) and hence T1(t)=Pi/pR. It is then 
straightforward to obtain p2, Tz, and Pz from Eqns. (3.56), (3.57), and 
(3.58). The extension of this procedure to a series of such chambers is 
obvious. The mass flow rate, M, can be obtained easily from Eqn. (3.62); it 
is simply <l>(p1) and hence: 

pr esate 

12 0, V, 
Further work concerning discharge of gases through orifices and pipes 
may be found in Kestin and Glass [1951], Horlock and Woods [1965], EI- 


See and Ryley [1972], Schmidt [1965), and Sakurai and Takayama 
1983). 


3.7 Multispecies aerosols 


Thus far, we have considered the aerosol as a single species (e.g. water or 
sodium). A much more practical situation, however, is when the aerosol 
consists of a mixture of different species (e.g., cesium, iodine, tellurium, 
and water). In such a case, at any given time after the initial injection of 
material, a single aerosol particle will consist of a certain fraction of each 
species present initially. Thus, we must be able to calculate the following 
extended aerosol distribution function: 
1(V,,V25---V¥x3Mj,M,,...,My,t) dv, dv, ...dvy dm, dm, ... dm,.| (3.63) 


This is the number of aerosol particles which contain a volume, vP to vp+dvp, 
and mass, mP to mp+dffip, of species p (1::;; p ::;; N). The total volume of the 
aerosol particle will be: 


N 


v=) Vp 


pel (3.64) 


12 


and the total,mass: 


m= | 
mp 
set (3.65) 


12 


Aerosol Science: Theory and Practice 


The conventional distribution function, discussed above, for the total 
volume regardless of its constituents, is: 


Nw.tt= J dv,J dv2...J dvNJ dm,J dm2...J dmN 


n(vi, V2,.. ,, VN;m,,m2,, ...mN,t) O(V- f VP) 
p=l 


(3.66) 


We can also define other useful reduced distribution functions. For 
example, if Mp(v,t) is the total volume of species p per unit volume of 
space which resides in particles whose own volume lies in the range, v to 
v+dv, then we have: 


MP(v,t} =-JawJ dv2... J dvP ve... J dvn J dm, J dm2... J dmN 
n(vpV2,...,Vp'"'"'VN;mi,m2,... ,mN,t)o(v-f VP) 
p=l (3.67) 
Similarly for the mass fraction, Mp(m,t). Such quantities are useful for 
they give a measure of the concentration of a particular species in a given 
particle of volume, v, or mass, m. 
It remains to develop a dynamic equation for the generalized distribution 
function. We do this in the well-mixed hypothesis, although the extension 
to the more general case is available. We write the equation down and 
then explain the origin of each term., First, however, we introduce a 
shorthand notation, writing: 


n(V1, V2,... 5 vN;m"mQ2,...,.mN, t) = (3.68) 
and: n(v,m, t} 


J dv, J avo... dvN =| dv 


Now we have: 
a a 
ALT +R(v,m,t}n(v mls} + -;--[IP(v,m,t} n(v,m,t}] 
t p=I uvP 
= fav raw Jrac [as n(u,q,t) n(w,s,t}K(u,qlw,s) | ] o(vP-uP- 
wP)o(mP-qP -sP) 


-n(v,m,t} Tau fo- dq K(u,qlv,m) n(u,qg,t)+ S(v,m,t} 


wher 
e: N 
q=}:: gp p=! 


as 
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s= L sP p=l 


The terms of Eqn. (3.69) have the following meanings. The second term on 
the left hand side describes the losses due to settling and deposition. These 
can be due to gravitational settling 


(3.69) 
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and various diffusive mechanisms. In general, such processes are functions 
of the total volume, v, of the particle, which determines the drag, and the 
total mass, m, which determines the force in the case of gravitational 
settling. Examples may be seen in Eqns. (3.24) and (3.25). The third term 
on the left hand side describes condensation with Ip(v,m,t) being the 
condensation rate for species p. This term affects the total volumes and 
masses of species p by either the accretion or evaporation of material 
which is residing in the atmosphere in the form of vapor. Since there can 
be several types of vapor species, the net effect will be the sum over all 
species present. The nature of lIp(v,m,t) will depend on the type of growth 
law involved. It is most likely that the growth law will depend only on the 
total volume of the particle. However, it could also be envisaged that the 
vapor-solid interaction might depend on the material near the surface in 
which case IP would be sensitive to the individual values of vp. A not 
unreasonable assumption would be to assume that Ip depends on some 
power ofvp, e.g. Ip=Sp(t)v!. 


The first term on the right hand side describes the rate at which 
coagulation creates particles of individual volumes v and masses m. 
K(u,qlw,s) is the coagulation kernel for particles of total volume, u, 
masses, gq, coalescing with particles of total volumes, w, and masses, s. 
The delta functions are present to ensure conservation of volume and mass 
in a collision. In passing, we note that an opportunity exists here to allow 
for nonconservation of volume, due say to some packing effect. It would 
only be necessary to rewrite the delta function as O(vp-a(up+w )) where 
a is somewhat greater than unity and must be derived experimentally. 
Of course the mass must always be conserved. The second term on the 
right hand side describes the rate at which particles are removed from 
(v,m) due to coagulation. Finally, the last term is an independent 
source. 


It should be noted that many authors simplify Eqn. (3.69) by setting 
R(v,m)=R(v), 1i,v,m)=Vv) and _ K(u,qlw,s)=K(ulw), i.e. dependence on 
total particle volume only. There are some physical cases where this is 
true, for example, Brownian coagulation and deposition, but in general 
such an assumption is. unjustified. However, if the densities of the 
materials involved do not differ substantially, then the error in making the 
above assumption (using some average density) should not be too large 
and may well be overshadowed by the other assumptions made such as 
spherical particles and spatial homogeneity. For that special case, Eqn. 
(3.69) reduces to: 


$o,0+R~w,0nW) + deh, UPW,On(,0] 


= \/ ion | em n(u,t) n(w,t) K(ulw) IT o(vP -up -wP) 


0 0 p=1 


- n(v, t)J:du K(ulv) n(u,t) + Sy, t) 
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(3.70) This equation, in a slightly different form, was derived by Simons 


[1982]. 
IfEqn. (3.70) is multiplied by: 


{v-3 | 


pal 


and integrated over v, it may be shown that it reduces to: 
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Onw,t) + RV, t) NG t) +-LI(v, tN, t)] 


a leieraite u) N(u,t) N(v- u,t)- | du K(ulv) N(u, t)+ 
° 


0 (3.71) 
wher 


l(v,t) = IP(v,t) 


L 


Eqn. (3.71) is the standard equation for the aerosol particle volume 
distribution regardless of species distribution. 


p=l 


If the distribution of mass and volume is desired, we must return to Egn. 
(3.69) and-define: 


N(v,m,t)= f dv J dmn(v,m,t)o(v-tvP)O(m-tmP]J 
(3.72) | 


Then, after averaging over the above delta 
functions, we find: 


a a 


“a t (v,m,t) +R(v,m,t) N(v,m, t) +- aly I(v,m,t) N(v,m,t)] 


= en Jas N(u,s, t) N(v- u,m- s,t) 
te sf um-s) 
0) (0) 


-N(v,m,t) du _ ds K(u,slv,m) N(u,s,t) 
+S(v,m,t) 


(3.73) 


Details of this manipulation may be found in Simons [1982]. 


3.8 Two species equations 
As an example of the general equation, let us assume that we have a two 


species aerosol, which can be described by the distribution function, 
N(Vi,V2,mi,m2,t). From Eqn. (3.69) we find: 


a , ; 
dt n(vi' v2, ml' m2, t) + R(vi' v2,ml' mz, t) n(vi' v2, ml' m2' t) 
+ :-[1,(Vi, v2) n(Vi, v2, mi,mz, t)] +-=;-[14 vi, v2) n(Vi, v2,mi, m2, t)] 


ovl UV2 
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du: J du, J am: J dm; n(ul'u2,m;,m;,t)n(vi-ul'v2-u2,mi -M;,M.-m;,t) 
of! “6 % O 


K(u, +uz,m; +m;Jv; +Vv> -u, -U2z,m, +m, -m;-m;) 


-n(V1, V2,M1,m2,t) f. dui fo- du. Tie ne 


K( u, + u,,m; + m;Jv, + Vo,.m, + M,) N( uy, Uy,mM;,m;,t) +S(v;, 


V2,M1,Mpz, t) (3.74) 
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As an example of where such a situation might be met, let us assume that 
we have gravitational settling and deposition. In this case: 


Rivinia i 
H 


where the magnitude of the Stokes velocity, U., (see Section 2.9) is: 


U= 
¢ 61tpa 
Assuming equivalent spherical particles, we can write this as: 


U~ -(47t)I/3 mg 
* 3 61tpv'3 


(3.75) 
vhere m=m,+m, and v=v,+v2. 
The corresponding coagulation kernel is (see Section 4.2): 
1 2 1 
K(u mlv m')= ae g-(ul!34wvi!3 1m Mm' 
; ' ATt ees vI/3 


( 


6u (3.76) 


The physical nature of the particles is dependent upon the source term. 


Thus, for example, if there is no continuous source but rather an initial 
burst, for a two component aerosol this would take the form: 


n(vl'vz,mpm,,0) = Q; 6(v, -Vio) 6(v2) 6(m;- M40) 6(mM 2) 


+Q, 6(V2 -V20) 6(V1) 6CM2 -M20) 6(M,) (3.77) 


Then the total number of particles injected will be: 


No = f dvi f dv2 f dm, ere 


n(vl'v2,mpm2,0)=Qi +Q2 The total volume of 
particulate is: 


<l>0 = f av, Ras (V1 + V2) f dm, ion n(vP v2, mpm2,0) = 
Qi Vio + Q2 V2o and the total mass of particulate is: 
M, =| dv, f dv, J dm, J dm, (m, + m,) n(v,,V2,mM,,m,,0) = Q, my +Q, Mo 


Therefore, the average volume of a particle is <j>./No, the average mass is 
Mo/No, and the average density is Mo/q>o- 
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There is some practical interest in knowing the volume of a species p in an 
aerosol particle of total volume, v, and total mass, m. For example, if 
one of the species is radioactive, then 
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clearly the total activity will be related to the fraction of this species 
residing in an aerosol particle. 


Let Mp(v,m,t) be the volume of species presiding in an aerosol particle of 
total volume, v, and total mass, m. Then, by definition: 


Mpf{v,m,t)=f dmo(m-t MP)F avvPow-tvP)n(v,m,t) 
(3.78) 
Operating on Eqn. (3.69) with the two delta functions and integrating 


leads, after following the procedure described by Simons [1982], to the 
following equation: l 


i Mivm,t)+ Rtv.) MP(v,fft)+ [I(v,m,t) M/v,m,t)] 
av 


= f as J du K(u, v- uls,m-s) MP(u,s, t) N(v- u,m-s,t) 
10) 10) 


-Mp(v,m,t) Fas Frau K(u,vls,m) N(u,s,t)+IP(v,m,t) N(v,m,t) 


+Qp(v,m,t) 
(3.79) 


where N(v,m,t) is the solution of Eqn. (3.73). 


This equation is interesting from several points of view but mostly 
because it is linear in the unknown variable, MP. To be sure, it is a 
complicated integro-differential equation but its linearity opens up a 
range of powerful analytical and numerical techniques for its solution. 


In the special case when K, R, and I are independent of m, or m can be 
related to v, we may integrate over m to obtain the reduced distribution: 


a Mp{v,t)+ R(v) M/v,t)+ :)ICv.t) MP(v,t)] 


ad K(u.v-u) MP(u,t) N(w-u,t)-Mptvf) du K(u,v) N(u,t) 
(@) 


+ IP(v,t) N(v, t) + Q/y, t) (3.80) 


Such an equation was derived by Simons [1982] who also suggested a 
practical way to modify it when the particles are composition dependent. 


3.9 Radioactive aerosols 

Eqn. (3.80) is particularly useful if one or more of the species is 
radioactive, for then the activity due to these rather special components 
can be isolated. Some very useful work in this area has been presented by 
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Simons [1981, 1982] whose purpose was to estimate the error in the 
conventional method for calculating airborne radioactivity. Suppose, for 
example, that in an accident in a liquid metal cooled fast reactor there is 
an aerosol produced consisting of a mixture of sodium oxide particles 
(size "'0.5 pm) and radioactive fuel particles ("'0.025 ym). The established 
procedure for dealing with such aerosols is to assume that the 
radioactive 
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particles are rapidly captured by the larger sodium particles and that the 
subsequent history is for a 'single species' aerosol with the constituents 
given by the initial concentration. Thus, at any given time after the initial 
burst, the airborne activity is proportional to the mass of aerosol 
remaining. However, this neglects the fact that each species will 
coagulate and deposit differently. For example, the small fuel particles 
will undergo rapid Brownian motion and deposit on the surface of the 
sodium particles and hence the airborne radioactivity at least initially 
will depend on the surface area of particles rather than their volume. 
Eventually, as time proceeds, the formation of larger particles by the 
coalescence of these smaller surface activated components, leads to 
greater volume mixing. To put it otherwise, as the aerosol ages, the 
activity remaining in suspension changes from a surface area effect to a 
volume effect. Since the mass deposition mechanism is generally due to 
gravitational settling, which removes larger particles preferentially, the 
total airborne activity will be underestimated if it is assumed to depend on 
the total volume of particles suspended. In view of these complications, it 
is clearly necessary to deal properly with the two species described 
above by means of an extended distribution function, n(v,s,t). Here, v is 
the total volume of the particle and s is the activity (in appropriate units) 
residing in that volume. Assuming that the radioactivity does not affect the 
coagulation or, more precisely, that the volume of the radioactive 
material is small compared with the nonradioactive such that K(u,v) 
depends only on the total volume of the particle, the equation 
describing the situation is: 


a 

-n(v,s,t) +R(v) n(v,s, v|= Sr iG K(u, v-. u) n(wr, t) n(v- u,s- 
at 

me a s,t) 


du dr K(u,v) n(w,r,t)+Q(v;,s,t) ( ) 


3-81 
It should be noted that n(v,s,t) is not precisely analogous to the n(vi,v2,t) 
defined earlier. This is because in that definition the total volume, 
V=Vvi+v2, whereas in the function, n(v,s,t), vis the total volume and s is 
another property which does not affect v but which is still conserved in a 
collision, i.e. radioactivity. In this sense, then, Eqn. (3.81) is much 
simpler than 
Eqn. (3.73). We can define a k” moment of n(v,s,t) as follows: 
eh k 
Ni(vt) = fp ds s n(v,s;t)| (3.82) 


Then No(v,t)dv is the total number of particles present with volumes in the 
range, v to v+dv, and N;,(v,t)dv is the total radioactivity of particles with 
volumes in the range, v to v+dv. If we set No=N and Ni=M, we can 
readily find the equations that they obey. For N(v,t) we find: 


a 
‘or N(v,t)+ Rv) Nww,t) £ 7) du K(u,v-u) N(u,t) N(v-u,t) 
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-N(v,t) rn K(u,v) N(u,t) 


(3.83) 
+Q.(v,t) 
where Q> is the source of particles. For M(v,t) we find: 
: t 
223-M(v,t eh’ j= duK(u,v- 
uyM(u eR u,t (3.84) 


ie) 


-M(v,t) fan K(u,v) N(u,t) 


+Q,(v,t) 
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where Q, is the source of radioactivity. Higher moments than these 
may be generated if variances in the amount of radioactivity are required. 


Egns. (3.83) and (3.84) form a powerful tool for studying the effects of 
radioactive contamination and we shall discuss results and solutions in 
a later section. Other papers relevant to the problem of multispecies 
aerosols are Lushnikov [1976], Gelbard and Seinfeld [1978, 1980], and 
Friedlander [1970, 1971]. 


3.10The effect of electrical charge on the dynamic equation 


The importance of electrical charge on aerosol particles in determining 
their collision frequency was first recognized by meterologists. In such 
investigations, it was observed that atmospheric ions formed by cosmic 
rays or other means would diffuse onto cloud droplets and electrify them. 
An analogous situation would exist in the strong radiation field which 
would be present in the interior of the containment vessel of a nuclear 
reactor following an accidental release of radioactive material. The high 
ionization, due mainly to a and particles, would lead to strong ionization of 
the background gas. There would exist, therefore, positive ions and 
electrons. However, the electrons because of their greater mobility will not 
only recombine with positive ions but also attach themselves to neutral 
atoms forming negative ions. The positive and negative ions and the 
electrons will diffuse onto the aerosol particles leading some to be 
positively and others negatively charged. In addition many aerosol 
particles will themselves be radioactive and it is necessary to calculate the 
residual charge on them by virtue of this activity. 


The continuous creation of charged species by the background radiation 
and their destruction by recombination suggests that an equilibrium 
charge distribution will be established in the gas and hence on the aerosols 
themselves. Keefe et al. [1959] have applied Boltzmann's statistics to this 
problem and argue that the number of particles per unit volume having an 
energy Eis: 


N (E) = A exp(- KET) 


For a charged spherical particle ofradius, a, and charge, +qe (q is an 


integer), we can write: q2e2 
E — Eo + mrs 
2a 
where Eo is the energy of the particle in the absence of charge and the 
second term is the 
I 


electrostatic energy. Thus, if Nq is the number of particles having q unit 
charges, we may write: 
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Nq = No exp(- q2 e2 ) 
2akT 


Thus, the fraction having charge, q, is: 


2 
q2e ) 


exp 
f(q= - cee 


p(- 2akT 
Q=-- 
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for which a reasonable approximation is: 


2 1/2 ( 22) 
f(q)" 
21t:kT -2::7T 
7 21it:kKT exp- 2::1 (3.85) 
This leads to an average number of unit charges per particle being: 
- [ ( 2akT)1/2 
q= Iqlf(q)dq= 
(3.86) 


For example, the average number of unit charges on an aerosol particle of 
0.25 pm radius, at T=293 K, is (1.67). In general, the number of charges 
increases as the square root of the radius. 


Gunn [1955] has also made calculations of the ae distribution and 
finds that if more careful account is taken of the mobilities of the positive 
and negative ions the distribution is slightly skewed as follows: 


2 ail 
fo(q)=( 2 expl[- £ -ak?_1in(A+)f] 
cS) 2 
21takT 2akT e AL 


(3.87) 


where A+ and A_are the electrical conductivities of the positive and negative 
ions, respectively. Experimental work carried out on cloud droplets 
confirms this asymmetry with an excess of 

2.2 e being observed on droplets of 1.15 pm radius. 


It should be stressed that the equilibrium charge distribution takes time to 
become established following the creation of the ions. This can be a fairly 
complex process and has been investigated by a number of authors 
(Flanagan and O'Connor [1961], Gunn [1954], and Cooper and Reist 
[1973]). The work of Flanagan and O'Connor leads to an expression for the 
time required for small aerosol particles (Aitken nuclei) to come into 
equilibrium with bipolar ions. According to Parker and Reist, however, 
Flanagan and O'Connor's procedure is not helpful for studying the 
approach to charge neutralization because the recombination terms are 
only appropriate for aerosols consisting of singly charged or uncharged 
particles. Thus, Cooper and Reist make use of Gunn's theory and some 
techniques of their own, both of which we will briefly describe. 


Gunn's procedure assumes a stationary spherical particle (radius <5 pm) 
to which ions are diffusing in the presence of the electric field arising from 


the charges present on the particle. It is found that the free charge Q(t) at 
time tis given in terms of the equilibrium charge Q_ as: 


Q(t)=Q. [1-exp[-4re (N, B, +N_B_)t]| (3.88) 


where N+ and N_are the ion concentrations of positive and negative ions 
in the environment and B+ and B_ are their corresponding mobilities. The 
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akT, (A, 
- mite 


equilibrium charge Q_is seen from Egn. (3.87) to be: 


(3.89) 


13 


Aerosol Science: Theory and Practice 


where A.+=N+B+ and A...=N..B_.Q_is to be distinguished from the average 
charge, gq, defined in Eqn. (3.86). Q_ is interpreted as the most probable 
charge on a particle. 


An important characteristic is the time constant: 
1 


CS So eS 


AIt{N+B++N Be (3.90) 


which, according to Cooper and Reist [1973], has a value 'c= 0.28 x 10°, 
N sec where N is the number of ions cm-?- We would like 'c to be short 
compared with any characteristic time constant of the overall aerosol 
behavior, e.g. settling and coagulation times, since otherwise it will be 
necessary to consider a time dependent coagulation process in which the 
charged state affects agglomeration. In order to avoid this, it is important to 
obtain a value for the average ion concentration. Cooper and Reist [1973] 
have made extensive studies of this problem. The balance equation used for 


the ion concentration is: l 


sae : 24+ DV 
@VN=20-/ N (3.91) | 


Equal mobilities are assumed for the positive and negative ions 
although more detailed calculations could allow for the differences. In 
Eqn. (3.91) the second term on the left hand side is the drift term due to 
any mass motion arising from applied forces (e.g., electrical or 
gravitational). The first term on the right is the rate of production of 
ion pairs by the radioactive source, Q being the number of ions produced 
per unit volume per unit time. These ions are subject to recombination 
and the term aN?/2 accounts for this, with @2 being the recombination 
coefficient. Finally, the term DV?N allows for diffusion. The main thrust 
of the work of Cooper and Reist is to obtain approximate solutions of 
Eqn. (3.91). To do this they note that the critical parameter is the range, 
R, of the ionizing radiation. If the size of the system, L, is very much less 
than the range, R, then the spatial variation of N may be neglected and we 
can write: 


GdN=2Q0-a N? 


dt 2 (3.92) 
This equation leads to an equilibrium ion 
density of: 
( ”) (3.93) 
N =2 - 


= a 


which is reached in a time >>1/(aQ)!!2- 
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A second situation that can occur is when L>>R. Then, the space may be 
divided into two regions; r<R where the behavior is as described by Eqn. 
(3.92) and r>R where there is no production. In that case, it would be 
necessary to solve the equation: 


aN; =2D VN, (3.94) 
where we have assumed a steady state and N, refers to the region r>R. 
The boundary condition at r=R would be N,=N_. To obtain an estimate of 
how the ion density behaves in the region r>R, we assume a planar 


geometry with N,=N_at x=O. Then, Eqn. (3.94) can be solved exactly to 
give: 
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Distribution 
N, . 
(x) =N_ |-+ t' 1/2 1-2 (3.95) 
ae sts) 
Thus, at 
distances: 
wo L/2( @ )t/2 
X>> (an_ = 


) (aQ}112 (3.96) 


the ion density will be negligible. 


It remains now to calculate Q and R. Radioactive materials produce 
ionization through the emission of aand__ particles and y rays. The range 
of y rays in air is so large (-100 m) that they produce very little ionization 
in containers. However, a and particles have much smaller ranges and are 
major sources of ionization. Various range-energy relationships exist 
for charged particles. For example, Morgan and Turner [1967] give the 
range of a particles as: 


Ra (cm)= (0.56) E E<4Mev 

(Mev) 
= (1.24)E- 4<E<8Mev (3.97) 
(2.62) 


Since it takes 35.5 ev to produce an ion pair in air at STP, we may obtain 
the number of ion pairs per cm of range. For example, a 1 Mev a particle 
has a range of 0.56 cm and will produce 2.8xl10* ion pairs or about 5xl0* 
ion pairs per cm. The specific ionization is therefore ka=(E/35.5)/Ra ion 
pairs per cm per a. 


For -particles the process is more complicated since they do not have 
well defined ranges being emitted with a spectrum of energies. Instead, 


each emitter has a spectrum of ranges. However, the energy flux from a 
source of strength 1 MeV can be represented fairly well by the relation: 


I(x) = 1, exp(-p x) 
The linear absorption coefficient, U, is given by: 
4 (cm")=17p E7,* 


where pis the air density and Emee is the maximum energy. The energy 
dissipation per unit time per unit length is: 
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di ; 
yx) dy 
Now, Io=FE**, where Fis the number of particles emitted from the source 


per second per unit area, and Eee is the average energy. The spectrum is 
such that E,.=Em.,/3, thus: 


-H 10 exp(- 


dx =-¥ > Fexpey 0 
E;!! 


The specific ionization (ions produced per unit length per particle) is, therefore: 
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= 210Et 


exp(-p x) (ion pairs cm-! in air) 


= 3 3 "i 
(3.98) where r=1.26x10-° gm cm-* and 34 ev is 


expressed as 3.4x10-° Mev. As an example, p 
particles from Kr-85, where Ema,=0.67 Mev, lead to kp=222 ion pairs cm-' at 
x=0. 


In the case of a particles, which we take to have a well defined range, Ra, 
the total number of ions produced per unit volume per second is simply 
Q=kaF, where F is the number of a particles produced per unit area per 
unit time by the surface source. On the other hand, for p particles, there is 
an exponential decay of intensity and so the rate of ion creation also varies 
with distance from the source. Thus, the rate of creation of ions per unit 
volume per unit time at xis: 


Q(x) = kp(0) exp(-p x) F (3.99) 


For the situation prevailing in a reactor accident, we would also have 
volume sources arising from the particulate in suspension. If the a 
activity is uniformly distributed and _ is §S, disintegrations per unit 
volume per second, then the number of ion pairs produced per a is: 


Saka Ra= Sa Ea/ 35.5 (ev) 


Similarly, the number of ion pairs produced by particles is S,,Em.. / 3/34 
(ev) per unit volume per second. 


As far as the time constants are concerned, let us assume an activity of 1 
Ci cm-? of aerosol. For 1 Mev a particles this leads to: 


Qa = 3.7 x 10" x 10° ; 35.5 = 10*° ion pairs cm-?sec-! 


Now the recombination coefficient, a, for ion pairs in air at STP is 3xl0-6 
cm*sec-'- Thus, from Eqn. (3.93), N_=3.65xl0'° cm-? and the time constant 
for ion equilibrium is 1/(aQ)!**=1.8x10-° sec. Using N_, we see from Eqn. 
(3.90) that 't=7.7x10-6 sec. Thus, the ions and aerosol charge rapidly 
come into equilibrium. Further work in this area may be found in Hoppel 
[1985) and Hoppel and Frick [1986) and also in the review by Whitby 
and Liu 

(Davies [1966]). 


3.11 The effect of charge on coagulation 


It is clear that pee will influence the way in which aerosol particles 
interact with each other. For example, unipolar charging (i.e. like charges) 
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will surely lead to a reduced interaction and hence less coagulation. On 
the other hand, bipolar charging (unlike charges) will lead to enhanced 
coagulation. The problem remains of how to formulate the equation for 
such processes. We shall do this from an elementary point of view initially 
and then generalize the theory. 


In order to calculate the degree of coagulation that takes place, we need to 
know the force between two charged spheres. This is not as simple as it 
seems at first. If the two spheres have the same sign of charge they will 
generally repel each other, but as they approach closer, the two particles, 
which are of finite size, induce a charge of opposite polarity so that a force 
of attraction is formed. When the particles are far apart this force is 
negligible but it may dominate 
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the situation when they are very close together. It was shown by Russell 
[1922] that the force between two particles of equal radius, a, and 
interparticle distance, r, is given by: 


6 3 5 7 
FQ) =G515,a, 4. Jota? (ay, 3a, ,4a,4_ 0a +, 45) 
. ait r oa (3.100) 
For r>>a, we regain the inverse square law but for sufficiently small 
separation the force becomes attractive. However, only by an 
exceptionally large difference in the magnitudes of the charges on each 
particle will the attractive force be significant, and this feature is generally 
neglected in the calculation of coagulation. Thus, we can assume that 
the particles obey the usual Coulomb's law and ignore the image force. 
However, for more details on image forces the reader should consult 
Keefe et al. [1959, 1961], Junge [1955], and Jacobi [1961]. 


In order to illustrate the effects of charge, we consider how Brownian 
motion is modified and recalculate the Brownian kernel. Consider two 
particles of radii, a: and az, which undergo Brownian diffusion but are 
subject to a force which acts between their centers. Then from Eqn. 
(4.273) we see that the rate of capture of particles 2 by test particle 1 
is: 


J 4 it( Di +d.) No 


a Meaef lo) 
f r kT 
+2 (3.101) 


where No is the unperturbed density of particles per unit volume. The 
coagulation kernel, K(ai,a2)=Ji2/No, and can be written: 


<(a,,a,)=4n (D, +D,) (a, +22) | (3.102) 
h 1 
: ere J a ee mn 
to+ 
-- xexp --v_ -i-- a2 )} 
po kT x 


Thus, p includes the effect of the interparticle potential. When: 


where V and J are integers representing the number of charges on each particle, 
we find: 


-1 
p= Sv exp Sva -1 
a2 ay. 


where S,,=vple7/kT and aj=a;+a2.| 13 


(3.103) 


We are now in a position to formulate a balance equation for the charged 
aerosol particles. Let n.(t) be the total number of aerosol particles with the 


average positive charge and n (t) the total number with the average 
negative charge, q. Then: 


dn+ =-1K {n2p +nn p,}+(an+) 
dt 2B +s - + 


a drift 


(3.104) 
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and: 


dn = ete 2 Th dD drift 
at (3.105) 
Here we have used the approximate Brownian kernel, Ks=161tDa, where D 


and a are average diffusion coefficients and particle radii. Also, we have 
used an average value of p such that, for unlike charges: 


p-.. -(tJ,Jd-expC( Isv,ly'InJ)_. = 
d-exr@hy———"__ 


(3,106) 


and for like charges: 


» =(_Jlexp(l:::1]. a 


wherel11, =q? /2akT. 


In view of the fact that the average charge on a particle is, from Eqn. 
(3.86), equal to (2akT/1t)112we see that: 


which has a maximum value of 1/1t when aj=a2. Thus, the extremum 
values of p. and p. are p,,m.. =(0.849) and p,,mu=(1.168). The overall 
effect on coagulation is therefore relatively small. 


The terms denoted by (an+ / at t, M refer to the movement of electrical 
charges due to electrostatic dispersion. Such dispersion occurs if the 
positive and negative charges in a unit volume do not balance. Then, 
because of the forces of repulsion between unipolar charged particles, they 
recede from each other with a velocity: 


V=BEq (3.108) 


where E is the field due to the charged particles and B is their mobility. It 
is recalled that B=D/kT. Thus, the flux of particles out of either the positive 
or negative population is: 


(ant J=-E_ qn VeE 
or: at arift 
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=E_qn (3.109) 


+ VE 
at ait KT - 
an_) ( (3,110) 


But, from Poisson's equation: 


VeE=41tQ 
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where Q is the total charge per unit volume. Clearly: 


2=q(n, -n_) (3.111) 
and so: 
=47E... q2 
Gee cree n)at drift (3,112) 
and 
: =Alt iy 
aay, Tat gee (3.113) 


The equation for the positive and negative particle populations are therefore: 


on, 1 2 D =2 
—+=-3$K, jn, p,+n_n —4n—q n, (n,-n 
7K, {ni p, +n_n,p, qn, (n, -n_) 
, at in. Pho an eed n(n (3.114) 
an 
ic) cee eae P.+n_ + 4 7k - n ‘n. - 
n. P.) Dy qn) (3.115) 
Kg 


In the case of unipolar charging, we can set n =() and 
n.=n, whence: 


..,1.Keh p ~Pit- & n =-8tiidan - 

dt, aa ene (3.116) 
Since the factor involving A is greater than unity, it is clear that unipolar 
charging leads to an increase in the removal rate of particles. This rather 
curious result stems from the effect of the electrostatic dispersion. In fact, 
if the charge correction term is separated into two parts: 

ll 
--+ T.. 
eA- 1 


then the first term is due to coagulation, which is less than unity, and 
the second term arises from electrostatic dispersion. These effects have 
been observed experimentally by Whytlaw Gray and Patterson (1932]. 


Bipolar charging leads to a somewhat more complicated situation. To 
obtain an estimate of its effect, we add Eqns. (3.114) and (3.115) to get: 


dn= -S1tDan2,A ewAbe.s.| 


n 
dt exp(A)-1 (3.117) 


where n=n.+n_. Now, if we set n.=n_ =n/2, then the enhancement factor in 
the curly brackets becomes a minimum and is equal to: 
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Ae +1 
2e-1 (3.118) 


This factor is certainly greater than unity which indicates that symmetrical 
bipolar systems always increase the coagulation rate, although the effect 
is much less than that due to unipolar 
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charging. An estimate of the enhancement factor can be obtained for a 
system which is in charge equilibrium, for then, we know from Eqn. (3.86) 
that A=lht. Hence, the enhancement factor is (1.007), which is a very 
small effect. 


The major shortcoming of the above analysis is that it assumes nearly equal 
particles and does not allow for any statistical asymmetry of charge. 
Indeed, work carried out by Gillespie [1953] indicates that electric 
charge may have a significant effect on coagulation and surface loss. In hi 
experiments, which employed porous silica powder and magnesium oxide 
Gillespie was able to determine the distribution of charge which he found, 
to be highly symmetrical (as expected from the equilibrium theory 
discussed above). Because the 


“experiments were carried out in a finite container, the surface effects 
were also considered. 
Thus, the particle balance equation was written: 


dn 2 nt 


-..,n dt 


where k is the coagulation constant and P the surface loss constant. Some of 
the experimental results are shown in Figs. 3.5 and 3.6. 


We see that the coagulation constant k is a function of time for three 
different initial conditions. These initial conditions correspond to different 
pressure air blasts used to charge the particles and therefore denote 
varying amounts of initial charge. It is clear that significant deviations from 
the uncharged state are present, but what is not clear is how much this 
difference depends on the various coagulation mechanisms present. For 
example, Gillespie includes in his analysis Brownian, gravitational, and 
shear coagulation and, in so far as his 'average-size' approximation will 
allow, writes: 


k=ykil- ’f) + al cf (1, 
a av 
wher 


“Koi Shr + 2gtV ji2 +.1.10 a? 


In this formula, f denotes the fraction of particles which are charged and 
ko is the neutral coagulation kernel for Brownian, gravitational, and shear 
mechanisms, suitably averaged. Vo is the sedimentation velocity 
differential and ro is the rate of shear. y is a factor which describes 
variations in the rate of coagulation due to size distribution effects and 
possibly van der Waals forces. 


A is aconstant related to charge distribution: 
A= I] | 
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Experiment shows that a plot of k- ko (1-% f:) versus q? f: (1 / a),v leads 
to approximately a 


straight line. A is therefore a linear function of q’. 


We have discussed this work for two reasons. First, it was a pioneering 
effort to examine charge effects and second, the theory is so rudimentary, 
compared with modern formulations, that one wonders whether the 
interpretation is correct. For this reason we will discuss below a consistent 
approach to the dynamic equation for charged aerosols. 
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Figure 3.5: Variation of the surface loss constant with time. x andes 
refer to Vycor aerosols produced by air blasts with 
pressures of 10 and 50 lb./in.?, respectively. Adapted 
from Gillespie [1953] with permission of The Royal 
Society. 
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Figure 3.6: Variation of the coagulation constant with time. x,0 ande 
refer to Vycor aerosols produced by air blasts with 
pressures of 10, 25 and 50 lb./in.2, respectively. Redrawn 
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from Gillespie [1953] with permission of The Royal 
Society. 
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In closing this section we mention some other experimental results that have 
been performed on the coagulation and scavenging of radioactive 
aerosols. That is the particles are not being charged simply from 
external radiation generating ions, but because they themselves are 
radioactive. This does, of course, lead to ionization of the surrounding 
air but there is the added complication of the intrinsic activity. This 
work was carried out by Rosinski et al. [1962] and used gold aerosols 
from exploding wires. Results were only measured over the time range 
for which Brownian motion was important. However, the deposition on 
the walls of the vessel was important. Rosinski et al. used the following 
equation to explain their results: 


dn 
kn 2_P(t)n 


where the wall surface loss time constant P(t) was set equal to a-bt. This 
form was chosen to account for the change in particle size during 
coagulation and hence in the deposition rate, which is proportional to 
1/(particle volume)'’®. It was observed that P(t) eventually became 
negligible. However, since a=6.86xl0-° sec-' and b=9.53x10-° sec-”, the 
time scale has to be less than a/b=2 hr. 


The conclusions of Rosinski et al. are interesting. For example, the 
coagulation constant of nonradioactive gold aerosols was found to be 
about five times larger than that of 'slightly' radioactive gold aerosols (5 
900 mCi gm-'). The difference was attributed to the presence of 
electrostatic charge on the nonradioactive particles. The average charge 
was calculated to be 

0.94 e per particle and k=2.70x10-° cm?sec-!. These authors also assume 
that there is no net electrostatic charge on radioactive aerosols because the 
residence time is very short compared to the time between ical 


As the activity of the aerosols increased to around 3 Ci gm-*, an unusual 
increase in the coagulation constant at early stages of oe ane was 
observed. This amounted to about twenty times the mean value 
determined for slightly radioactive systems. It seems, therefore, that the 
coagulation is enhanced by the presence of the highly ionized gas 
produced in the neighborhood of the particle. At later stages in the 
coagulation process, the coagulation constant decreases to the value for 
nonradioactive aerosols. These results were considered too complex to be 
explained by Rosinski et a/. Further work in the paper on the scavenging 
of radioactive aerosols led to some interesting conclusions. One of these 
was that Brownian motion, in the presence of a water vapor concentration 
gradient around condensing droplets, is a most effective way to remove 
slightly radioactive aerosols. 


Further relevant work in this area has been carried out by Kunkel 
[1950a,b]. He has studied the interactions of small particles suspended 
in air with the ions normally produced in air. Equations are established 
for the charge density as a function of time and, in particular, an exact 
solution for the equilibrium condition is derived which compares 
favorably with experiment. One conclusion is that multiply charged 
particles are present in coarse aerosols at all times, with charges up to 
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ten electron units being not uncommon. The reader is also referred to 
the articles by Whitby and Liu [1966], and Bricard and Pradel [1966] 
(both in Davies [1966]). 


3.12The dynamic equation for a charged aerosol 


In order to characterize an aerosol distribution with electric charge, we 
need to define an extended distribution function nv(v,t). Thus nv(v,t)dv is 
the number of aerosol particles with volumes in the range v to v+dv 
carrying v units of fundamental charge, e. We shall construct such an 
equation in stages following Zebel [1958b, 1966]. First, we neglect all 
processes 
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except those of mutual electrostatic dispersion caused by a distributed 
array of charges in space. Thus, we can write: 


Q 

—n,(v,t) =-Ve[V n(v,t) 
ot (3.119) 
where V is the velocity with which unipolar electrically charged particles 


recede from one another. If E is the electric field due to the charges on the 
particles, then this velocity is: 


V = B(v) veE (3.120) 


where B(v) is the mobility of the particle of volume v, i.e. B=D/k:T and ve 
is the charge on it. Thus, Eqn. (3.118) becomes: 


a 


v(v, t)=-veB(v) nv(v,t) Ve E 


at (3.121) 


But, Poisson's equation is: 
VeE=41tQ 


where Q is the sum of all the particle charges in a 
unit volume: 


Q=e I prdvny(v,t) 
=o (3.122) 
Thus, Eqn. (3.121) reduces to: 


Say(vat =—4n B(v) e” vn,(v,t) y mm [oav n, (v,t) 


(3.123) 


which is a nonlinear integro-differential equation. If all of the particles 
have the same size and charge, the equation simplifies to: 


d_N 
4 iN q 2 N2 
dt (3.124) 


The solution of which is: 


N(t) N, 
2 1+(t/'C) (3.125) 


where 'C=1/(41tBq’No). Thus, even with no coagulation, the electrostatic 
dispersion leads to a reduction in the number of particles in a unit volume. 
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It should be noted, however, that these particles have to go somewhere 
and, in any practical situation, they will deposit on the walls. 


Another situation that arises is when the particles have some positive 
and some negative charges. Then we have: 
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d:+ =-41tBq+ N+ (q+ N+-q- N_) 


and: 


[or 


N 
dt- =41tBq N (q+ N+-q N ) 

where N+ is the number of aerosol particles carrying a charge q+ 
and N_ the number ca charge q . These equations may be solved 


exactly tq give: 
N. dro ro' 


t 1 
x Toe+ (ro'-r X:) 


where r=q_/q+, K=N_o(N+oY and t=41tBq!t. If q+=q_=q, 
this simplifies to: ey N+-0 + Ko +(N+-0- Ko) exp(- 
N+t ko 


N+-0+ K- (N+-0- Kk’ exp(-t? 
o (0) (0) 


where k = N+-0 N--0, t =81tx Bq?’ t, and N (t)=k / N+(t). 
Thus: 


N+(00) © N+-0 N--0 ” = N (00) 


We now extend the analysis to include coagulation. Essentially 
we employ the ar used to deal with multispecies aerosols where 
charge can be regarded as a proper conserved in addition tc 
volume and mass. Thus, with the rate of change due to coa we 
may write: 


a y; Vv 
-¢ nv(v,t)=1b, J duKy.v-/u,v-u)np(u,t)nv_/v-u,t) 


H=-O 


-nv(v,t) fi duKv,p(u,v)np(u,t)-41tB(v)ve7nv(v,t) 


f ur du 


u=-- O H=-- O 
-Rv(v) nv(v,t)+ Sv(v,t) 


The first term on the right hand side of Eqn. (3.128) describes the 
formation of par volume, v, and charge, v, from the coalescence o: 
particles of volume, u and v-u, and p and v-p. The second term or 
the right is the number removed from (v,p). The th has already 
been discussed. The fourth term is due to losses from settling o1 
diffu indeed, from an applied field, although that would also ente1 
the electrostatic term. F is a source term due to aeroso 
production. Eqn. (3.128) assumes that no ions are ge 

ie. once the initial condition or source have been specified, the total 
charge remains t there is no creation of charge, it is simply 
reapportioned between the particles or Im _ dispersion and 


deposition. 


Zebel [1958b] has modified Eqn. (3.128) by introducing the 
simplifying assumption amount of charge on a particle is 
proportional to its volume. Thus, in the B1 coagulation kerne 
described by Eqn. (3.102), the factor, Svp, in Eqn. (3.103) is writte 
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“ee kKT OKT Lay) Lay kT (vy )\ vo (3.129) 


where cj is the average number of charges on the basic spherical unit of 
volume v.=47t /3. This seems a sensible assumption and does not conflict 
with Eqn. (3.86) because that result refers to the equilibrium value 
attained by aerosol particles residing in a ‘'bath' of ions. However, this 
matter does raise the question of how to model the situation when charge 
is being created by a radiation field. Such a situation would prevail in a 
nuclear reactor accident. Then, some mechanism must be introduced to 
allow the particles described by Eqn. (3.128) to increase their charge in 
ways other than by coagulation. It would seem that the process can be 
likened to condensation with the ions taking the place of vapor molecules. 
In that case, we require a term of the form: 


) 
Sp lln(vet) ny(vt)] (3.130) 


where Iyis the charging rate, du/dt. In writing this equation, we have 
assumed charge to be a continuous quantity. More precisely we should 
write: 


(A, +B,) n,(v,t)— By my 4(Vst)— Aya Bvgi(¥t) (3.131) 


where Av is the number of singly charged positive ions gained per unit 
time by an aerosol particle with v units of charge and Bv the 
corresponding number of negative ions. Av and Bv will be governed by 
their own time dependent equations which, in tum, will be functions of the 
radiation field. Terms of the type illustrated in Eqn. (3.131) have been 
discussed by Simons [1976a,b]. 


Returning to pa (3.129), we see that by means of the above 
assumption, the dynamic equation for nv(v,t) now reduces to a simpler 
one for n(v,t) as follows: 


a 


-;-n(v, t) + R(v) n(v, t) = s(v,t)+ vp du K(u, v- u) n(u, t) n(v- u, t) 
ot : 
-n(v,t) Jou K(u, v) n(u,t)-41tB(v) e? cy QO i) duC ) n(u,t) 

) I) (3.132) 


Zebel [1958b] has solved this equation numerically for Brownian 
coagulation, neglecting the deposition term, and using an initial value 
n(v,O). Then, the time history of the aerosol is studied for a=O, 1, and 2. 
Zebel's results, displayed in terms of particle radius, are shown in Figs. 
3.7-3.9. It is clear that the effect of increasing charge is to narrow the 
spread of sizes. That is, a unipolar charged aerosol inhibits the coagulation 
process and the electrostatic dispersion term dominates. This would imply 
greater wall deposition in a vessel of finite size. Note that Eqn. (3.119) can 
be more precisely written as: 
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0 os ‘ é 
5, Bet) = ve B(v)[n,(v,t) Ve E+E Vo,(vst)] (3.133) 


If nv is space dependent, there will exist a flow of particles in space with 
an effective diffusion coefficient, veB(v)E. 
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Figure 3.7: Aerosol evolution for weakly charged aerosol (cr=O). 
Adapted from Zebel [1958b] with permission of 
SteinkopffVerlag. 
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Figure 3.8: Aerosol evolution for moderately charged aerosol 
(cr=1). Adapted from Zebel [1958b] with permission of 
Steinkopff Verlag. 
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Figure 3.9: Aerosol evolution for strongly charged aerosol (cr=2). 
Adapted from Zebel [1958b] with permission of 
Steinkopff Verlag. 


The major shortcoming of Eqn. (3.132) is that it applies only to unipolar 
aerosols. In practice, we have a range of positively and negatively charged 
particles that must be accounted for. We can develop the idea of Zebel by 
considering the aerosol population to be composed of n+(v,t) positively 
charged aerosols and n-(v,t) negatively charged ones. In that case, we can 
rewrite Eqn. (3.128) as two equations for the two groups n+ and n-. For 
n+ we have: 


2n*(vst) +R*(v) n*(v,t) 


=, | du K++(u, v- u) nt (u, t) n¢(v-u,t)- n+(v, t) ee K++(u, v) n+(u, t) 
Phy du K+ (wv) n-(u,t)- “ 1tiv) e? cr’ g(v) 


- du g(u) {n+(u,t)-n- 
(u,t)} 


(3.134) 
where g(v)=(v/vo) or any appropriate power of (v/Vo). 


The physical meaning of the equation is the following. The left hand side 
14 


denotes the rate of change of positively charged particles. The first and 
second terms on the right hand side are the formation and destruction 
terms for positively charged particles. The third term is a destruction term 
which occurs when a positive particle collides with a negative particle and 
has its mass changed from v. The fourth term is due to electrostatic 
dispersion and the fifth is due 


to deposition. The equation for n- follows by the same arguments: 
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alteipy? + R-(v) 


ra (u,v-u) n-(u, t) n-(v- u, t)- f0-du __(u,v) n- 
= fu _ 
- n-(v, Yau K+ (u, v) n+(u, t) 


4 Do J 
+ _1tD(v) (v) n-(v,t) J du g(u) +(u,t)-n-(u,t) 
ED) e* er* giv) n-w,t) J du g(u) {n+(u.t)-n-(u,t)} 


0 (3.135) 


The basic assumption behind these equations is that particles with the 
same volume have the same charge. The coagulation kernels K++, K+-, etc., 
refer to interactions between positive and positive particles, and positive and 
negative particles, etc., respectively. In the case of Brownian interaction 
we find: 


13 13 
K.4(1U, v) =23 kT [2 +¢°1 Pvp (u, 
Vv) (3.136) 
wher +( ) 
e: 


p, =(:3:)(exp( ais 
Vd 


and al2=al+a2with v=41taf /3 and u=47tai/3. Then: 
cr2 e2 
Ss =st+ = kT g(v) g(u) = 


oth gia sate (3.138) 


In view of this we simplify our notation to K,=K++=K and Ka=K+-=K_+-: 


There are two cases of interest: (1) where the total charge is conserved in 


a collision such that g(v)=v/vo and; (2) g(v)=(v/vo) ~~ which corresponds to 
the Boltzmann equilibrium situation in which the average charge is 
proportional to the square root of the radius (see Eqn. (3.86)). Case (1) is 
appropriate when no additional charges are being created. Case (2) 
applies when there exists a background equilibrium ion concentration 
arising, for example, from radiation. 


For the case of g(v)=v/vo, it is instructive to integrate Eqns. (3.134) and 
(3.135) over all volume, using Eqn. (3.12) to obtain: 


dN+ f dv R+(v) n+(v,t) 
14 


dt Jo 
= -4 fo- | ier K,(u, v) n+(u, t) |i Les K.(u, v) n+(u, t) n-(v, t) 
du 
n+(v, t)- du 


4lt e2cr2 - - 
“ET zi dvdwivn+(wv, tl duu{n+(u,t)-n-(u,t) } 


‘ (3.139) 


and: 
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Wayiat WV BGO) ™ 
= -/ }idu Lav K,(u, v) n-(u, t) n-(v, t)- f - du f : dv K, (u,v) n-(u, t) n+(v, 


t) 
0 0 


A it e2z02T° lr 
+ —- -J-dvD(v)vn-(v,t)J, duu{n+(u,t)- 
srt) (3.140) 
wher kT 3, 0 fe) : 
N+(t) =i; dv n+(v,t) (3.141) 
Similarly, if we define the total positive and 
negative charge: 
£4) as Vo ot 
*(t)=toe { ve (v,t) (3.142) 
0 
we find: 
io* _ OF - + = _oe ba: Rt tiv t 
ae ae is dv vie du K, (u,v) n*(v,t) n(u,t) a { dv v R*(v) n*(v,t) 
Ane? o” ( 2 + i: + _n7 
_ WET k dv v D(v) v" n*(v,t) i, duu{n (u,t)—n (u,t)} (3.143) 
lo oe pm = 2 + oe = “(yt 
Fae AVG eK Cav) a we) a(at) +S [dv wR (w) a (vt) 
4n e? Oo po 2.- e + - 
dvvD wt) | du u4n*(u,t)— n° (u,t) 
+ WkT {i vv D(v) vn (v ye { (u,t) } (3.144) 


In the case of constant coagulation kernels and zero deposition these equations 
reduce to: 


dN* _ K, (Nt) -K, N* N-SED¢ (¢" +6)| 


dt 
(3.145) 

dN” =-4K, (N-) -K, N*N---= Do (9° +6" 

dt ay oe, kT * (° a (3.146) 

do" Kk, No ot -AED V9" (Oh +0 

dt aes: ( (3.147) 


and: 
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oo =-K, Nt g- Die (0° +9") 


dt (3.148) 


where D and V are given appropriate averages. Eqns. (3.145)-(3.148) 
will give some indication of the effect of charge on aerosol behavior. 
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3.13A dynamic equation for nonspherical particles 


We have seen that an equation for the population of spherical aerosol 
particles can be obtained without difficulty. We also know that most 
aerosols are not spherical. While some progress can be made in 
calculating the effective drag forces on aerosol particles, and to some 
extent the coagulation kernel, it requires far more effort to define a 
useful balance equation for such particles. In the case of a spherical 
particle, the only relevant parameter is the volume, which is conserved in 
a collision and leads to a new spherical particle. For nonspherical 
particles, additional parameters describing the shape are required. It 
would be most useful if these parameters, or some function of them, 
were to be conserved in a collision. Thus, let s=(s,$i,....) be set of 
‘descriptors' which define useful parameters characterizing the shape of 
the aerosol. In that case we may define (neglecting space dependence) 
n(s,t)ds as the number of aerosol particles having descriptors in the range 
s to s+ds at time t. As examples of s we could set s=(m,r.) where m is the 
mass of a particle and r, the Stokes radius. Another possibility is 
s=(N,r,) where N is the number of fundamental sub-units from which the 
aerosol particle is built. Other descriptors will suggest themselves 
according to the nature of the coagulation mechanisms and aerosol 
type. Thus we may define a generalized dynamic equation as follows: 


dt n(s, t) + R(s) n(s, t) 


=% Jas' J ds" K(s';s") o(s- f(s',s")) n(s', t) n(s", t) 


-n(s,t) J ds'K(s;s') n(s',t)+Q(s,t) (3.149) 


Here, R(s) is the removal rate per unit time for particles with 
descriptor s, K(s,s') is the coagulation kernel, and Q is the source term. 
The delta function expresses some conservation relationships between Ss, 
s', ands". 


The simplest case of Eqn. (3.149) is when s=(v) and the delta function 
expresses conservation of volume v=v'+v". Then, we find the usual 
dynamic equation used in the earlier part of this chapter. As an example, 
which shows the usefulness of Eqn. (3.149), let us assume that 
s=(N,r,). Then, the distribution function is of the form n(r.,N,t) where 
n(r.,N,t)dr, is the number of particles whose Stokes radius lies between 
r, and r,+dr, and contains N primary sub-units. The collision terms in 
Eqn. (3.149) then become: 


% Lb J dr J dr:' K(r.,L-r::1) nr: Lt) (rt) onj+) o(re -£.C epet L? 
) 
LJ 


-n(r,,N, t) L / dr; K(v,,N,r:;, 1) nv: J,t) 
J (3.150) 


The conserved quantities are the number of primary sub-units and the 
equivalent volume defined by the radius r,. Clearly, it is necessary to 
relate the Stokes radius to the equivalent volume radius. This is done 
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experimentally through the dynamic shape factor, K:, defined by: 


K: = 12 / r2 
Or: 

r =k:112 r 

Cc q, 


Experiments are available relating K:=K:(N) to the number of sub-units. 
For example, Kops [1976] has shown that: 
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1C oc N<Ne and KocN-76 {>N 
NI/6 


where Ne=1<>4 for iron oxide. 
In view of this result and after employing the properties of the delta 
function, we find that the dynamic equation can be written: 
a 
+ n(r.,N,t)+ R(r.,N) n(r,,N,t) 


N_ Lc) 


l=l O 


- n(r,, N, t) i J ctr;K(r,,N;r;,1) n(r;,1, t) 


+ Q(r,,N, t) (3.151) 
wher J=1 0 
e: 1/2 
Ka) 


f= {rikm rol km 2/2}, 
3.2 

! ' K(N-1) ' K(N-1) 

and 


rd{ KIN) }3/2 


g=f2 K(N-1) 


This formulation assumes that the coagulation kernel can be adequately 
described by the Stokes radius. It may well be, however, that it contains 
other parameters that require different descriptors (e.g. mass, radius of 
gyration, etc.). A simplified form ofEqn. (3.151) has been employed by 
Okuyama et al. [1981]. These authors solved the equation numerically and 
then compared the results with those from a series of experiments 
involving carbon black, titanium oxide, and two kinds of iron oxide. The 
parameters used for comparison were the total number of particles and 
the geometric mean Stokes radius. Good agreement was found within the 
limitations of the experiment. 


In Section 5.1p we elaborate further on the effect of shape on particle behavior. 
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CHAPTER4 


Coagulation Kernels 
4.1 Introduction 


The term ‘coagulation’ is used to describe the process of adhesion or 
fusion of two particles which takes place when they touch. Such a 
‘collision' takes place because of the relative velocity between the aerosol 
particles. This relative velocity can arise from a variety of physical causes. 
The most commonly known are: 


a) Brownian motion 
b) gravitational settling 
c) turbulence 


Another less common but feasible coagulation mechanism is due to acoustic 
forces arising from an applied sound wave. There also exists the possibility 
of second order effects due to temperature and density gradients. In 
general, any nonuniform disturbance in the fluid can lead to a velocity 
differential and therefore to coagulation. 


It should be recognized that aerosol particles are not generally spherical. 
Indeed, they more often take on very complex shapes. For this reason it is 
difficult to quantify their interaction probability because, in order to do so, 
it is necessary to know the effective cross section presented by one 
particle to the other and their respective velocities. Both of these 
quantities depend critically on the shape. Unfortunately, there is no 
comprehensive theoretical treatment of particles of complex shape, 
although some work has been done on spheroids (Booth [1954]) which 
we discuss later. For this reason, our discussion of coagulation will 
assume that the particles entering into a coagulation are spherical and 
that the resulting compound particle is also spherical and equal to the sum 
of the two volumes. This would probably be true for small liquid droplets 
but almost certainly not for solids. 


In order to quantify the coagulation process, let us assume that we 
have an aerosol cloud consisting of a single species which is described 
by the distribution function, n(v), where n(v)dv is the number of aerosol 
particles per unit volume of space whose individual volumes lie between, v 
and v+dv. Then the rate at which an aerosol particle of volume, u, 
coagulates with an aerosol particle of volume, v, i.e. the collision 
frequency, is: 


K(u, v) n(u) n(v) (4.1) 


K(u,v), which has dimensions [L3r1], is called the coagulation kernel or 
sometimes the agglomeration kernel. We shall use the former term. 


In the rest of this chapter we will be concerned with developing methods 
to obtain analytical forms for K(u,v) for a variety of physical processes. 
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Before doing so, however, let us generalize Eqn. (4.1) to cover an aerosol 
containing N different species. In such a case, the distribution function 
itself must be generalized to: 


N(Vi, Vz, «++, VN) dv; dvz «+» dvN (4.2) 


which is the number of aerosol particles per unit volume of space which 
contain a volume, v; to vi+dvi, of species 1, v2 to v2+dv2, of species 2, etc. 
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The total volume of the Kernels 


particle is: 
N 
= V; (4 . 3) 


i=} 
and the conventional aerosol particle distribution function for total volume is: 


N 


(v) =| A VeVi) a{v-¥ v Ja dv, ... dvy 

a= (4.4) 
The rate at which aerosols containin g ui to ui+du: of species 1, uz to 
u2t+duz of species 2, etc., coagulate with an aerosol containing v: to 
vitdv: of species 1, v2 to v2+dv2 of species 2, etc., is: 


C( Uy senes Ud Yan Vane VN) n(u,,U,,....Uy) A(V,,V25---.¥n) (4.5) 


K{ui,Uz, «+» ,UN;Vi,v2, --- ,vN) is then the generalized coagulation kernel. It is 
quite likely in practice that K( ...) will not depend on the individual values of 
ui and vi, but on the sum of them and their average densities. We shall 
comment on this later. 


A basic property of the coagulation kernel is its symmetry, 
K(u,v)=K(v,u), and we shall use this property many times. 


4.2 Brownian coagulation 
4.2.1 Diffusion theory 


Brownian motion is the name given to the irregular movement of small 
particles suspended in a fluid due to the random impact of molecules on 
their surfaces arising from thermal motion. The simultaneous random 
walk of such a large number of particles leads inevitably to collisions. 
Such a process is termed Brownian coagulation. 


In order to calculate the trajectory of a Brownian particle, one follows 
Langevin in writing down the instantaneous equation of motion with an 
appropriate noise source term to account for molecular impacts: 


dvin=-f WF(t) 


dt (4.6) 


Here, m is the particle mass, fv is the frictional retarding force or drag, 
and F is the random force term due to molecular bombardment. Although 
the frictional force is directly proportional to velocity, for the situations 
expected in aerosols, the calculation of the constant of proportionality, f, 
is, in general, very difficult. This is because the drag is a sensitive function 
of the ratio of the mean free path to the particle size, i.e. the Knudsen 
number. It means therefore that a detailed kinetic theory calculation would 
have to be performed. While such calculations have been carried out for 
single particles (Cercignani et al. [1968), Lea and Loyalka [1982], Law and 
Loyalka [1986]) they are not available for the associated Brownian 
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problem. 
In order to simplify the problem it is usual to consider limiting cases of 


particle size. If, for example, a particle is large compared with a mean 
free path of a gas atom in the surrounding 


15 


Aerosol Science: Theory and Practice 
fluid, then that fluid may be regarded as_a continuum. Thus, we may 
employ hydrodynamic théory to Calculate the drag on the sphere. As we 


have seen in Chapter 2, the drag force on a sphere moving with velocity, 
v, is: 


F=6l1tap v (4.7) 


where a is the radius of the sphere and yp is the viscosity of the fluid. 
The friction coefficien f, in Eqn. (4.6) is therefore: 


f= 6l1tap (4.8) 


According to Einstein [1956] and described by Chandrasekhar [1943], 
Brownian agitation leads to the diffusive motion of a large number of 
such particles. Such motion may be characterized by a diffusion 
equation of the form: 


a 2 
dt Ci,t)=DV CG,v (4.9) 


where D is the diffusion coefficient. The physical meaning of C(r,t) can 
best be described if we assume that a burst of particles is released at the 
origin at time t=O. Then, C(r,t)dr is the number of particles to be found at 
r in dr at time, t, later. 


The diffusion coefficient in Eqn. (4.9) also has a well defined physical 
meaning. Thus, ifwe write Eqn. (4.9) as: 


2 2 2 
& caxy.z,t) 4 Blax® O8 VY, O+ Z cxry.z,) 


(4.10) 
and integrate over x, y, and z (-00,00) we find: 
f dx, ag dz C(x, y, z, t) = constant 
_ <6 = (4.11) 
Now, multiply Eqn. (4.10) by x2, y2, and z7in turn and integrate 
over all space to get: 
ye AXf- Ayf- azx.y2,22)c(x,y,z,t)=2D)- AXF- 
dyf- dzC(x,y,z,t) 
dtc he es sh aks) (4.12) 
Adding and using the result that: 
i ae” 
Cee G2 F ry Po Lge ty +n 
J ax J dy J az cwy,z,t) (4.13) 
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we obtain: 


r=6D 


te (4.14) 


Thus, D is related to the mean square distance of travel. Einstein, in his 
original analysis showed that, in the continuum regime and using 
Stokes' law for the resistance to motion: 
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T_ kT : 
mya (4.15) 


We see, therefore, by comparing Eqns. (4.14) and (4.15), that: 


D= 
6l1tpa (4.16) 


More generally, Einstein showed that D=BkT where Bis the mobility of the 
particle, i.e. the velocity per unit force. In order to apply this concept to 
coagulation, it is necessary to consider a test particle within the ensemble 
and to calculate the rate at which the other particles diffuse towards this 
test particle. If the test particle is of radius, b, and we wish to calculate the 
rate at which particles of radius, a, strike it, then we need to set up a polar 
coordinate system with the center of particle b at the origin, as shown in 
Fig. 4.1. 


Since the diffusion process is isotropic in space, the diffusion equation reduces 
to: 


0 oe 20 
_ = —C(r,t)+-—C(r,t 
aon) Pav E (rt) r or (nt) 
(b) A 
t 
The boundary conditions associated with the problem are as follows: re 
(a) At r=a+tb, C(at+b,t)=O oa 
follows from the fact that the spheres are impenetrable. 
C 
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=C_ (a constant) (4.17) 


implies that far away from the test particle we have an unperturbed 
uniform distribution. 


(4.18) 


(4.19) 


158 


Aerosol Science: Theory and Practice 


The diffusion coefficient D.b is the relative value for particles a and b 
since now both are moving. It is easy to see how D must be modified to 
take into account the relative motion. For then, the mean square distance 
of travel is the average of the distance between the two particles: 


-F-=— > 2 2 - 
rb) =r, +rb- 2r.rb (4.20) 


Since there is no correlation between the positions of the two particles, r, rb = 
and we have: 


D Sag ere - rb) = ri +15 = kT (1.4 1) 
*b 6t 6t 61ty ab (4.21) 


TA (4.17), subject to the boundary conditions ofEqns. (4.18) and 
(4.19), is readily solved and leads to: 


C(r,t)= ae 
C_ 1 ase at ia -erf4 (pD = 


b, J] 


bP: 7 (4.22) 


Now, the rate at which test particle b captures particles ais given by the 


net current onto the test particle: at b 
jJ=41t(at+b) n.b-=41tD. b(a+b)C_ 1+ 
ar r=at+b 1tD.bt (4.23) 


The characteristic time: 


t= (atb}2 
1tDay (4.24) 
is the time for diffusion over the distance of an aerosol diameter and is less 
than 10-° sec for at+bs;0.1 pm and less than 10-* sec for at+bs;I.O pm. For 


times of interest, therefore, we can neglect the time transient in Eqn. 
(4.24) and obtain: 


J=41tD,b(a+b)C_ (4.25) 


The collision frequency is the rate at which particles collide with the 
test particle per unit incident flux: 


J 
K(a,b)=,- =41t(D, +Db)(a+b) 
a 159 


Using the Stokes-Einstein value for the diffusion 
coefficient, we obtain: 
(4.26) 


K(a,b2)=KT_ C1+-1)(a+b) 
3p ab (4.27) 
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which, in terms of the particle volumes, u=41ta3/3 and v=41tb?/3, leads to: 


e2it G1. 1) (18 22 wr (flls 13 


K(u, v) Lig 13h 2+ CY, 9) 


3 
H U V 3y V U (4.28) 


4,2.2Free molecular flow 


Eqn. (4.28) is only valid when the particle is large compared with a 
mean free path. In the other limiting case, when the particle is small 
compared with a mean free path, a different approach is necessary. 
While the motion is still of a random nature, it is clear that, because of its 
small size, the aerosol particle can be considered like a large molecule and 
therefore travels in free unhindered flights between collisions. A Langevin 
equation of the type discussed above is therefore not appropriate. Instead, 
one calculates directly the number of collisions between the particle and 
the surrounding gas atoms by statistical mechanical averaging over the 
prevailing Maxwell- Boltzmann distribution. Thus, suppose the gas and 
aerosol are in thermodynamic equilibrium, then the aerosol velocity 
distribution function will be: 


f.(v) =n. €C 312 exp{- m, v2 } 


where Tis the temperature and m. is the mass of an aerosol particle of 
radius, a. Consider now a mixture of two such aerosol species, one of 
mass, m., and the other of mass, mb. The collision rate between these two 
aerosol 'clouds' will be (Hidy and Brock [1965], Williams [1971]): 


R=] dv, i} dv, f,(v,) f,(v,) |v. 


where cr(v) is the cross section for collision. Assuming hard-sphere 
collisions in which the cross section is simply the geometric cross section 
and independent of velocity: 


cr(v}=1t(atb 
+7 we find: 
R,b=1t(at+bf2 dv, dvbf.(v.)fb(vb)lv.-vbl 


(4.31) 


(4.32) 


Now, inserting Eqn. (4.29) into Eqn. (4.32) and using the following 
transformations: 


v=vV,~ Yol 
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we obtain: 


Sn kT (m,+m,)]}” 
m, m, 


Ra =(a+b) a,05| 
(4.33) 


Thus, the collision frequency or coagulation kernel is: 
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12 
K(a,b)= Bb =(at+b)2[/81tkTUm.+mb}] : 
nN. nb Ma Mp (4.34) 


If the pagticles are of the game material with the same density, then 
m.=41ta~p/3 and mb=41tb* p/3, and hence: 


11il 11 
K(ab)=(8- (at by le? 
k,T_) b! 3) (4.35) 
In tenns of particle | this can 
2 3 11 
K(u, v) = ( ¢ dtr (ul/3 +vl/3)2 ( * 
8\kT Yat; ) (4.36) 


4.2.3 The slip flow regime 


Eqns. (4.28) and (4.36) give the limiting values of the coagulation kernel 
for very large and very small particles, respectively (compared with a 
mean free path). In order to understand what this means in practice, let 
us calculate the mean free path, Ag, in air at STP. Using a result given in 
Kennard [1938]: 


1 
Ag= - (4.37) 
2. 1tncr2 


where n is the number of air molecules per unit volume and cr2 is the 
effective weighted cross section of air molecules. This result assumes 
hard-sphere interactions. The value of Ag=0.064 pm for air. The typical 
size range of aerosol particles is from 50.0 ym down to 

0.001 pm. Thus, it will be necessary to have a representation of K(a,b) 
over the whole range of Knudsen numbers. 


Before considering this problem in more detail, let us note that a very 
useful semi-empirical method exists for extending the continuum results of 
Eqn. (4.28) to particle sizes which are comparable to a mean free path. 
The basis of this technique lies in the recognition that the diffusion 
coefficient is related to the friction coefficient through the Einstein fonnula 
D=BkT. Since: 

V=BF (4.38) 


we see that for Stokes' law, B = 1/ 61t an. However, for a more 
general flow regime, Eqn. (4.38) is still valid and B itself will depend on 
the Knudsen number. To this end, Cunningham [1910] modified Stokes' 
Jaw such that it could be written: 


6l1tayV 
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ale (4.39) 


where C is a function of Knudsen number Kn=Ag/a. In Cunningham's case 
the experimental results were fitted to: 


C=1+AKn (4.40) 
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Later, Millikan [1923] repeated the experiment over a much wider range of 
Kn and found: 


C=1+Kn[A+B 
exp(- :n)] (4.41) 


where A=(1.257), B=(0.400), and E=(1.10) (see also Allen and Raabe 
[1985]). In the limiting case of very small particles, Kn>>1, the modified 
Stokes' law becomes: 


2 
r= STE v=(3.62)n0° EV 
1, (A+B) ; (4.42) 


This result agrees well with the exact theoretical result for perfectly 
accommodating spheres in which: 
7ta2 
=Y4(1+'%1t)-11,-V 


9g 
then the coefficient (3.62) is replaced by (3.71). 


Cercignani et al. [1968], Lea and Loyalka [1982], and Law and Loyalka 
[1986] have solved the BGK model of the Boltzmann equation over the 
complete range of Knudsen numbers and have verified their results against 
Millikan's data. 


Phillips [1975] using the moments method has obtained a theoretical 


expression for F as: F=-61tap VQ 
where: 
Q= 45-3c Kn+c (8+1tcr)(c 
+2)Kn? 15+12c Kn +9(c +1) + 
18 c (c + 2) Kn3 


This is exact in both limits, Kn Oand Kn oo. The result of these 
calculations leads therefore to a modified diffusion coefficient: 


D=C 
a 6l1tapa 
(4.44) 
From this, we may obtain a modified 
coagulation kernel: 
C 
K(a,b) ee (a+b) (+S) 
34 a ob (4.45) 


It should be noted that this formula has to be used with some care because, if 
we allow Kn oo, 
then it reduces to: 
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K(a,b)=(A+B) 2KT11, 


ory (h. 1) 


H (4.46) 


which does not agree with Eqn. (4.35). Thus, while the Cunningham 


correction accurately describes the change in drag with Knudsen number, it 
does not lead to the correct form of the 
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coagulation kernel. Nevertheless, Eqn. (4.45) is used in practice for 
Brownian coagulation well into the noncontinuum region (Kn=0.25). 


4.2.4 Fuchs' method 


It is clearly of some importance to deal quantitatively with the 
transition regime between continuum and free molecular flow. Since it is 
very difficult to solve the Boltzmann equation in such a situation, various 
approximate techniques have been employed. One of the most 
interesting of these methods is due to Fuchs [1964] and involves the so- 
called Fuchs' jump distance. We shall describe Fuchs' technique below. 


Fuchs assumes that the actual particle is enclosed by a spherical surface a 
distance, o, from the real surface. The magnitude of o depends on the 
radius of the particle and we shall say more about it below. If two particles 
are involved then each particle has its own value of o and a combined o, 
which we call, 0.b, has to be considered. 


We imagine, therefore, particles of radius, b, diffusing towards the test 
particle of radius, a. According to classical diffusion theory these 
particles would coalesce at r=a+b. Fuchs, however, stipulates that the 
classical diffusion theory solution is only valid for r>a+b+oabe If the 
concentration at r=a+b+o.b is C', then the solution of the steady state 
diffusion equation may be written: 


C(r) = C_ -(C_ -C') (at+b+o.b)/r 


(4.47) The current through the surface a+b+o.b is therefore: 


jaiff =4.1t(at+b+o.b)2 (D. +Db) G.. 1=a+tb+6,. 
(4.48) 


= A4lt(a+ b+o.b) (D. +Db) (4.49) 


(c_-C’) 
where D.+Db includes the Cunningham correction factors. 


Fuchs now assumes that for r<a+b+o,b, the particles move according to the 
kinetic theory of 


gases as if in avacuum. That is to say, the current of particles is given by nv / 
4 where n is 


the concentration and vis the average thermal velocity (Kennard [1938]). In 
our notation, this means that the current of particles of type b striking the 
surface of particle a is: 


Jkin = 41t (a+ yy C' 
(4.50 
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PUR eee he’ = (-2 -2)I/2 
v.b- v, +vb 
ee 


I= 


(4.51) 


(4.52) 


At steady state, the number of particles passing through the surface at 


a+b+o.b must equal the number incident on the surface, i.e. 
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vin=J aise | Kernels (4.53) 
This leads to a value for 
C' of: 

C'= (a+b+o,b)(D. +Db)c 

(a+ b+o,b) (D. +Db)+% 
(4.54) 

(at b)° v,b from which we obtain: 

K(a ! = A7t (at b)(D.+Db)c 

b=) - 

C_ a+ b + 4(D.+ b) 
a+b+o.b (a+b)Vab (4.55) 


All of the parameters in this expression are defined except for Oab* Here 
we follow Fuchs who takes an average of the distance a particle will travel 
in the normal direction from the sphere surface after leaving in a random 
direction with a travel distance L. This travel distance is an apparent mean 
free path for the particle and can be explained in the following way. 
According to the theory of Brownian motion, a particle of mass, m, has a 
forward velocity with a mean 

value of v=(8kT/1tm)!!2- The surrounding fluid resists this motion and the 
instantaneous velocity is given by: 


V=v,exp(-t / 't) (4.56) 


where 't can be considered as a mean free time between collisions. Thus, the 
apparent mean 
free path of a particle will be: 


L=vt (4.57) 
Since 't = m B, where Bis the mobility, 


we see that: L=vmB 


(4.58) 
But,D=kTBandv= (8kT/1tm)’” 
,thus: 
L=s (4.59) 


After averaging, Fuchs finds that: 


O. = 5 at 312 Ds 
L.-6aL. “4 43’ |- 
as) 
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(4.60) 


and for the combined effect of two spheres of different radii, a and b, he 
assumes that: 


* = (02, 4 


(4.61) 
02,,)'2 


on the basis that a thermal average is most appropriate. 
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The outcome of these calculations is that the coagulation kernel in Eqn. 
(4.55) spans the whole range of Knudsen numbers and therefore covers 
the transition regime where neither the hydrodynamic nor the free 
molecular results are valid. This result is self consistent and reasonable 
physically. Accurate results based on the model equations here have been 
reported by Loyalka [1976) and precise results based on the Boltzmann 
equation can be obtained by following the recent developments 
described in Chapter 6. 


4.3 Gravitational coagulation 


As particles settle under the action of gravity they acquire a constant 
velocity that is related to their mass and the drag of the surrounding fluid. 
Different size and mass particles will have varying settling velocities and so 
there will be a velocity differential. If two particles are within a certain 
distance of each other the faster one has the possibility of colliding with 
the slower one, thereby leading to coagulation. The calculation of the 
coagulation kernel for this problem is rather difficult but an elementary 
derivation is available which shows the general principles. We shall use the 
simple derivation and return to the more subtle issues later. 


Consider a spherical test particle of radius, a, moving with a velocity, V®. 
Then, consider a cloud of other particles of radius, b, velocity, Vb* and 
concentration, C_, moving in the same direction. The number of collisions 
per unit time will be equal to the product of the effective area, the relative 
velocity, and the concentration: 


J=1t(at b) IV.- Vole. 


(4.62) 
Thus, the coagulation kernel will be: 
K(a, b) = 1t (a+ h)2 IV.- Vbl (4.63) 
For small settling speeds, the velocity is available from: 
m g=—64 t apVv 
“ Cu. - (4.64) 


with a similar relation for Vb where we have included the Cunningham 
correction factor, c ¢. Thus: 
K(a,b)=i(a+b)2 Ime _c. - mb Cbl 
6 a b 


(4.65) 
If the particles are of the same material, then m.=47ta°p/ 3 and 


mb=47tb*p/3 4nd so: 6 


K(a,b) a8 7t (at Bi? Cc. - 
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cbl 
In terms of particle volume, we may write this as: 


1 
Ktu.v) =£,! ae (v213 + u2'3) jv21I3C - u213C 


6p 47t v u (4.67) 
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Figure 4.2: The geometry of a two particle collision. 


where C, and C, are C.and Cb written in terms of volume. 


This formula suffers from a severe limitation. It ignores the fact that an 
interparticle force exists between the two particles which can lead to the 
particles not actually colliding, although they would seem able to do so on 
purely geometric grounds. Fig. 4.2 shows the situation that can occur. 


On purely geometric grounds particle a would collide with particle b. 
However, due to the interparticle forces, particle a moves in a curved path, 
AB, which takes it past particle b. The critical trajectory in which particle a 
makes a grazing collision with particle b defines an impact parameter, Ye, 
and hence a collision efficiency: 


e=( 2.6 )2 
atb ~ (4.68) 


All particles with y<ye strike band all those with y>ye do not. Generally, 
Ye<a+b and so the coagulation rate is less efficient than geometric 
considerations would imply. 


In order to calculate Ye accurately, it is necessary to solve the associated 
equations of motion of the two particles with the fluid forces. This 
technique is described later. However, there are simpler if less accurate 
techniques available which enable estimates of E to be obtained. A 
particularly clear demonstration of this has been given by Dunbar and 
Kirby [1983] and by Morlock [1986] which also highlights a discrepancy 
between two widely used forms of e. In calculating e, we make the 
following assumptions: 


(I) The motion of the particles is dominated by the fluid flow, i.e. 
they are small enough for inertial effects to be neglected. 


(II) The smaller particle is so small compared with the larger 
that it does not appreciably perturb the fluid about the 
larger particle. 


(III) Stokes flow is valid. 


Let us assume that the large particle b is at rest and that the fluid is 
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moving over it with an upstream unperturbed velocity, U. The Stokes 
stream function then determines the flow field about the sphere and the 
small particle is assumed to be frozen into that flow field. 


If the flow is directed in the positive z-direction, then the Stokes stream 
function takes the 
fonn: 
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Figure 4.3: (p,8) coordinates of two particle motion in a flow. 


‘]' Pe Deer ia U p* sin*(8) 3 
2p 2p 


where U=V.-Vb the difference in the settling speeds and bis the radius of the 
sphere. The coordinates, (p,8), are defined in Fig. 4.3. 


(4.69) 


The velocity components, Up(p,8) and Ue(p,8), are obtained from the stream 
function as: 


UP(p,8) = U Bee 2 } 


cos(8), 1- i?) De 
re (4.70) 
an 
d: 3 
Usps) =U ky - 
sin | D 
bp3) 
4 4 


(4.71) 


The stream function is symmetric in 8 about 8=1t/2 and therefore its 
distance of closest approach to the sphere is at 8=1t/2. We can define a 
critical stream line, Ye, as one which leads to a grazing collision between 
sphere a and sphere b in the equatorial plane, thus: 


3 
3 
=—'!! — 1 = 1 ee 
Le 5) ad b,7t/ 2) = -% U Sa te ae 
1+x: (4.72) 
where K=a/b. For convenience 
we define: 
Thus: 
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-l- ) 

ae 2(1+K) 1+K 

= (4.73) 
qe ''e = -% U (at b)? (K) 

Ve | 


(4.74) 


We wish to use this relation to obtain a critical impact parameter, Ye- The 
impact parameter is obtained as p ~and 8 O such that p sin(8)=ye: Thus: 
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2 
=-}Uy, (4.75) 
Since the stream function is 
constant: 
4.76 
= (a+b) £(e) | ane 
Thus, from Egn. (4.68) we 
find that: 

E=f(K) (4.77) 
Strictly speaking, this formula is only valid for K<<1 because of 
assumption (II) above. Expanding f(K) for small K leads to: 

“G5 
P+ (4.78) 


which agrees with a result obtained by Fuchs [1964]. 


A different approach to this problem has been followed by Pruppacher 
and Klett [1978]. These workers have noted that the Fuchs formula 
assumes that the particles settle with a relative speed, V,-Vb, throughout 
the motion. This, however, is not the case because, as they pass near each 
other, the velocity is no longer in the downward direction but perturbed by 
the stream line motion. Hence, the velocity due to gravitational settling 
must be added vectorially to the fluid velocity. 


In polar coordinates, the particle velocity has 


components: vP = -V. cos(0) 
and: 
7, = V, sin(®) | 
which correspond to vx=O and v,=-V. in Cartesian 


coordinates. The corresponding fluid velocity 


components are: 


UP =Vb b 3 b 
y—b_ 4 _b_ 1 
cost), 2p2p (4.79) 
Us =-¥ sm(0) [ ones 
e b 4p 4p3 


(4.80) 


Adding the particle and fluid velocities leads to the correct relative 
velocity between the spheres, namely: 
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4, ee ae 


"bs Dee 


" sin(e)[- Vp, 4 
p4p34 
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(4.81) 


(4.82 
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In view of the relationship between velocity and stream function, it is clear 
that the paths of the smaller particles are described by the following modified 
stream function: 


IV, 2. 28)| 1 v3 b 3 
=-- Dp SM ------------------- + b_—] 
wi? 2 b Vb 2 p 2p3 (4.83) 


lf V, and Vb are obtained from Stokes flow: 


2 
5 2 ='K (lf we set C = 1) 
vb mbCba b (4.84) 
Proceeding as before for the minimum impact parameter, we 
find: 


\ =f(1e)-1C2 (4.85) 


which, for small Jc, leads to E,,,,JC2/2 compared with the 3K2/2 
given by Fuchs. 


A pictorial representation of the particle trajectory is shown in Fig. 4.4. 
The bold lines show the particle motion according to Eqn. (4.83) and the 
other lines show the stream lines. A value of K=0.5 was used to 
exaggerate the effect. 


It is not strictly correct to use the value of Ye obtained from the modified 
stream function directly in Eqn. (4.68). Rather, it is necessary to 
recalculate the coagulation kernel from first principles using the 
appropriate angle dependent relative velocities. 


Let us recall that the coagulation kernel is obtained by calculating the 
current of particles of type a incident on the test particle, b. If we define a 
spherical surface S, of radius, a+b, around the larger particle, then we can 


see that a current of particles of type a is incident on only one hemisphere. 
Thus, the current of particles incident on the test particle will be: 


J(p,8) = ro(p,e) C__ (4.86) 


The total current incident on the hemisphere is then: 


J, = -J AS.ro(p,e) C__ 
Ss 


(4.87) 
Since K(a,b)=Jio.fC_, we obtain: 
K(a,b)=-(a+b)2 | 
d8sin(8) d<l>pero(a 
1t/2 +b,8) (4.88) 


0) 
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where [ is the unit vector normal to the surface of the hemisphere. 


3b 
pero(a+b,8)=Vbc 1- : a+B)+ 
os(8)| _ 2 (atb)3 
=Vb cos(8)[f(1e)- 
2 
le] 
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(4.89) 


(4.90) 
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Figure 4.4: Stokes stream lines (normal) and particle trajectories 
(bold). 


whence: 


21 at 
K(a, b) = -Vb (a+ b)? (f{( K)f kK’ : 
}f ais dO sin(0) cos(0) 


0 


1/2 
7t(at+b}? V. [£(K)-K*) 


1t(a+b)2 (v. -vb) £(K)-t 
1-K 


(4.91) 
From this, we see that the collision efficiency can be 
defined as: 
f(K)-K? 
26° 4a (4.92) 
Expanding in K2 and keeping only the lowest order 
terms, we get: 
2 
iG) 
i+k (4.93) 
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which is the result obtained by Pruppacher and Klett and is to be preferred 
to that of Fuchs because it allows for a more accurate description of the 
particle trajectory. 


It should be noted that £,=0 for K=(0.1915) and that no collisions are 
predicted for «x greater than this. Of course, this is absurd and can be 
explained by assumption (Il) which demands 
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that there is no perturbation of the fluid by the smaller particle. For this 
reason, all collision efficiencies obtained by these methods are restricted 
to small K. Since in practice we wish to use E for all k between O and 1, it 
is necessary to carry out more detailed calculations which do not suffer 
from assumptions (I)-(III]). Such matters are considered later in this 
chapter. It is worth noting here, however, that EpkK is a reasonable 
approximation to the actual value of Eup to about JC=0.5. Thereafter, the 
collision efficiency tends to level off to a constant value about a factor of 
two less than EPK. 


4.4 Laminar shear 

It is necessary to know how the collision rate between aerosol particles is 
affected by the flow field. This is a complex matter, but one of the 
simplest flow fields arises when a constant shear force is applied and 
Couette flow occurs. The interaction of particles in such a flow field was 
first considered by Smoluchowski [1916]. The physical situation is shown 
in Fig. 4.5. 


In order to calculate the collision rate, we consider the coordinate system 
shown in Fig. 4.6. The sphere is of radius, a+b. 


Let the velocity gradient in the y-direction be a constant, G. Then, the 
relative velocity of the particles at y will be: 


V=Gyk (4.94) 
The current of type a particles, onto the test particle b, is: 
J=-C_V (4.95) 


and so the total current over the whole sphere is: 


Jiot =-f]-as 
S 
Now, 


setting: 


(4.96) 


y =(a+ b) sin(0) sin(<1>) 


k ¢ dS = icos(0)I dS f 
and: 
ds =(at+ b)2 sin(0) 
nie do d<j> 
a sin2(0) icos(0)I dO = 2 
get: J,°'=C_G (at biin<l>) f 
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C.GiGa Bj, 
0 0 (4.97) 


The coagulation kernel is therefore: 
K(a, b) = G (at b)3 (4.98) 


or, in terms of particle volume: 
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Tt, 


Figure 4.5: Two particle motion in lam, inar shear flow. 


Figure 4.6: A coordinate system for laminar shear flow. 
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K(u,v)=G (u1'3+v1'3)3 
lt (4.99) 


This result assumes that the particles move with the unperturbed shear 
velocity and that any particle collides if it is within a cylinder of radius, 
a+b, with its axis parallel to the flow direction. In practice, as we have 
seen for gravitational coagulation, the cross sectional area will depend on 
the fluid forces between the particles and a collision efficiency must be 
introduced. Such calculations have been carried out by van de Ven and 
Mason [1977a,b], Arp and Mason [1976], Curtis and Hocking [1970], and 
Adler [1981] and will be discussed later. 


4.5 Turbulent coagulation 


In many practical situations, the flow field in a fluid is turbulent. That is, 
the fluid is in a state of random motion containing eddies of varying sizes 
and is moving in a more or less isotropic manner. The frequency of 
encounters between particles entrained in such flows will be substantially 
increased above that for a quiescent fluid. It will be shown that the 
increase in encounters in a turbulent fluid may be caused by two 
independent and essentially different mechanisms. One of these 
mechanisms, which is called the ‘turbulent inertial effect,’ is due to the 
large difference in the densities of the particle and the fluid; a situation 
that is particularly marked in a gas. Because of this density difference, the 
particles are not fully entrained by the turbulent eddies and an inertial 
effect forces particles out of one eddy into another. To put it another way, 
there are local accelerations arising in the gas which are transmitted to 
the particles. The velocities of colliding particles will therefore have little 
correlation and can lead to large relative velocities and collision rates. 
This mechanism was investigated by East and Marshall [1954] and we 
shall discuss it in Section 4.10. 


There is another mechanism of coagulation which also depends on 
turbulence and it operates even for particles of equal size and mass. The 
term for this mechanism is ‘turbulent diffusion.’ The particles under 
consideration are usually smaller by at least an order of magnitude than 
the length scale of small eddies in the turbulence and thus, it will be the 
small scale motion that governs the relative motion of neighboring drops. 
Since the microscale of turbulence, even with very energetic mixing, is of 
order 100-500 pm and because many particles are usually much smaller 
than this, it is clear that these particles will become fully entrained in the 
eddies and the collisions that occur will arise from a form of diffusion. 
Thus, the particles are assumed to migrate through the fluid in a chaotic 
fashion rather like a 'macroscopic' Brownian motion. A physical explanation 
of the relative velocity that arises can be had from the fact that during the 
turbulent action there is a distortion of the fluid so that, for example, an 
initially spherical element of fluid becomes, after a period of time, 
ellipsoidal and hence the two particles will move closer together, 
eventually touching. Indeed, it is found that such motion may be described 
by a diffusion equation with a modified turbulent diffusion coefficient. In 
any practical situation, both turbulent mechanisms will coexist. 
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4.6 Turbulent diffusion 


There are two seemingly unrelated methods for calculating the collision 
rate for turbulent diffusion. One depends on the use of a turbulent 
diffusion coefficient and the other on the use of statistically averaged fluid 
velocities. We shall describe both methods and attempt to make some 
connection between them. 


The statistical averaging method is due to Saffman and Turner [1956]. 
Here, the particles are supposed to move with the fluid and so any 
statistical averaging of the fluid properties also applies to the particle 
properties. For two points close together in a turbulent fluid the relative 
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Figure 4.7: Stream lines of relative motion between two particles. 


motion is that of uniform strain. Thus, if the center of one drop is taken 
as the origin, the stream lines of the relative motion are shown in Fig. 
4.7. 


The flux of type a particles onto the test particle, b, is obtained by noting 
that they move along the stream lines assuming, of course, no distortion 
of the stream lines (i.e., a collision efficiency of unity). 


If the particles are uniformly distributed, the collision rate of particles of 
radius, a, with a single particle of radius, b, is: 


(- f ro, dS) n. nb 
S(co, <0) (4.100) 


where ro,is the radial component of the relative velocity, Sis the surface 
area of the sphere of radius, a+b, and the brackets,<...>, denote a 
statistical average over many realizations of the turbulence. n. and nb are 
the concentrations of particles a and b, respectively. 


To evaluate this integral, we assume that the fluid is incompressible and 


that, as a result, the flux of fluid into the sphere will be equal to the flux 
out: 


ea rome gery dS = 0 
S(co, <0) s(co,>0) (4.101) 


which also follows from the continuity equations. Thus: 
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= bts ds=% F tr0,1 ds 
S(co,<0) S(allco,) (4.102) 
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from which we may 
write: 


(-_J%, ds)=%  J(troJ) dS 


S(m,>0) S(allm,) (4.103) 


If the turbulence is isotropic compared with the length scale, a+b, then <loo)> 
is independent of 

position on the surface of the sphere. In that case, the integral over the sphere 
is given by: 


( J ro, ds) = 2x (at b) (Iro,]) 


S(m,>0) (4.104) 


But, because of the isotropy, <lro,l>=<lro.l> where TO. is the component 
of velocity along the x-axis (which is arbitrary). 


If a+b is small compared with the length scale of turbulence (i.e. small eddies) 
and if u, is the component of the absolute velocity along the x-axis, then: 


TO =(a@tb)-e 
x ax (4.105) 
Therefore: 


(" ] ds) = 21e aan? (| 
au] 


S(m,<0) ax (4.106) 


Now, we would really like to relate the mean velocity gradient to a 
physical parameter of the fluid field, such as the turbulent energy 
dissipation rate per unit mass of fluid, f.r. 


Taylor [1935) has shown that, for isotropic eddies: 


(au) = 


where :vis the kinematic viscosity. 


(4.107) 


In order to relate the mean modulus to the mean square, it is necessary 
to postulate a distribution function for the gradient of the fluctuating 
velocity. Assuming this to be nonnally distributed, e.g.: 


2 
P(X) = voi @XPCX 2 
17 


20 (4.108) 
where X = auJax, we obtain: 


Lisl) -1 ox 


(4.109) 
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he (L:1) =T ox Wiieacl (4.110) 
© (Ca=or =f (Lil rr 
and: 

(la:. | unt (4.112) 


It should be noted that there is a typographical error in the expression given 


by Saffman and Turner. 


Using Eqn. (4.106) we find: 


") 
| ] vo,ds)=21t(a+b)3( 2er ) 
S(m,<0) 151tv (4.113) 


and therefore the coagulation constant is: 


1/2 


Kab (e} (a+b)? = (1.29) (a+b)° (=) 


(4.114) 
In terms of particle volume, this becomes: 
G 
Rie ee (4.115) 
wher 
GS: Ge a 
ET 
10v (4.116) 


We note that the turbulent diffusion coagulation kernel has the same 
functional dependence on u and v as does the laminar shear kernel with an 


effective velocity gradient of, G. 


To put this mechanism into perspective, we need some estimate of the energy 


dissipation rate 


Er- An order of magnitude value can be obtained from the relation ET "'U? / 


L, where U is the root mean square turbulent velocity and L is the length 
scale associated with the energy containing eddies. In clouds, where 
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L,,,50 mand U"'2 m sec-', we find ET"'0.16 m?sec-?. On the other hand, in 
a closed container, it might be expected from convection alone to find 
ii=0.5 m sec-' and L"1O m, from which, ET"'0.0125 m’sec-3. Some values 


of ET and the corresponding values of G are given in Table 4.1 for air. 


It should be stressed that an accurate determination of requires detailed 
knowledge of the geometry and local heat sources in a _ reactor 
containment. For example, following a breach in 
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Table 4.1:Typical energy dissipation rates, Er, and corresponding values of G, | 


ET 0.1 0.01 0.001 0.0001 
a 77.0 24.5 7.7 2.45 


the primary circuit, a jet of steam will be emitted into the vessel. The 
intensity of this jet is strongly space dependent and hence so also will be 
ET. Sometimes only a fraction of the containment volume is active in 
producing turbulence and, in such a case, the value of £, 


would have to. be reduced accordingly and/or the volume of the 
containment divided into 
appropriate sub-volumes. 


An alternative method of calculating the coagulation kernel for turbulent 
diffusion exists based upon classical diffusion concepts. This approach is 
discussed by Levich [1962]. It depends upon the size of the particle being 
very much smaller than the turbulent microscale. A measure 


of this microscale 3 14 
is A- a” ( = /ET). Thus, with >r for air at STP and ET=0.0125 m 
sec-3, we 


find Ao-840 pm. Since the particles under consideration in aerosol problems 
are generally less than 50 pm, we are clearly in a region where a<<A-p. 
Therefore, we can assume that the particles are transported from place to 
place by isotropic turbulence in a motion analogous to that of Brownian 
motion. Such motion may be characterized by a turbulent diffusion 
coefficient DT (Levich [1962)) and the aerosol cloud properties are then 
determined by a classical diffusion equation of the form: 


| 4 (r2p(r)-C(r)) =O 
r dr dr (4.118) 


In this case, the diffusion coefficient, D(r), is written 


D(r) = Dz, + DT(r) 


(4.119); 
where Dais the Brownian diffusion coefficient (D,+Db)- 


The turbulent diffusion coefficient can be shown, by means of mixing 
length theory, to depend on the distance from a solid wall or, in our case, 
to depend on the distance between the particles centers (although this 
requires some justification). We find: 


DT(r) = cxo E1/3 a 
r4t3 (4.120) 
To 
=o, ) © mais (4.121) 


, 


where, according to Levichh, =(0.15) and r is the distance between 
particle centers. It is clear that, at very close separations, the net diffusion 
coefficient approaches Dg+DT(at+b). This is dominated by Brownian motion 
if: 
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3,(a +b) _anl12 fa+b}2 <<1 
B 


Ds (4.122) 
For =(0.0125) msec-? and air at STP, this 
condition becomes: a b(a+tb}<<3 (4.123) 


where a and b are in microns. Thus, for particles of 1 pm or less, we 
expect Brownian diffusion to dominate turbulent diffusion. 


An explicit expression for the coagulation kernel may be obtained by 
solving Eqn. (4.118). This is a two region problem, r> or <l.0. Let Cibe 


the solution in r<Ao and CZ be the solution in r>AQ. Then: 


2pr)*C(r) = constant 
dr (4.124) 


For r<Ao, D(r)=D1(r) and therefore, integrating Eqn. (4.124) and using 
C1i(a+b)=0, we find: 


t dw 
C(r)=A = 
J w’ D,(w) (4.125) 
Similarly, in the region r>Ao, we integrate to find: 
C2(r)=C -A dw 
= w2 
D2(w) (4.12 
6) 
To find Ajand Az we use the continuity =4nA, 
condition: 
=4nC 
C=C, = 
D, C, =D, G| and thus, the 
from which we find: coagulation 
kernel is: 


ee Co 
A, A, C. w’ D,(w) w’ D,(w) 


atb eo 


The current onto the test sphere is given by: 


J= 4rn(at+b)D; a+b) aca 
1 


dr r=a+b 
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(4.127) 


(4.128) 


(4.129) 


(4.130) 


(4.131) 
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dw 
K(a, b)= rem eae _w' D, 


(4.13 
Since (a+b) <<l, it is readily verified that K(a,b) can be written: 
-1 
- dw 
K(a,b) 41t{.L w2D 
= (ww), (4,133) 
1 

with an error of order (a+b)? . 
Using the value ofD:(w) in the above 

expression leads to: K(a,b)=41tDs 

(4.134) 

(at+b)g(x) 
wher 
e: a 

xXx=(at _: 

b), ) (4.135) 
with: eo 

k =P ) 

¥ 
ET 
. 0( 

an 
d: [ 

g(x) = (1- 1t/ + X tan-'(x) 

(4,136) 


We observe that for small X, when Brownian motion dominates turbulent 
motion, the correction factor, g 1, and we regain the classical Brownian 
coagulation kernel. On the other hand, for X€  g(X) 3X? and: 


K(a,b)=(5.65) 2 
(a+b)? — ) (4.137) 


This result can be compared with that of Saffman and Turner discussed 
above where the value of the constant is (1.29) rather than (5.65). Note 
that the structure of the result, i.e. its dependence on CT, ¥, and particle 
sizes, is identical. The discrepancy, amounting to a factor of 

(4.38), can be explained by noting that the factor Po in the expression for DT is 
only qualitative 

and, moreover, the statistical arguments used by Saffman and Turner are 
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also approximate. Nevertheless, a deeper understanding of these two 
approaches is desirable. 


The approach using diffusion theory does appear to have certain practical 
advantages. For example, we have been able to include in the coagulation 
kernel the simultaneous action of Brownian motion. While it may be 
possible to modify the Saffman and Turner approach to : include such 
effects, the procedure is by no means as straightforward as in the method 
employing the diffusion equation. Our final result for the coagulation 
kernel allows the transition from Brownian to turbulent diffusion to be 
investigated in terms of the parameter, X: The physical meaning of X can be 
inferred from: 
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Table 4.2: The ratio, YaT, as a function of y.,2. 


= 
N 
a 
N 


X.2 YBT X.2_ YaT YaT YBT 
0.001 1.048 0.01 1.138 0.1 1.282 1.0 1.165 
0.002 1.067 0.02 1.183 0.2: 1:987 2.0 1.102 
0.003 1.081 0.03 1.211 0.3. 1.271 3.0 1.074 
0.004 1.092 0.04 1.231 0.4 1.251 4.0 1.058 
0.005 1.102 0.05 1.246 0.5 1.233 5.0 1.048 
0.006 1.111 0.06 1.257 0.6 1.216 6.0 1.040 
0.007 1.119 0.07 1.266 0.7. 1.201 7.0 1.035 
0.008 1.126 0.08 1.273 0.8 1.187 8.0 1.031 
0.009 1.132 0.09 1.278 0.9 1.175 9.0 1.028 

=? 2 
Me ate Ys ? 
DB DB (4.138) 


where D; is the turbulent diffusion coefficient of touching spheres. Thus, 


xX, “is the ratio of the local turbulent diffusion coefficient to the Brownian 
diffusion coefficient. 


The conventional procedure adopted when Brownian and turbulent coagulation 
are present is to simply add the kernels, e.g.: 


K5r(a,b) = Ky (a,b) + K,(a,b) (4.139) 


where KT refers to Eqn. (4.137) and Ks to Eqn. (4.27). In view of Eqn. 
(4.134), we can assess the accuracy of the addition approximation. 
Thus, we compute the ratio: 


Yer = Kgr(a,b) 
BT ~ y-* 

ea (4.140) 
where K,Trefers to Eqn. (4.134). In terms ofx, we can write: 


- g(x) 


YaT-1+3x2 (4.141) 


Table 4.2 shows the results for a range of x, values. Clearly, the 
addition approximation underestimates the combined effect of Brownian 
and turbulent coagulation with the maximum error of 29% occurring at 


X.7=0.2. 
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4.7 Generalized theory of aerosol coagulation 


The methods described above for obtaining coagulation kernels use 
apparently unconnected procedures. It is possible, however, to develop a 
unified theory of coagulation that enables all of the various processes to 
be brought together in a consistent manner. Not only is this 
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practically useful, but it also aids in understanding the ways in which 
various coagulation mechanisms interact. Essentially, we consider all 
mechanisms leading to coagulation as being describable by a diffusion 
process with a superimposed drift velocity. To see how this formalism 
arises, it is useful to return to Einstein's original discussion of Brownian 
motion and his derivation of the associated diffusion equation. 


Einstein considered the situation where a hypothetical, steady, external force, 
derivable from a potential, ‘If(r}, acts on a particle driving it towards a 
boundary. This force acts against the random thermal motion of the particle 
which tends to move it away from the boundary. In this state of 
thermodynamic equilibrium involving the particle and the fluid in which it is 
suspended at temperature, T, the probability density function, P(r), for the 
position of the particle is given by the Boltzmann distribution: 


P(r) = Po exp(- 
k) (4.142) , 


Alternatively, if there exists a noninteracting cloud of such particles, then the 
concentration n(r) will be distributed as: 


n(r) = no exp(- 
k) (4.143) 


To put the Einstein argument another way, in this equilibrium system, the 


mean particle flux | 
due to the action of applied forces is just balanced by the Brownian 


Cutten thtobability gradient. 1, 


If the ee of particles is very low and their motion is governed by 


slow viscous flowl theory, the steady velocity, U, of the particle derived from 
the force, F (where F=-V'If), is: 


U=beF 
(4.144)! 


where b is the particle mobility tensor and is, in general, a second rank 
tensor. | 
Now the particle flux is, by definition, -De Vn where D is the diffusion 


coefficient. This flux 
is just balanced by the flux due to the applied force, Un, i.e.: 


Un-De Vn =0 V 
or, using Eqn. (4.144): = 
b> Vifn+D+-Vn=0 Vv 
From the Boltzmann relation, Eqn. 7 
(4.143), we get: n 


(4.145) 


(4.146) 


from which: 


D=kT 
b 
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(4.147) 
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This defines the diffusion coefficient. For rigid spheres of radius, a, the 
mobility tensor is isotropic and can be obtained from Stokes' law, leading 
to the well known result: 


D=_!! I 
6ltap (4.149) 
I being the unit tensor. 


This derivation by Einstein is very useful since it links the effective diffusive 
force to the concentration gradient. Thus, from Egn. (4.143) we see that: 


n 
=—-kT In| — 
(2) 


(4.150) 
whence: 
F =-V'lf = kT (4.151) 
Vi1n(n) or a force: 
f =-kT Vl1n(n) (4.152) 


acting on the particle. Of course, this is not a literal force but one which 
leads to the same effect as the concentration gradient. It is sometimes called 
the thermodynamic force. 


These results hold if the particle under consideration is free from any 
interaction with other particles and if external forces are constant. When 
interactions exist, however, there will be forces acting on the particle that 
are functions of interparticle distance. 


Thus, we might expect the statistical properties of the velocity to change. 
Since the stationary nature of the random velocity is an essential 
ingredient of classical Brownian theory, it is clearly important to 
investigate this point. Batchelor [1976] in a classic paper, has examined 
this and several other problems associated with a combination of 
Brownian diffusion and hydrodynamic interaction. He notes, for instance, 
that two particles which are very close have an inhibited relative 
Brownian motion and respond to thermal forces with the mass and 
hydrodynamic resistance of a rigidly joined pair. When they are far apart, 
however, each has a classical isolated Brownian motion. A complete 
picture of such an interaction would be very complex indeed. However, 
Batchelor as well as Deutch and Oppenheim [1971] and Murphy and 
Aguirre [1972] avoid much of the complexity by supposing that the 
change in particle configuration during the relaxation time, 't, is 
negligibly small. In these circumstances, the velocities of the 
interacting particles remain stationary, random functions of time over a 
sufficiently large time averaging period. To put it another way, the 
particle configuration is essentially constant during the time, ‘t, that 
characterizes the diffusion process. 


Batchelor then proceeds to generalize Einstein's arguments to a group of 
particles in equilibrium in which a steady thermodynamic force acts with 
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a potential, ‘If(ri,rz, ..- ,rm), which depends only on the relative position 
vectors, re-Mi, ---,fm-r, and not on the location in space. However, there is 
also an interactive force between the particles arising from actual 
interparticle forces due, for example, to van der Waals or similar close 
range mechanisms. Thus, the probability density for particles can be 
written: 


(4.153) 
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In the case of hard spheres, <I> is infinite if any two particles overlap and 
zero otherwise. We may also write this in terms of a concentration 
distribution as: 


n(r1,r2,---erm) = no exp(- ‘JIk+T<I>) 
(4.154) 


Also, by analogy with the single particle case, we see that the force acting on 
particle k will be: 


=-kT1in{[n(rpr .....rm)] 
fi dik (4.155) 


In order to obtain the diffusive flux, we consider two spheres only, 
assuming that the probability of three spheres being close together at any 
given moment is negligible. Thus, we need the diffusive flux of sphere 2 
relative to sphere 1 (the test particle). 


When two spheres are acted on by two external forces, Fi and Fz, in a fluid 
which is at rest at infinity they acquire velocities, Ujand U2. Then, the 
diffusive flux will be: 


(U,- Ui} nq@ (4.156) 


where r=r2-r,- The thermodynamic forces are, respectively: 


Fi (4.157) 
an =kTVIln[n(r)] 
d: 
ae (4.158) 
kTVI1n[n(r)] 


which are equal and opposite to maintain equilibrium. 


In order to proceed, it is clear that we need a relationship between U: and 
U2 and Fi and F2- Such relationships have been discussed in Chapter 2 in 
the context of slow viscous flow and lead to: 


ul = bu ¢ Fl + 
(4.159) 
gee deed 
d: 
4.160 
U2 =h21¢ Fl + ( ) 
b22 ¢ F2 


where the mobility tensors bii are related to the viscosity of the fluid, the 
dimensions of the spheres, and their distance apart. 


Solving for U2-U; leads to: 


Uz-U1 =(h21 -b11)eF1 +(b22-h12)°F2 
18 


and then from Eqns. (4.157) and (4.158) 
we get: 


U2- ul =-kT (b11 + h22- b12- h21). 
or: Vin[n(r)] 


(U2 - U1) n(r) = -kT (bu+ b22- bi2- 
b,, - Vn(r) 
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This leads to a definition of the relative diffusivity of the two spheres in 
the form: 
(r)=kT (b, +b,,—b,.- b,,) 


(4.163) 
Now, bii can be written as follows: 
1 rr rr 
b..(r) = A, (r Fa(o)(1-F)} 
oe Cry ar (4.164) 
where the dimensionless quantities, Aii and Biis depend on: 
d= and A= 22 
a, +a, a, 
The properties of aii and Bii are discussed in Chapter 2. We see, 
therefore, that: 
rr rr 
D(r) = Dy 1 Str) 5 + Hit) | I (4.165) 
where: 
pee 
°-Geula, a (4.166) 
AA, tA 440A, 
G(r) = G(p,4) = — > (say (4.167) 
and: 
X.B,,+B 4XB 
H(r) = H(p,4) = =" - 3 


It is readily seen that as p » G and H Il, and therefore D Dol, the free 
particle value. 


Eqn. (4.162) can be generalized to include the effect of a real (as opposed 
to the thermodynamic) force between the particles, e.g. due to London-van 
der Waals or electrostatic interactions. To do this, we note that, from 
Eqns. (4.154) and (4.155), we can write for a two body system: 


F, = kT Vln(n) 
and or: + V<I> 

F, =- 
The kTVI1n(n) 
n +V<I> 
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UU (4.169) 


De V (4.170) 
nt 

V<I> 

) IF (4.171) 


(U,-U,) n(.)=-D.[Wan 2) 
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4.8 The balance 


equation 

The balance equation for the concentration, n(r), is obtained from the continuity 
equation: 

a 

-(pncr t+ V e[(U,- Up (4.172) 
n(r,t)) = O Using Egn. (4.171) 
we find: 

-M—wvel pevn+npl -<_ (4.173) 

>] 

kT 
(4.174) 

which has to be solved with the boundary 

conditions: n(a1 +a2,t)=O 
an 
d: = n(r,t) n_ Irl (4.175) 


oo 


The collision rate is easily obtained from the expression for the net current onto 
the test particle: 


J =-Ni Ng J n (U,.U,)°dS 


S(a, 

ae (4.176) 
=ninz2z | De (Vnin (4.177) 
= >)» }dS 


Returning to the result obtained in Eqn. (4.165), we can conclude that the 
classical calculation of the Brownian coagulation kernel is incorrect. In 
that calculation, it was assumed that the diffusion coefficient is 
independent of particle separation whereas in fact, because of 
hydrodynamic interaction, there is a strong dependence on position. 
Fig. 4.8 shows this dependence, for the case of spherically symmetric 
diffusion, for various values of A. and illustrates how the Brownian 
diffusion coefficient decreases rapidly as the spheres approach. In this 
figure, and also in Fig. 4.9, we note that b/a=a2/a;- Both figures are 
reproduced from Alam [1987). 


As an illustration of this effect, we will recompute the coagulation kernel 
for Brownian motion with the more general diffusion coefficient and the 
interparticle potential, <I>(r). 


Neglecting initial transients in the diffusion equation, we can reduce the 
problem to that of solving the steady state diffusion equation: 


v.(De vn+ kor De Ve) = 0 


(4.178) | 


Now we will choose a spherical polar coordinate system in which to work. 


This being so, we may write the tensor, D(r), in terms of the following 
dyadic notation: 


D = Do G(r) il, + Do H(r) igig + Do 


H(r) ig,icp (4.179) 


184 


Coagulation Kernels 


0...1.-1 Lid sees stelesnstsderssieceesg JiL,.0 ,100 


00. 11.1 
ASYMPTOTIC = SOLN* [ Be 1 b 


--SPIELMAN 


Figure 4.8: Dimensionless relative diffusion coefficient versus 
dimensionless particle separation for various radius ratios. 


The dashed curve corresponds to the asymptotic solution. 
Adapted from Alam [1987] with permission of the Elsevier 
Science Publishing Company. 
An alternative representation is: 
a | 00 H O 
OOH (4,180) 


In terms of r, 0, and q> we obtain, with n=n(r,0,q>): 


e oe D—_ 
S(RSMP) =. -an] 


r ar ar 
+ B° Hr [-1 1-(sin(e) an)+- 

1 an)] r’ sin(0O) ae ae 4181 

sin*(0) clq> clq> (4,181) 
an 
d: 

Ve(nD ¢ V<I>) = D i.[m G(r) r’ asl>] 
r clr ar 


+ Dor (r) [sin\e) :e(m sin(O) _:)— 
=~ (4.182) 


si)(0) ‘<I>n| 
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Now, if the interparticle potential, <l>(r), is dependent only on the scalar, 
r, then we find that n=n(r) and the diffusion equation becomes: 


D2 i [r? GD) (dn +d<l>)] = 


r dr dr kT dr (4,183) 


This equation is readily integrated so that: 
r2 G(r) (dn + d<l>)=C 
rR oe (4.184) 


Also, the coagulation rate is (with n;=n.. and n2=1): 


Oo 
J=n_(a,+ai}2D, 4 dOsin(O)J dopt pia: t2) n(r,0,<l> 
r 


+d<l>_ n(rS,<I>) 
oO oO r=alta2 (4, 1 85) 


although in our case n(r,0,<l>)=n(r). 


Solving Eqn. (4.184) subject to n(~)=n_ and n(ait+a2)=O, we find: 


n(iy)=n exp(- <l>(r))-cexp(- dw 
<I>(r))J- patecw)} C wh) GCw), (4.186) 
kT kT ; 


1 1 J dw shaifw) (4.187) 


From this we may 
show that: J = 
41tDon_C 


K(a,b)=l.. —— =41tDor J L 


Jexp(<1>(w))}-1 (4.188) 


n + Ww Gw kT 
is 


or: 


We note that some care should be exercised with Eqn. (4. mele i a 
because G(ait+ta2)=0 and n(ai+a2)=O and thus, on the face of it, 


However, on/or is infinite at r=aita2 and together these two factors ie a 
definite limit. 


The simplest calculation would appear to be when: 


<l>=O 


= -00 


r>a, 
+a2r 
<a, 
+a2 


i.e. hard-sphere interaction. In that case: 
K (a,b)= 4e D,le 
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Unfortunately, G(w)-constant (w---al-az) as w al+az and this leads to a 
divergent integral and hence K(a,b)=O. Clearly, this is not acceptable 
physically and, in practice, what is occurring is that the resistance to 
motion becomes inversely proportional to the gap distance and thus the 
application of a finite force can never produce contact in a finite time. The 
anomalous behavior can be explained by arguing that, for all practical 
materials, there is always a short range 

attractive surface force that will overcome the hydrodynamic one. 
Alternatively, one can argue that when the gap separation becomes on the 
order of a mean free path, Stokes' theory fails and it is necessary to 
introduce some kinetic theory correction. Hocking (1973] has made the 
latter correction and developed a correction to the hydrodynamic force 
term. A full discussion of Hocking's work was given in Chapter 2. Here, 
we simply note the magnitude of the corrections that arise due to certain 
interparticle force laws. 


As we have seen in Chapter 2, the factor G(r) is rather complicated and 


some useful approximations to it have been proposed. One of these, for the 
case of equal size spheres, is given by Honig et al. (1971] in the form: 


2 
G(r)_ 6- 
7 zs +4u 


~- 6u2+13u+2 (4.190) 
where u=(r-2a)/a. 


For the more general case of unequal spheres, Alam [1987] gives: 


lofi 4 ren 6)ab ai ab 


(a+b) —— (at b) (r-a-b) (4.191) 


This expression gives numerical results that are within 1% of the exact 
values and, moreover, has the correct limiting behavior for small and 
large values of r-a-b. This behavior is illustrated in Fig. 4.8 and compared 
with the exact results of Spielman [1970]. 


As an example of the effect of viscous forces, we write the Brownian coagulation 
kernel in the 
form: 

K(a,b) = 47t D, (at b) We (4.192) 


where We, the enhancement factor, is: 


r ae __cl>_(w)) 
) I 
2 
We ath W* G(w) kT (4.193) 
<I> is the van der Waals potential: 
2 2 

=C )- AL 2ab 2ab 

eee 2+ 2 + In(® - 

(a+b), 1 (4.194) 


6 r*- (a+ b)r’- (a- b) r’?. (a- b) 


and A is the Hamaker constant. 


Fig. 4.9 shows the results with and without viscous forces for two size 
ratios. It is clear that significant differences arise in the value of We. We 
also note that Alam has introduced kinetic theory corrections in his work 
which enable the results to be used for very small particles. 
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Figure 4.9: The enhancement factor for particles in the continuum 
regime (W) for the cases: 1) when only van der Waals 
forces operate and; 2) when both van der Waals forces 
and viscous forces operate. Adapted from Alam [1987] 
with permission of the Elsevier Science Publishing 
Company. 


We shall return to Eqn. (4.193) for other potentials later. At the 
moment, we wish to generalize the procedure. 


4.9 Diffusive and convective motion 


The derivation of the diffusion equation given above for two particle 
interaction involved only diffusive motion. In many situations, there exist 
external forces acting on the particles which give rise to a net velocity. An 
obvious example is the force of gravity and yet another is nonuniform flow 
of the surrounding fluid due to turbulence or laminar shear. 


In the case of gravitational settling, the force acting on a particle of mass mi is 
Fi=mig. For an isolated particle moving in Stokes flow, the resistance will be 
61ta;pu< > and so, the asymptotic fall velocity is: 


wvo= mig - 2a Pi 
e 61t ai p-9U g (4,195) 


where Pi is the density of the particle which we assume is much greater than 
that of the gas. 


Suppose now we have two particles falling under gravity in a quiescent 
fluid. Their velocities are Ui and U2 and they are acted on by forces, Fi 
and F2, respectively. Then, as we have seen in Chapter 2, the velocities 
are 


U1 = bli « Fl + bl2 U2 h2 
° F2 = 1 
and: 


eFl+ h22 ¢ F2 
(4.196) 


(4,197) 


Coagulation Kernels 
where b;i are the mobility tensors defined by Eqn. (4.164). The relative velocity 
is then 


V2 =U, —-U, = (bz, —b,,)+F, +(b,,—b,,)F, (4.198) 


where we have neglected the inertia of the particles. As the two 
spheres move apart, their relative velocity becomes: 


yO =U —U% = (22 y-1)U 


(4.199) 
where y=p2/pi- On substituting for the 
mobility tensors: 
vatr)= ve {EE Lr) +(1-£F) mon} (4.200) 
T 
where: 
MYA», —An , 2 1-¥ y)A 
EOS PMS ta cay (a(R y-1) (4.201) 
and: 
yB,.-B, 2(1-’' y)B, 
M(r) = M(p,A) = Ye 
(Yy-1)  (1+A)(? y-1) (4.202) 


If we now consider the net relative velocity of the particles due to gravity, 
diffusion, and interparticle forces, we find: 


3.0) = V,,(r)- D* (Vn +- - V<I>) 
=r kT 


(4.203) 
Thus, from the continuity equation, we find: 
1 
net) =-Ve (V,2(r) n(r,t)) +Ve [p ° [vain +— V® v“e.0)| 
ot kT 
(4.204) 
Neglecting time transients, we find that the steady state flow of 
particles to a test particle is given by: 
V. 0 0 base k\_ V<I>(r)n(r))]-ve[Vi2(r)n(r)]J=O 
(4.205) 
Subject to the boundary 
conditions: n(F)= 04: (4.206) 
n(r) = n_ (4.207) 


for all 0 and 
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The corresponding coagulation kernel is given by: 


1 5. | 
K(ai'a2)= n_ (al +aS ql Do 
G(al +a2) [d<I> / d8sin(8) ™ =e, ee) 
+02 


In terms of polar coordinates we may write: 
ts 


. (i Ge sm'8 ) n) + 
roour rsm8 u8 rsm 8 u</> 


~~wa ne) 4. Gla @) d 
Y-(vil n) yor“ Vil pk fe 


, 2 


Eqns. (4.204) and (4.205) have been studied in some generality b 
Batchelor [1982]. In our work, however, we do not require such detail. 
Nevertheless, Eqn. (4.205) and its boundary conditions form the basis of 
any generalized approach to coagulation and we shall illustrate the power 
of the equation by means of several examples. 


4.10Brownian and gravitational coagulation 


We have seen earlier in this eHapler how coagulation kernels may be 
obtained for Brownian motion and for gravitational settling. In arriving at 

the expressions for K(a,b), it was assumed that these mechanisms acted 
alone. Although no indication was given as to what action to take when a 
system was simultaneously undergoing Brownian and_ gravitational 

Cosguaton, the currently accepted practice is to algebraically add the two 
ernels: 


Kgo(a,b) = Ke(a,b)+ Ko(a,b) (4.209) 


where subscripts B and G refer to Brownian and gravitational 
coagulation. In this case, therefore, the combined effect is given by: 


K (a,b)=2-K-TC14-1)(a+b)+29-P-7(at +b)2 a2-b? 
“ Pe Se ou (4.210) 


where we have neglected effects due to kinetic theory slip (i.e., the Cunningham 
factor= 1). 


The rationale behind the additive assumption is that when Kg is large, KO is 
small and vice versa. This is certainly nearly true, for we know that 
Brownian motion dominates for small particles and gravitational 
settling for large ones. However, the precise nature of the | 
approximation is unclear. In order to clarify this problem, we shall | 
employ Eqn. (4.205) which incorporates the effects of both Brownian | 
motion, via D, and gravitational settling, via : 


V12- 


The example that we shall use will neglect a number of important aspects 
of the problem but will, nevertheless, lead to a quantitatively useful result. 
Thus, we assume that there are no interparticle forces and no 
hydrodynamic forces. In that case: 


D=D, I 


an d: 
1 


Viz - VA) 


and the diffusion equation 
becomes: 
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Figure 4.10: Spherical polar coordinates for the solution of Eqn. 
(4.211). 


2 —~ Yu. = 
> VW n(r) Vi.’ ¢ Vn(r) =0 (4.211) 
Both Do and V, > are now independent of position because we no longer 
allow for the 
inhibitin effect of the fluid. In fact, this assumption was 
employe in arriving at Eqn. (4.210) and so we are consistent 
throughout. The use of Eqn. (4.211) enables us, therefore, to examine 
the accuracy of additivity. 


In order to solve Eqn. (4. a we cast it into spherical polar 
coordinates as shown in Fig. 4.10. 


The sphere ofradius, a, is the test particle and is located at the origin. The 
sphere of radius, b, has its center at the point (r,0). We shall see that the 
problem is azimuthally symmetric and so the angle, <I>, can be integrated 
out. 


Now, from Eqns. (4.199) and (4.195) we see that 


V,>= pq (a*- by>k=-+V k 
Ou (4.212) 
where k is the unit vector in the z-direction. Now: 
ke Vn= cos(g) an__sin(O) an 
ar r a0 (4.213) 


and so the concentration of b type particles n(r,0) is given by: 
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ae KA - nt qP+-° any @ - cos(g) —an_—_V_s_in(0) _an_ 0 
r2 AY ar enti) a0 a0 ar r_ a0 (4.214) 


In terms of n(r,0), the coagulation kernel follows from Egn. (4.185): 
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K;o(ab)=27t(a+b)* DOJ d8sin(8)an 
) Ol" rab (4.215) 
The boundary conditions on Eqn. (4.214) are: 


(1) At r=oo ; n=n_ where n_ is the spatially constant number 
density of 'b' particles in the absence of coagulation. 


(2) At r=a+b ; n=O. This is because no b particles can have 
centers inside the sphere. Thus, to prevent J from becoming 
infinite at r=a+b it is necessary that n=O. 


(3) At 8 =0,1t; an Ja0 = O. This is necessary to ensure that an/ 
a0 is continuous everywhere. 


Before solving Eqn. (4.214), we simplify the notation by setting 
x=r/(a+b), m(x,8)=n(r,8)/n., and: 


P=(a+b)V 
=41tpgabla2-b2I1 
D, 3kT (4.216) 


Then, Eqn. (4.214) becomes: 


—| —? mm, ) ry45@)—ern  PsintS)—-aimean!: (g) — 
x2 ax ax x Sin(8) a8 a8 ax x a8 (4.217) 
an | 
*  Kso(a,b) =21t (a+ b)Dola@ sin(s) :_ =i 
(4.218) 
As a measure of the accuracy of the sum kernel given in Eqn. (4.210), we 
calculate the ratio: 


sgn _Kuin310u_G:a__,b___)_ 7 s'm (8) 


(4.219) 
_.2 J" _am_ 


K50(a,b) 4+P 0 ax 


x=I 
Egn. (4.217) is readily solved by making the 


transformation, p=cos(8): m(x,p) = g(x,y) exp(-% 


0 ' (4.220) 
xu 


whereby the equation for g becomes: 


lof (x2 ag)+_5 ! d-p2) ag-%4P2 g=O 
x “ax ax xX ap ay 
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(4.221) 


subject to the boundary 


conditions: g(1,u) = 0 (4.222) 


li mLI[g(x,p)] = (4.223) 


exp(% P x p) 
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Using the separation of variables technique, the solution ofEqn. (4.221) can be 
written: 


Xp) = (=) > E K, +B, 1.4()| P,( 1) 


where I and Kare the modified Bessel functions of half-integer order and Pn(y) 
are Legendre polynomials. 


(4.224) 


Using g(L,u)=O and the relationship: 


o(tit)o(£)" $ ones, (2)n0 


(4.225) 
we see that the solution can be written: 
1, .4(B/2) 
(9,0) =1~exp( -PH rae ey) Qil) aaah i Ka | P, (11) 
2 n=0 K, ,;(B/2) 72 
(4.226) 
Noting 
that: 
| _| 2 Pal 
a (2n+)l ) 
exp! = 
Kn+'A(P/2) 

and using the integral: ( “ 

| dp Pn(y) exp(- p:)- 

In+1(P / 


4 2) (4.228) 
2 (-1r 


we ; 


ne bey, Car One 


=y In+/P, 2)4+P Pn=0 (4.229) 
Kn+'A(P/2) 


This infinite sum is convergent and is shown in Table 4.3. It may be 
observed that y>1 and hence that the sum kernel underestimates the true 
rate of coagulation by at most 30% although over most of the range of p, 
wae a measure of gravitational to diffusive forces, the deviation is 
much less. 
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We conclude, therefore, that the additivity assumption is a reasonable one 
within the limitations of the problem. Nevertheless, our exact kernel shows 
how the process gradually changes from Brownian to gravitational settling 
as the average particle size increases. 


We can use these results to obtain a. deeper understanding of the physical 
processes occurring during combined Brownian and _ gravitational 
coagulation. For example, when Brownian coagulation dominates the 
situation, an expansion in small values of P leads to: 


Kyo(a,b) = Kg(a,b) + 2 K, (a,b) 
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Table 4.3: Values ofy-1 as a function of p from Eqn. (4.229). 


p y-1 p y-1 p y-1 

0.0 0.0 ils 0.155 10.0 0.25913 
0.1 0.02362 1 0.193 15.0 0.23766 
0.2 0.04473 2 0.2189 20.0 0.21822 
0.3 0.06369 3 0.348 25.0 0.20189 
0.4 0.08079 . 0.2627 30.0 0.18822 
0.5 0.09625 5 0.568 35.0 0.17666 
0.6 0.11103 8 0.270 40.0 0.16676 
0.7 0.12304 7. 0.269 45.0 0.15818 
0.8 0.13469 8. 0.2665 50.0 0.15067 
0.9 0.14533 s 0.263 60.0 0.13810 


which implies that the effect of gravitational settling is relatively larger by 
a factor of 2 than the addition hypothesis predicts. Consider the 
deposition of small particles onto a large particle. In the conventional 
calculation of Brownian coagulation, the diffusion equation describes the 
depletion of the 'small' particle distribution in the neighborhood of the 
‘large’ particle due to diffusive flow of small particles onto the large 
particle. If the large particle is falling through the small particles, then, 
apart from those with which it directly collides and coagulates, there will 
also be an additional flux of small particles into the region around the large 
particle which will partly offset the depletion in that region due to the 
diffusive flow mentioned above. This, in turn, will increase the diffusive 
flux of small particles onto the large one. The net effect is that the 
combined effect of Brownian and gravitational coagulation is likely to be 
greater than the sum of the separate effects. The result shown in Eqn. 
(4.229) confirms this. When the gravitational effect dominates, it is not 
obvious how to expand Egn. (4.229) and therefore a 


detailed asymptotic analysis has been carried out for large P . The result is that: 


Y- 1"' (4.5) p-" 

or 
K,a(a, b)"' K (a,b) +[1+(4.5) p-?!%) Ka(a, b)"' Ka(a, b) +[1+(1.125) p- 
213) K (a,b) 


Here, we can argue that the existence of a sedimentation flux increases 
the diffusional deposition by a proportional amount of (1.125)p- 
3(Simons et al. [1986]). 
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4.11Generalized turbulent coagulation 


We saw in Section 4.5 that motion due to turbulent diffusion could be 
adequately described by an effective diffusion coefficient DT(r). This is fully 
consistent with the formalism that will be developed in this section. It is 
not so clear, however, what approach to take with turbulent inertial 
motion in the context of the diffusion-convection equation. In this case 
it is Vi2 that contains the turbulent information. But we have arrived at 
Eqn. (4.205) on the basis that Viz is deterministic. A plausible 
modification to Eqn. (4.205) can be derived for turbulent motion if we 
write: 


V=> yw)+ yr) 
12 «12 12 (4.230) 
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where V,< >is the deterministic component of the relative the 
velocity and Vi>f component. Then the diffusion-convection random 
equation becomes: 


7-0] vas 2¥ n|-v-(we? n)-V«(Vi> n)=0 


(4.231) 
If this equation is statistically averaged over many turbulent 
realizations, we find: 
V P 
7+D ole )]-¥-(uP (n))-(V= (VP n)) =0 
kT (4.232) 


Now the average (v ' (V,<f>n)) must be considered carefully. This 
average is to be taken over all orientations of the velocity with the 
concentration gradient and we can formally write: 

V-(V® n)) =f dV, P(Va) V+(Ve 0) 
where P(VR) is the probability distribution of 
the velocity. 


Let us assume that V. VR = O. Then, with VR = (vR,eR,<i>R) and taking the 
arbitrary polar direction of the integrand as r, the integral can be written 
explicitly as: 


(4.233) 


ait fF sin(eR) dor J avR vt PCVReR) cos(SR)« (VR n) 


cos(8R )<0 


where we have assumed azimuthal symmetry and hence no dependence on 
<l>Re SR is the angle between the radius vector and the turbulent velocity 
whose radial component is VR. The integration is taken over the 
hemisphere corresponding to the flux of particles into the test sphere. We 
now write Eqn. (4.233) formally as: 


\V . (vi n)) = -2(, n)=-—= 


where JR is a current. Now we can make use of the usual analogy 
between the kinetic theory of gases and mixing length theory. In mixing 
length theory, small pockets of fluid (or in this case groups of particles) are 
transported spatially in a random manner with a step length, L, analogous 
to a mean free path. In our case, however, L is determined by the scale of 
turbulence. Just as the current of molecules crossing a unit area per unit 


time is n V / 4,V 


being the root mean square velocity, in the case of turbulence we can write 
JR= (vR)n /4, 
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where: 
(v-(vi't>N)) =- ( 
R).: (4.234) 


This statistical approach is clearly open to criticism but, as we shall see, it 
leads to very useful results and is therefore worthy of further study. 


The average turbulent velocity <VR> has yet to be defined and for this we 


appeal to the arguments put forward by Saffman and Turner [1956]. They 
set up a stochastic differential 
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equation for the instantaneous velocity of a particle in a turbulent field in 
the following way. Let e be the instantaneous velocity of the particle and u 
the undisturbed velocity of the surrounding air. Then, the equation of 
motion of the drop is: 
d 
m GEG 1Ttap(e-u) 4m - 
p dt ° dt (4.235) 
Illi, is the mass of the particle and m. is the mass of the same volume of air. 
The right hand side comprises the Stokes resistive force acting on the 


particle and the random force due to the acceleration of a pocket of air of 
mass, me. If pp and p. are particle and air densities, respectively, we find: 


a ee __P. du 


dt t PP dt (4,236) 


Setting q=e-u, this becomes: 


aS = 
$F a da (4,237) 
wher 
e: 2ap 
p 
Ou 


Now, if the relaxation time, t, is small compared with the time scales of the 
smallest eddies, which is usually the case even for quite strong turbulence 
(Saffman and Turner [1956)), we can neglect the term dq/dt and obtain: 


du 


q => -t-— 
dt (4,238) 


where we have also noted that p,<<pp. 


If we consider the relative velocity of two such particles of radii, a and b, we 
find: 


((q. -qb)2)=(t. -tS ( ( | )2 


But Batchelor [1951] has shown, from arguments based on the theory of 
homogeneous turbulence, that: 


(du 


as ra 9) 


(4,239) 


(4.240) 
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Thus, the value of <YR>, which is the square root of <(q.-qb)2>, is: 


£3/4 
(vR)= re oe 
oF (4,241) 
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To illustrate the methods described in this section, we consider the 
solution of Eqn. (4.232) for turbulent diffusion and turbulent inertial 
motion. Here, we must solve: 


Lod (2 pr rtnlry) +0-R)4y!) rf =O 
r’ dr dr 4 dr (4.242) 


subject to the boundary conditions n(a+b)=O and n(r )=n _. The resulting 
coagulation kernel is found to be: 


1 1f gw Jj fw dw' } 
K(a,b)= 41t an w’? D(w) exl - 4 = a+» D(w’') 
(4.243) To be more general, we include Brownian diffusion and write: 


(r)=Dy +k, 1 (4.244) 


One of the integrals in Eqn. (4.243) may be carried out explicitly and leads to: 


K(a b)= 

wher act ) (4.245) 

: =(a+ b}(vR)/Do (4.246) 
X = (at b} (k. (4.247) 

and: IDo)"” 


x + dt Z 
3(x,B) =1-2 exp eee (x) J = exp iB: tan'(t | 
4x t 4X 
1 (4.248) 
is a measure of the ratio of inertial turbulent forces to Brownian forces 


and X’ is a measure of the ratio of turbulent diffusive forces to Brownian 
forces. Eqn. (4.245) incorporates into one formula the effects of Brownian 
diffusion, turbulent diffusion, and turbulent inertial motion. If we neglect 
the Brownian diffusion, ie. allow . then: 


K(a,b) = =a) (1 —E4+46?- exp(-€)) 
where: (4.249) 
2 -B (Ma) 


4x2 4(a+b)k, 
(4.250) 
is a measure of turbulent inertial to diffusive forces. 
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It will be instructive to examine the limit of Eqn. (4.249) as 
Thus, for oo. we find: 


K(a, b) = 112 
121t k > (at b}3 = (5.65) (at 
bec ) 
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which agrees, as we expect, with Eqn. (4.137). 
If we allow KC 00, ie. |; O, then: 

K(a, b) = 7 (a+ b)? (WR) (4.252) 
which, from Eqn. (4.241), leads to: 


Kab) = (6.2)(a + b)2 It. -THI 4 (4.253) 
¥ 


This result compares favorably with that of Saffman and Turner [1956] in 
which the factor is (5.65) rather than (6.2). We shall discuss the method of 
Saffman and Turner below. Before doing this, however, we use the relative 
velocity due to gravitational settling instead of <VR>: 


Voz 2 Prq la2- b2l 
Ou (4.254) 


In that case, we see that the 'exact' result for gravitational coagulation is 
produced. This must be, to some extent, fortuitous but nevertheless it 

is very useful since it means that Eqn. (4.248) has the correct limiting 
behavior for all the major coagulation processes. All that is necessary is to 
replace <VR> by <VR>+V>- A further interesting result emerges if we 
allow 

X Oin Eqn. (4.245) and set <VR>=V o. This then corresponds to the 
combined effect of ! 

Brownian diffusion and gravitational settling. The result is (Williams [1988]): 


K(a b)= 41t(a+b)Doexp(-13/4) 
| Bnet) (4.255) 


where Ez(x) is an exponential 
integral. 


But, we have an exact result for this problem obtained from Eqn. 
(4.229). These two results are compared in Table 4.4 where / from 
Eqn. (4.229) is compared with y* obtained from Eqn. (4.255): 


4 exp(-13/ 4) 
Y= 4+f3 E,(13/4) (4.256) 


We note that the error is small overall. For 13<2, Eqn. (4.255) 
overestimates the correct value by about 5.3% and at worst, for 13>3, the 
error changes sign increasing to a maximum of 7.7% at 13=30, thereafter 
decreasing. The simple and accurate nature of Eqn. (4.255), compared 
with the slowly converging infinite sum which arises in the exact result, 
makes its use highly desirable in practical calculations. We must bear in 
mind, however, that these results do not include any interparticle forces or 
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slip corrections, although the formalism is capable of including them. 


4.12Turbulent coagulation by the Saffman and Turner method 
The use of a diffusion equation and a convective term for directed motion 


is a very powerful technique for computing coagulation rates. When the 
fluid is turbulent the diffusive effects 
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Table 4.4: The ratios, '¥exact and 'Yapprou as functions of P. 


p ‘Vet ~ approx, A% Pp ‘yel.ict ‘¥approx A% 
0.1 1.023 1.060 -3.6 3.0 1.2487 1.243 0.5 
0.2 1.044 1.094 --4.7 4.0 1.2628 7.2387 1.9 
0.3 £06S iad -5.2 5.0 1.2687 eae 3.1 
0.4 1.080 1.138 -5.3 6.0 1.2702 1.2209 3.9 
0.5 1.696 1.154 -5.3 7.0 1.2691 1.211 4.6 
0.6 Lit 2167 -5.1 8.0 1.2666 72019 5.1 
0.7 1.123 7.178 -5.0 9.0 1.2631 1.193 5.5 
0.8 1.134 1.188 --4.7 10.0 1.2591 1.184 5.9 
0.9 1.145 7.196 --4.5 20.0 1.2182 ° 1270 7.5 
1.0 1.755 1.203 --4.2 50.0 1.1507 1.0649 7.5 
1.5 1.193 1.226 -2.9 100.0 1.1072 1.0358 6.4 
2.0 1.318 1.237 -1.6 
9 9 


[A%=( 1-'Yappro.f'Yexact)X 100) 


may be included by means of an effective diffusion coefficient and the 
inertial effects by a statistically averaged velocity. Nevertheless, as we 
saw in Section 4.4, Saffman and Turner obtained an expression for the 
turbulent diffusion coagulation rate from direct considerations based on 
turbulent fluctuations. A similar argument was used by these authors for 
the case of inertial turbulent coagulation. In such calculations it is assumed 
that the relative velocity of two particles,w, is distributed in some 
fashion, P(w), where P(w)dw is the probability that the relative velocity 
lies between wand w+dw. Then, the rate of collision between two 
particles of radii, a and b, with number densities, n, and nb, respectively, 
will be: 


J=7(at+ b)2 n, nb | w P(w) dw 
(4.257) 


This type of averaging is used frequently in the kinetic theory of gases. In 
the case of turbulent motion it will be valid if the mean velocity of each drop 
is statistically independent of its relative velocity. Since the mean velocity 
is controlled by large, energy containing eddies and the relative 
velocity by small eddies, which are statistically independent for large 
turbulent Reynolds numbers, the condition is met. 
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The simplest function which corresponds to reality and also leads to a 
simple integration is the Gaussian form: 


p(w) =(2)" exp(-Bw) 


(4.258) 
where [ is chosen so that the variance corresponds to that 
of the particles. We saw in Eqn. (4.239) that: 
2 [(duy 
vara, -a)=(s.-4F (2) ) 
(4.259) 
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4.2 
var(w)=var(c. -cb)=var(q, -qb)+var(u. - ee) 
Also ub) 


var(u. -ub) =(at+ b}2 ( ( ; ; | 


which, in view of the isotropy of the small eddies (Saffman and Turner [1956]) 
can be written: 


var(u. -ub)= 5(a+b)2 ( ( 1 | 


Since (Taylor [19351): 


{(:). LA (4.262) 


we find that: 


(4.261) 


var(u. - ub) =%(at 
b}2 Er (4.263) 
“y 


In view of this: 


3/2 

var(w) = (3.9) (-c. - - 1 tA(at b)? 

cb)2 E; = Er (4.264) 
: cy 


Now, from Egn. (4.258), we see that var(w)=3/(213), whence: 


1/ 
2 
J=2(a+b}2n.nb(i, (4.265) 
an 
d: .1/2 
K(ab)=2(at,br J (4.266) 
21t )1/2 
= 2 (at 1a} 2( var(w) : Ra ae. (4.267) 
eQ..J2i (at b}2 (1.3) ¢c.- — 
Biz me obtained 
[ 2 
earlier. 


It is instructive to compare Eqn. (4.268) with the results 
209 


First, allow the inertial effect to go to zero. Then we find: 
(4.268) 
1/2 ( )1/2 
K(a,b)=j..(/2it (at+b)?=(1.6ZD (at+b)3 


(4.269) 
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This compares with the other result of Saffman and Turner in which the 
(1.67) is replaced by (1.29) (see Eqn. (4.114)). In the other limit, when the 


diffusive term goes to zero, we find: 
3/4 


<(a,b) = (5.71) (a+b) |r, - 7, | a 
(4.270) 


which compares favorably with the value we obtained from the diffusion- 
convection equation where the factor (5.71) is replaced by (6.2). 


It is not obvious, a priori, whether the method of Saffman and Turner is 
better or worse than that of the diffusion equation. Both techniques have 
weaknesses. With Saffman and Turner it is the use of a Gaussian 
distribution and with the diffusion equation it is the adequacy of the 
statistical average of the convective term. 


One further result follows from the work of Saffman and Turner. They 
assumed that gravitational forces may be included as an effective 
acceleration in the fluid. Thus, the stochastic forcing term in Eqn. 
(4.237) is augmented to: 


where g is the acceleration due to gravity. After statistical averaging and 
noting no correlation between Ii and g we find that: 


(ay )=(G +e 


Thus, the end result for the coagulation kernel in Eqn. (4.268) is: 


3/2 
2 Ey 


MsZ 
é. 
K(a,b) =2 V2n (a+b)” ce (t,-1,) y+4(t.-%) 8 +(atd) ] 
¥ ¥ 
(4.271) 
If we neglect all turbulent motion, this result should lead to the gravitational 
coagulation kernel: 


K(a,b) = (2.89) (a+b) g 


ttl (4.272) 


The true value has a factor, 7t, rather than (2.89) and so the Saffman and 
Turner method leads to an error of about 8%. This is small, but the result 
from diffusion theory is exact. 


4,13Electrostatic forces 
Electrostatic and other forces acting between two bodies generally act 


along the line of centers (i.e., they are central forces, in contrast to the 
hydrodynamic forces which are strongly noncentral). For central forces 
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only, Eqn. (4.205) reduces to Eqn. (4.184) and thence to the 
coagulation kernel: 


Sees j dw exp(<l>(w))f 
G(w) kT 


a+b 


(4.273) 
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Now suppose that the particles have electric charges, ve and pe, 
respectively. Then, from Coulomb's law [neglecting image forces]: 


2 
<l>(rn)= 


eee (4.274) 


For convenience, we set G=! and then: 


K(a b)= 41tDo vue2 [ex ( 


vueZ — )-1]- kT 
p kT(at+b) (4.275) 
wher = 41t Do (a+ b) Z(y) (4.276) 
e: 
vue?” 
y= kT(a+b) (4.277) 
and: 
os (4.278) 


Since v and p are inte gets that can vary between .o and +co, we see that 
the correction factor, Z, due to charging varies from O to ~. For example, if 
the particles both have like charges they will repel and inhibit coagulation. 
On the other hand, unlike charges attract and coagulation is enhanced. In 
Chapter 3 the distribution of charges is shown to depend on the time 
constants of the charging rate and the Boltzmann distribution law. It will, 
in fact, be necessary when employing the coagulation kernel for charged 
particles, to extend the definition of the distribution function to include not 
only the size but also the charge state. 


We also note that, depending on the size and nature of the aerosol 
particles, the interaction may be governed by a modified Coulomb's law. Of 
the many approximate treatments used to represent electrostatic forces 
between two charged particles, Grover and Beard [1975] compared two 
methods which are based on opposite points of view. In the first method, 
the particles are represented by point charges fixed at their centers. In the 
second method, the particles are represented by two conducting spheres 
on whose surfaces the charges are completely free to redistribute 
themselves as the two particles approach. If the charges on the particles 
have opposite signs, the point charge approximation will underestimate the 
strength of the resulting attractive force, whereas the conducting spheres 
approximation will overestimate it. The reverse is true for charges of like 
sign. In practice, the actual electrostatic force will be intermediate 
between these two limits and so, therefore, will the corresponding 
coagulation kernel. The point charge approximation is very simple to use 
but the conducting spheres approximation is generally much more 
realistic. Grover and Beard concluded that the point charge approximation 
is acceptable for the majority of atmospheric aerosols provided their 
diameter is larger than about 200 pm. Since most nuclear aerosols are 
significantly smaller than this, the point charge approximation must be 
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used with caution. Some further discussions of these matters may be found 
in Shahub and Williams [1988]. 


It is instructive to derive the modifications to the gravitational coagulation 
kernel that arise when the particles are charged. Then, Eqn. (4.205) leads 
to: 


Ve DW Vn(r) + YES r it) - Ve {vO n(r)) = 
[ kTr -? 


214 


Coagulation Kernels 


Figure 4.11: A coordinate system for Brownian and shear coagulation. 


where I is a unit vector in the r-direction and V(r) is the relative velocity 
between two particles falling under gravity and in their respective electric 
fields. There seems to be no easy solution to this equation so it will have to 
be evaluated numerically. 


It is also important to account for deviations from hydrodynamic theory 
when the particles are smaller than, or comparable to, a mean free path. 
Such calculations have been carried out by Lassen [1961a,b] who used 
Fuchs' method. 


4.14Brownian and shear coagulation 


We have seen above how laminar shear leads to coagulation and we have 
seen how Brownian motion leads to coagulation. We did not consider the 
simultaneous action of these two mechanisms at the time but now we 
do so. Shear and Brownian motion are extremely important in colloid 
science, particularly in the understanding of hydrosols which arise in 
various biological, technological, and environmental problems. Basic 
studies in this area have been carried out by Lin et al. [1970], Curtis and 
Hocking [1970], Zeichner and Schowalter [1977], van de Ven and Mason 
[1976, 1977a,b], and Batchelor and Green [1972]. 


Let us consider a fluid that is infinite in extent and whose velocity at 
infinity is a linear function of position. In this fluid are spheres which are 
undergoing Brownian motion. We wish to calculate the rate of collision of 
these spheres and to understand how this rate is enhanced by the shear 
effect and how the shear effect interacts with the Brownian motion. 
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We choose a coordinate system (see Fig. 4.11) in which one of the spheres 


is at the origin and at rest and the other spheres move up to it with a 
relative velocity, V. 


Let us write Eqn. (4.205) in this coordinate system: 
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Figure 4.12: The relationship between the coordinates, x and r. 


Re ACM r2 an)+Do 2 n+ g a 
r? ar dr r= a0” sin(0) ae sin (0) dq)’ 
Do a. |i 2 
phasis = ae La“ v, nt a *_(Ve s'm(0) n)+ |! 
-(v. n =0 
r o0 2r on rsm(0) ae r sm{0 
ar acp (4.279) 


where we have assumed that the interparticle potential is central. 


We now consider the relative velocity, V=(V,,Vs,V+). For a linear flow field in 
which the asymptotic fluid velocity components far from the sphere are: 


Batchelor and Green [1972] show that the Cartesian components of the relative 
velocity are: 


Vi(r) = ui not ( rr. )} 
a A(r) iL. + B(r) oj - 7 
Ejk r (4.281) 


In these equations, we use the summation convention and note that the rate 
of strain tensor elements are: 


«25-2! Fi 
facugfi - aui) 
, dX; velocity is: 


axj and the angular il= 
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S2VXU 
(4.282) 


(4.283) 


A and B are functions of r and are discussed in Chapter 2. The 
coordinates, x and r, are related as shown in Fig. 4.12. Thus, x refers to 


an arbitrary position in the fluid and r refers to the interparticle 
orientation and separation. If the ambient flow is chosen to be: 
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= (Kx,,0,0) | 
we have: 
0 K/2 0 
=|K/2 0 0 
0 oO 0 
an 
d) n= (0,0,- 
71) 


Now, in Cartesian coordinates: 
V=iVit+jV,+kV, 

but since: 
i = sin(8) cos(<!>) i, +cos(8) cos(<!>) ie 
-sin(<!>) ie j = sin(8) sin(<I>) i, + cos(8) 
sin(<I>) ie + cos(<I>) ie k = cos(8) i, - 
sin(8) ie 

we have: 
V, = sin(8) cos(<I>) Vi + sin(8) sin(<I>) V, 
+ cos(8) V, Ve= cos(8) cos(<!>) V; +cos(8) 
sin(<!>) V, -sin(8) V, Ve =-sin(<l>)Vi 
+cos(<1>)V, 


Since, from Eqn. (4.281), we can write: 


v =*r, 1-B--(A-B)...°L 
I rf 2 7) 


Lb 


ss V, =—-K (A ~B) -) 


where r=r sin(8) cos(<!>), re=r sin(8) sin(<!>), and r3=r cos(8). 
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(4.284) 


(4.285) 


(4.286) 


(4.287) 


(4.288) 


(4.289) 


(4.290) 


(4.291) 


V, 2% r (1-A) sin?(8) sin(<!>) cos(<!>) 


*K 


Ve = r (1- B) sin(8) cos(8) sin(<l>) cos(<l) 


Vv. = ~*r sin(8) [sin($)+¥2 B (cos q>)- 
sin*q>))] 
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(4.292) 


(4.293) 
(4.294) 


(4.295) 
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Again, we note that these velocities neglect the inertial terms of the particles, 


It is necessary to solve Eqn. (4.279) subject to the usual boundary 
conditions and then to compute the coagulation kernel from Eqn. (4.185). 
Such a calculation has been partially carried out by van de Ven and 
Mason [1977a,b] for spheres of equal radius, a. These authors employed 
perturbation theory together with matched inner and outer asymptotic 
expansions. The perturbation parameter was the Peclet number, Pe, 
defined as: 


Pe= *a2 
Do (4.296) 


The mathematical procedure is difficult and we simply quote the result 
for the coagulation kernel: 


K(a,a) = 161t Dp a [1+ (1.0272) Pel] + O(Pe) (4.297) 


where we have simplified the result by assuming no interparticle 
potential and no hydrodynamic forces. This is to be compared with the 
result obtained by adding the Brownian and laminar shear kernels 
ofEqns. (4.96) and (4.97), respectively, which leads to: 


K(a,a)=161tD>, afl+ 3 Pe] 


(4.298) 


It is clear that there is no theoretical foundation for Eqn. (4.298) although 
it leads to the correct limits as Pe O,00. 


It should be born in mind that these calculations neglect the inertia of the 
particle. This isa 

good approximation if the Reynolds number based on the Stokes velocity is 
much less than uyity: 


Re= 
Jj. 
where: ( ) a2 
DD - 
U- =9 Ij. 
° Pr : 


For colloids, where the fluid density, Pr, is close to the particle density, pp, 
this is usually a very good approximation. However, for aerosols it is not 
so good as we may see from the case of water droplets in air. This leads to 
the condition: 


= 3 
Re =(6.7 x 10-s} a (4.300) 


20 


where a is in microns. Clearly, for a>20 ym, the approximation fails. We 
speak more about this problem in Chapter 2. 


In spite of this restriction, the inertialess problem is very simple and 
instructive and merits some discussion since it leads to useful ideas about 
the trajectories of the particles as they pass one another. Batchelor and 
Green [1972] have examined the problem of two particles in shear flow 
when there is no Brownian motion and no interparticle forces. In sucha 
case, the problem reduces to solving the differential equations: 
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at or (4,301) 
ae 
r-=>WV, 
at (4.302) 
and 
r sin(8)__ = 
Ve (4.303) 
Dividing Eqn. (4.301) by Eqn. (4.302) 
leads to: 
1 OF 1-A 
jrae= 1B tan(e) (4.304) 


and, from Eqns. (4.302) and (4.303): 
n2/<42}) 5 Si 3(<1>)+'AB(cos*(<1>)- 
os tS) smtp: B) cos(8) sin(<b) (4,305) 
cos(<l>} 


Since r3=r cos(8), Eqn. (4.304) can be 


written: 
(4.306) 
1 OF ‘ B.-A 1 
r3ar 1-Ar = cae 
and Eqn. (4.305) gives: 
: 4.307) 
P) 27a) :.2/4\]_.__B___sin(®) ( 
00 [ts en (|= 1—B cos’(6) 
which may also be written: 
a(n). Bor 
or oy 1-A 1 (4 308) 


Eqns. (4.306) and (4.308) may be integrated and the constants of 
integration chosen to correspond to the values ofr. and r; at infinity (say Re 
and R3, respectively). We then find: 


miBiediee { fF xcy 09 dr} 
R3 r 1-A(r') r' 


d: pap nt Rs l- BC' 1-A(r') 1; J 
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(4, 9) 
30 
(4,310) 


These equations lead to a family of surfaces: 
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X1/a 


Figure 4.13: The trajectories, in the plane x3=0, of the centre of one 
sphere relative to that of another of the same size ina 
steady simple shearing motion. The open trajectories 
(R2/a=1,2,3) and the limiting trajectory (R2=0) are taken 
from Lin et al. [1970]. Two closed trajectories (RVa?=-- 
0.0168, --0.123) have been calculated from Eqns. 
(4.309) and (4.310). The boundary of the region of 
closed streamlines in the steady flow around an isolated 
sphere is shown as a broken line. All these curves are 
symmetrical about both the x; and x.-axes. Adapted from 
Batchelor and Green [1972] with permission of the 
Cambridge University Press. 


r2 = r sin(O) sin(<!>)= g(r) and r3 = r cos(0) = f(r) 


which, when solved simultaneously, lead to a trajectory. Some typical 
trajectories are shown in Fig. 4.13 for equal spheres of radius, a, under 
various initial conditions. 


It is found that certain conditions exist (R <0) where the particles capture 
each other and rotate together periodically as a permanent doublet. It is 
unlikely, however, that such a situation will be encountered in aerosol 
problems because of the inertia of the particles. 


20 


van den Ven and Mason [1977a,b] have solved Eqns. (4.301)-(4.303) 
numerically for equal size spheres and have obtained the collision 
efficiency. Further work along these lines has been carried out by Adler 
[1981] who also includes the influence of an electric field on particles which 
have a finite dielectric constant. 


We note, in closing this topic, that Eqn. (4.279) becomes a standard 
second order partial differential equation analogous to, but somewhat 
more complicated than, Eqn. (4.204) when fluid forces are neglected 
(G=H=]l) and V,,Vo,V+are independent of A and B. While we were able to 
find a complete solution to the latter equation, the one for shear motion 
does not seem readily amenable to analytical treatment. 
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4.15 Brownian and gravitational coagulation 

We have seen in Section 4.7 that an analytical solution can be obtained 
for the coagulation kernel when Brownian diffusion and gravitational 
settling are present. This is only possible, however, when interparticle 


and fluid forces are neglected. The full equations, when these forces are 
present, can be written as: 


Dai? am - PPR Ase gy () 


1 
(G(r) r a<1> i.{r? V_n]- 
eat tive sin{8) iE Or  =<xkTr-_ rsin{8) ae a (4.311) 
with K(a,b) still given by Eqn. (4.208). 


The velocity components, V, and Va, can be obtained from 


Eqn. (4.200): V, = -V_ L(r) cos{8) (4.312) 
an 
d: Va = V_ M(r) (4.313) 
sin{8) 


where VL = It! etl u\". Of course, for L=M=G=H= I, Egn. (4.311) 


becomes Eqn. (4.214). We also note that, from symmetry, the azimuthal 
angle,<!>, does not appear. 


If we group together the third and fourth terms in Eqn. (4.311), then they become: 


te 2(V 1D G(r) a<1>)] 
r 


(4.314) 
Thus, the effective radial 
velocity is: 
v,° =v,-D GWJL (4.315) 
a_<l> 
7 kT ar 


which is a result that we shall return to below. 


Now, Melik and Fogler [1984a,b] have approximately solved Eqn. (4.311) 
by means of singular perturbation theory. They rewrite the equation in the 


form: 
= 


al R CO ny) +H ts ; +cot{8) ;} 
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= Gr { cos(8) [2R M(R) n- a_ (R’* L(R) n)J+ ,R 
M(R) sin(8) :;_} 


(4.316) 
where R=2r/(a+b) and the gravity number, Gr, is: 
V(atb) B_ 2ngpa* ; 
Gr = ————* = = = — A (1-2 
2D, 2 3kT ( (4.317) 
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Table 4.5: The gravity number, Gr, as a function of A. and a. 


a=0.5 a=0.7 a=l1.0 a=0.5 a=0.7 a=1.0 


A 
05 0.009 0.035 0.145 0.6 0.070 0.267 1.114 
1 0.018 0.069 0.287 0.7 0.065 0.249 1.035 
2 0.035 0.134 0.557 0.8 0.052 0.200 0.835 
3 0.049 0.190 0.792 0.9 0.031 0.119 0.496 
4 0.061 0.234 0.974 0.95 0.017 0.065 0.269 
5 


0.068 0.261 1.088 


with being the same parameter used in Eqn. (4.217). The gravity 
number is shown in Table 4.5 for values of A.=b/a from zero to unity, 
for g=9.81 m sec-?, T=298 K, and p=1000 kg m-?. 


It is clear that if Gr is to be the perturbation parameter then a<0.5 pmis 
required for reasonable convergence. The boundary conditions on Eqn. 
(4.316) are n(2,0)=0 and n(oo,0)=n . Also, we require: 


an =0 
— O=0,7t 
q 
Before proceeding with a discussion of the method employed by Melik and 
Fogler, let us make a few observations on the existence of a steady state 
particle distribution which was implicitly assumed when we set an/at=0 in 
Eqn. (4.204). 


In order for a steady state to exist, the net flux of particles crossing a 
surface S® surrounding the test particle must be constant and 
independent of the choice of S®. This follows from the relationship 
(VeJ)=O which implies that J is a constant over a closed surface 
surrounding the sink of particles. If this were not the case, there would be 
an accumulation or depletion of particles. This requirement demands that 
the two spheres touch in a finite time and this, in turn, depends on the 
nature of the interparticle potential, <I>, as R 2. For these very small 


interparticle distances, the dominant contribution to V; will be: 


We fh -§ 2) I> 


aw 


In arriving at Eqn. (4.318), we have used the 


fact that as R 2: L(R 2)"' Co (R- 2) 


MR 2)" C,+_S. 
Pal 


(4.318) 


an 
d: 


G(R 2)= C3(R-2) 
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where Ci are known 
constants. 


If now we integrate Eqn. (4.318) from the surface out to a small 
interparticle distance, co, then the time, t. to travel this distance is given 
by: 


kT z+ro dR 
t=C: (R-2a<1>10R 
, (4.319) 
Clearly, if the integral remains finite as O, then the two spheres will 


touch in a finite time. This will be true if the potential follows an inverse 
power law, e.g.: 


<I> (Rye ort 


(4.320) 
The requirement corresponds, therefore, to the conditions: 
lim( 5 )=0 
r+2 (R- 2) 
(4.321) 
an a<l>laR 
d: 
lim(<Il>) = 0 (4.322) 
R--+2 


These conditions are necessary ones for a steady state solution to exist. 
However, as Melik and Fogler point out, they are not sufficient. There do 
exist situations in which a large electrostatic barrier, coupled with a 
secondary minimum in the potential, can lead to instability. Such problems, 
however, are more important in colloids and generally do not enter into 
aerosol dynamics when the interparticle potentials are either electrostatic 
and/or London-van der Waals. As far as the present analysis is concerned, 
we will always assume that steady state solutions of Eqn. (4.316) exist. 


The perturbation analysis of Melik and Fogler [1984a,b] employs 
asymptotic analysis and inner and outer expansions. Such details will not 
be discussed here, rather we will simply give the results obtained for the 
coagulation kernel: 


K(a,b)= *1tDo (a+b) (14+ Gr )+0(Gr In(Gr)) 
WB, WB, (4.323) 


The presence of the logarithmic term is characteristic of singular perturbation 
theory. 


The factor WBr is given by: 


W = 2 J exp(<l>/kT) dR 
21 


Br 2 G(R) R? (4.324) 


Ifwe assume the absence of interparticle and hydrodynamic forces, i.e. set 
<l>=O0 and G=I, we obtain WB,=1 and hence: 


K(a,b) = 41t D (a+ b)(1+ /2)+ 


O( 7 In) o (4.32 
5) 
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This result is consistent with the exact value for this simplified situation 
obtained in Section 4.7. We also note once again the inaccuracy inherent 
in the simple additive approximation with Brownian plus gravitational 
kernels. 


4.16Acoustic coagulation 


Any mechanism that produces a relative velocity between aerosol particles has 
an associated coagulation rate and therefore leads to a coagulation kernel. 
The passage of sound waves in air leads to an oscillatory motion of the gas. 
Any entrained particles will also be subject to such a motion, although not 
necessarily in phase with it. A classical example of such motion can be 
observed in the Kundt's tube experiment in which standing sound waves in 
a closed pipe lead to the characteristic bunching of lycopodium particles 
along the pipe side. 


The first serious experiments on acoustic coagulation were performed by 
Patterson and Cawood [1931, 1932] who made measurements on particles 
in systems very’ similar to Kundt's tube. These were followed by 
experiments in Germany (Brandt and Heidemann [1936]), Great Britain 
(Andrade [1936] and Parker [1936]), and the United States (St Clair [1938, 
1949]). While efficiencies on the order of 50% were attainable in such 
situations as fog reduction and control of particulate emissions, the amount of 
energy required to drive the sonic sirens was such as to reduce commercial 
interest in the subject. Recent developments, however, have led to a 
resurgence of interest in this topic for pollution control and in certain 
types of scrubbers, filters, and electrostatic precipitators. 


Aside from the commercial aspects of sonic coagulation, it is a very 
interesting and challenging physical problem and considerable work has 
been done in order to understand the mechanisms and forces that act 
between particles when they are situated in a sound field. We shall discuss 
these approaches and show how they can lead to the construction of a 
coagulation kernel. 


As an introduction to the problem, let us ignore interparticle and fluid 
forces other than the Stokes drag which acts on any isolated sphere 
moving in a fluid. If a sound wave moves through a gas, then the local 
gas velocity, Ug(t), varies sinusoidally with time: 


Ug(t) = Ugo sin(ro t) (4.325) 
where ro is the frequency. According to acoustic theory, the maximum speed, Ugo, 
is given by: 

112 
Ugo--( 2. E ) 
pg cg (4.326) 


and the sound pressure 
21 


by: pg= Pg cg 
Ugo 
where pg and cg are the gas density and speed of sound, respectively, and: 


p )1/2 
tO) calella. 
("Ps (4.327) 
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Also, 'Y is the ratio of the specific heats, P, the static gas pressure, and E 
the sound intensity in W m-*- As an example, we note that for E in the 
range 10°-la4W m-2, the maximum speed, Ugo, ranges from 2.2 to 7.0 m 
sec-' in air. 


If a small particle is now placed in the gas, it will undergo motion according to: 


du 
n, —-=-6nap(u,—U 
dt ( P :) (4.328) 
where up, 11\,, and a are the particle velocity, mass, and radius, 
respectively, and we assume that Stokes' law is valid. We could use the 


Cunningham correction for very small particles but will not complicate the 
present analysis with such refinements. 


The solution of Eqn. (4.328) is: 


= Ugosin(rot-<!>)+ rotUgo ex(-.!.) 


(@) 
P e)l' (G4rt® Pt 
2 o2 


(4.329) 
wher (1410? 
m (4.330) 
and: tt ay (4.331) 
» = tan™'(o t) 


The exponential term is an initial transient and rapidly disappears as the 
motion proceeds. We note, though, that there is a phase lag between the 
velocity of the particle and that of the gas. This is due to the particle's 
inertia and therefore its inability to respond instantly to changes in gas 
motion. In addition, the degree of entrainment of the particle in the 
vibration of the gas is: 


pp = (14+ op2 +2 )-1/2 
(4.332) 


which physically denotes the ratio of the maximum amplitude of vibration of 
the particle motion to that of the gas. 


Since there is a phase shift between the vibrations of the particle and those 
of the medium, the velocity, Ugp, at which the medium flows by the 
particle is: 


Ugp =Ugo sin(rot)-pP Ugo sin(rot-<!>)=yg Ugo (4.333) 
wher COS(rot-<!>) 7 
e: 
ioe WT 
*  (1+0? ole 


(4.334) 
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The maximum velocity of the gas flowing around the particle is therefore: 
Ugp= yg Ugo (4.335) 
where clearly p: + p! =1. 


It is instructive to calculate the amplitude of vibration of the particle, AP(t). This 
may be done 


by integrating Eqn. (4.329) (neglecting the exponential term), to get: 
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AP(t) = UO uP (cos(<1>)-cos(ro t-<1>)] (4.336) 
0) 


Thus, the maximum amplitude is Ugo pP/ ro. Talcing the 
following values: 


E = 1100 W p = 1.5x10-s kg m- 


m-?, 1 1 _ 
Pg = 1 kg m3, — pp = 1000 kg 
'V — 5/3, P, = 105 N m-2 


we find c =408 m sec-! and U =2.3 m sec-'- The maximum 
amplituge is then: 


(3.7 x 10°) 1/2 


] 
Apma® £ [1+ (8.6 x10--9) (fa)2 (4.337) 


where ro=21tf andaisinpwm. If we choose a frequency of f=5 kHz, 
then for a=l, 10, and 20 pm we find that Ap,max=74, 16, and 8 pm, 
respectively. For an aerosol density of 10'* particles m-3, we have an 
average interparticle distance of (10-'4''3=21 pm. It is clear that the 

rate of coagulation will be quite low for sufficiently high frequencies and 
radii, simply because the amplitude is substantially less than the interparticle 
distance, i.e. a particle will vibrate but there will be no partner within a 
distance Ap.mee: 


A further quantity of interest is the Reynolds number based on the 
maximum particle velocity. This will tell us in which flow regime the 
particle lies. 


The Reynolds number is defined as: 


Re=-03.." C.- = 
is (4.338) 
which, for the data shown above, 
leads to: 
Re= (0.15)a i12 
[1+(8.6 x 10-9) (fa)2] (4.339) 


where a in microns. For low frequencies such that (8.6xl0-°)(fa)?<<1, 
we see that particle sizes are confined to a<<l ym. However, for higher 
frequencies the Reynolds number decreases and use of slow viscous flow 
theory becomes more accurate. 


If we assume that two particles are present in the gas with velocities, 
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UPs and U pp, 
respectively, then the instantaneous collision rate will be: 


F =1t(at+ b}21upa -Upbl (4.340) 


The total collision rate over half a cycle, 1t/ro, is: 


F=1t(at+b)2 /rodtlUPs*-Upbl 
1to (4.341) 
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Figure 4.14: Trajectories of small particles as they oscillate 


about a large particle. which is the coagulation kernel K(a,b). Now 
with: 


pv -U l-u {sin(cot-<1>.) sin(cot-<1>b)} 
po Pp gO (I+co21:;)"2 (lt+co2 


rr (4.342) 
, 1:;)"2 
find: K a ; 
AY 2 Ugo(at,, b)2col! || 
Uh 2 Vi2- 5 
#002 12,2 +0 “re 2” "o (4.343) 


Wiliams | 1873). Its afer seeng Ie Nae tas SOR ety eee Hea 
ro=I/(‘ta'tb) . Thus, for 1 pm particles 

colliding in air at STP we find COmax=4000 sec-' or roughly 700 Hz. The 
physical explanation for the maximum is fairly straightforward. For small 
co,:, the particles move virtually in phase with the gas and the average 
velocity differential between them is small. Thus the chance of collision is 
small. On the other hand, for large co,:, particle inertia prevents them from 
responding to the motion of the gas and they remain more or less 
stationary. Again the chance of collision is small. At intermediate values of 
co,: there is an optimum phase and amplitude difference for a maximum 
collision rate. Of course, the best situation, as far as mass differential is 
concerned, is when one particle is large and the other small. 


In the derivation of the coagulation kernel, the effect of fluid forces was 
neglected. Important details such as these have been thoroughly discussed 
by Mednikov [1965) in his classic treatise on acoustic coagulation. 
Mednikov has proposed that an important mechanism for particle 
coagulation is due to a so-called orthokinetic interaction. In this process, 
small particles are collected by larger ones because of the relative 
oscillating motion arising from the applied acoustic field. This is not 
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dissimilar to the processes occurring during gravitational sedimentation. 
Thus, if we consider the trajectories of small particles as they oscillate 
about a larger particle, we have the situation depicted in Fig. 4.14. 


The smaller particles will not move in straight lines because of the fluid 
forces and there is a collision efficiency, defined as: 


a+b (4.344) 
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There is also a critical trajectory, denoted by the bold line, which encloses 
a coagulation volume. The critical trajectory is one in which the smaller 
particle makes a grazing collision with the larger one. Any particle within 
this critical trajectory, i.e. inside the critical volume, will be captured. 
Once the critical volume is 'swept clean' it is refilled by parakinetic and 
attractive hydrodynamic interactions after every oscillation. Other 
mechanisms such as acoustic turbulence, also play a role in the filling 
mechanism. 


Once the collision efficiency, E, has been obtained, the coagulation kernel is 
rewritten as: 


K: (a,b) = a EKA (a,b) (4.345) 


where a, called the refill factor, is due to the parakinetic and 
hydrodynamic mechanisms mentioned above. However, little is known 
about it and it is usually set equal to unity. 


Some experimental work has been carried out by Brandt and Hiedemann 
[1936] and Neumann and Norton [1951] to verify the orthokinetic 
interaction. However, since the data are limited, no firm conclusions can 
be drawn although the results certainly point to qualitative agreement. In 
particular, it is found that Ke depends directly on Ugo and is therefore, by 
Egn. (4.326), proportional to the square root of the sound intensity. 


In addition to orthokinetic interactions, there are other mechanisms operating 
during acoustic coagulation. This must be so, otherwise the application of a 
sound field to a monodisperse aerosol would not lead to any significant 
coagulation, i.e. if 't.='tb, then K=O. In practice this is not the case since 
experiments indicate that relatively monodisperse aerosols do, in fact, 
undergo substantial coagulation in both standing wave (Shirokova [1970]) and 
travelling wave (Shaw and Tu [1979]) fields. This is believed to be due to an 
enhancement of coagulation by diffusion. 


An expression for the acoustic coagulation kernel has been obtained by Shaw 
and Rajendran [1979] by drawing an analogy with gravitational coagulation. 
The arguments are based on a dimensional analysis and the introduction of a 
hypothetical sphere, the radius of which gives the same gravitational 
settling velocity when falling in a gravitational field as does the actual particle 
of radius, a, when oscillating with average flow velocity, ppUgoe Analytical 
results are produced for the collision efficiency, but the formulae have not 
been tested experimentally and some of the arguments are open to criticism. 
Indeed, Mednikov [1965] advances strong arguments which suggest that 
the motion of a particle in a sound field is radically different from that in 
gravitational settling. 


A consistent approach to sonic coagulation based upon Stokes flow is 
possible if we employ Eqns. (4.196) and (4.197). These equations relate the 
velocities of two interacting Stokesian particles subject to forces, F; and 
F2- Bearing in mind the relative fluid motion of the sonic field, Ug(t), we 
see that the particle trajectories can be derived from: 


Ul -Ug =-ml bll .iJl -m2 
and: 
b12.iJ2U2- UG =-ml 21. 


iJl -m2 


346) 
(4. (4.347 


where the forces are simply the inertia terms and Us(t)=kKU 0 sin(cot). For 
noninteracting particles, these equations reduce to Eqn. (4.328) but, for tte 
general case, they require numerical solution. The coagulation kernel arises 


from an appropriate time average of the relative velocities. 
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Figure 4.15: Trajectories of two spheres moving towards each other. 


It is worth noting at this pout that much of the early work on sonic 
coagulation, assumed that the particles interacted according to ideal fluid 
dynamics. Thus, using Bernoulli's law, it was possible to derive forces 
between the particles. This was done by Konig [1891a,b] using the theory 
of Bjerknes [1915] and the following results were obtained for the force 
components: 


F,= lt pg a’ eAaw’3 [¢ @l 
2r (4.348) 


3x 3.3772 3 
F, = — a, a, U~. sin(28 
2 r’ Pe Bee ( ) (4.349) 


where 0 is the angle that the line of centers makes with the direction of the sound 
wave. 


In fact, it is readily shown that the flow around particles in a sonic field is 
certainly not ideal and depends strongly on the viscous nature of the 
medium. It is evident, therefore, that Bernoulli forces are not appropriate. 
However, the criterion defined by Eqn. (4.338) regarding the Reynolds 
number should be born in mind since, if Re becomes too large, it may be 
necessary to modify the Stokes approximation. 


4.17Trajectory analysis 


As we have noted above, due to the fluid forces generated by the motion of 
two particles as they pass by each other, there is a mutual deflection of 
their trajectories. This leads to a modification of the collision probability 
that would be expected on purely geometrical grounds. In order to 
incorporate this into the diffusion-advection equation or indeed to carry 
out any calculation of the collision dynamics, it is necessary to obtain the 
actual trajectories of the two particles. In this way the limiting condition of 
a grazing collision can be obtained. Fig. 4.15 shows the dynamical 
situation, with sphere 2 and sphere 1 moving towards each other. The 
impac r, Ye, defines the limiting situation and the collision 
efciee ={ Ye en by: 
a, +a, 


(4.350) 


Clearly, to obtain the grazing impact parameter, it is necessary to solve the 
equations of motion of the two particles. 
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This problem first assumed importance in the field of meteorology where 
it was necessary to calculate the rate of coalescence of raindrops. It is also 
important in filter design. Much of the pioneering work was carried out by 
meterologists and geophysicists. The early recognition and quantification 
of the collision efficiency was that of Langmuir [1948]. His result was 
crude and was soon superseded by improved methods (e.g., Pearcey and 
Hill [1957], Shafrir and Neiburger [1963], Atkinson and Paluch [1968], 
Beard and Grover [1974], Pitter and Pruppacher [1974], Lin and Lee 
[1975], Schlamp et al. [1976], Wang et al. [1978], and Grover and Beard 
[1975]). These papers solved the equations of motion with various fonns of 
interparticle force and sometimes with electrical forces present. 
Concurrent with these investigations, more detailed studies of the 
collision efficiency, employing improved inter particle fluid forces, were 
carried out by Hocking [1958, 1959], Davis and Sartor [1967], Hocking 
and Jonas [1970], Jonas [1972], Klett and Davis [1973], and Pertmer and 
Loyalka [1980]. 


Much of the early work in the calculation of trajectories, especially that in the 
meteorology area, made use of an approximation scheme as follows. It is 
assumed that the drag force on a sphere of radius, a, moving with a 
velocity, V, in a fluid is given by: 


F, = -6ltap(V- U) (4.35 


where U is the velocity that the fluid would have in the position of that 
sphere due to the other one if the first were not present. The fluid fields 
can be calculated to any desired degree of accuracy for isolated particles 
and can include effects arising from the nonlinear terms in the Navier- 
Stokes equations, i.e. deviations from Stokes flow. Nevertheless, the 
interaction effect is neglected. 


Using this procedure, the equations of motion for the two spheres falling 
under gravity may be written: 


m, w =m, g-61ta, n(V, -U,) 


and: 
(4.352). 
m,4.V? = m, g- 61t a, p'V,- U? 
dt ‘ (4.35 
where g is the acceleration due to 
gravity. 


Using a Cartesian coordinate system, these equations may be solved 
numerically with the additional equations: 


V, = dij 
dt and V2= dr2 
dt (4.35 


Trajectories are followed until grazing collisions take place. This 
determines y, and hence the collision efficiency, e=(ycf(ai+az))2. 


We shall not discuss the results of these early studies because most of 
them involve assumptions that can now be relaxed. In particular, as we 
have seen from the work in Chapter 2 on two sphere interactions, we now 
know the interparticle force law with some accuracy except perhaps for 
very small gaps and very small particles. Hocking and Jonas [1970] first 


~ 


a 


~~ 


used the complete set of interparticle forces derived above to calculate 
the trajectories of two spheres falling under gravity. To illustrate their 
procedure, we write the equations of motion for the two spheres of 
masses, m; and m», and radii, a; and a, as: 
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a, V, =m, g-F,, | (4.355) 
and: 

an, V, =m, g-Fp, | (4.356) 
where Fm are the drag forces. Using Eqns. (2.358) and (2.359), the equations 
of motion 
become: 

n, V, =m, g—-k,, + V,—k,,«V, (4.357) 
and: ; 

n, V, =m, g—k,, V,-k,,°V, (4.358) 
We note in passing that, for particles sufficiently small, the inertia 
terms, m;V;, may be neglected. In this case the equations simplify 
considerably and are the basis of calculations reported by Wacholder 
and Sather [1974] and Batchelor [1982]. In general, however, and 
especially for aerosols, this simplification is not valid. Indeed, we shall 
see below that even Stokes flow has its limitations for sufficiently large 
particles. For the moment, however, we consider Eqns. (4.357) and 
(4.358), where: 


rr 
«,, = 3mp (a, +a,) 8,5 +T,0 1-5} 
; T T (4.359) 
Now, in order to solve Eqns. (4.357) and (4.358) numerically it is 
convenient to change to a Cartesian system of coordinates as shown in 


Fig. 4.16. 


If we recall that r is the interparticle distance, then we may write: 


r= i (& -xz) +j(y, -yJ 


=ix+jy But, from 
Eqns. 
Thus, r2=x’+y2. We may also write the particle velocities as: (4.359) and 
(4.360), we 
Vv, =iV,,+jViy find: 


and: ; : 
V, =i V,, +jV.,| 


Egn. (4.357) then becomes: 
m (i Mix +jV,)= m, gi-k,, (i Via +4Vy)—ki (i Vox +4V2y)| 


To obtain the equation for V,., we take the dot product with i to 
get: 


m, V,, =m, g-iek,, ei V,, —iek, ¢j V, —iek,, i V.,~iek, ©J V,,| 


21 


(4.360) 


isk, i= 3nu(a,+4)| 


21 


Aerosol Science: Theory and Practice 


ie ki j = 31t p(a;+ ai)[Sii -| | Xi, 


This leads to: 


Bar wg} thak's it Sah 12 vis V2. vly 
r r 


r 


2 2 
ato Big any*Sx2 2+ T:2 ? Vax-31typ Y V2y 
110 1177 
OE r 2 : (4.361) 


Similar reasoning leads to: 


2, 2; 
m1‘Vly=-61tpal ‘S11-T11)*-2Y V1,-61tpal (S$1¥12+%%*12> vly 
r r r 


-31t p(al+ a2) (s12 -T12) XI vh - 31tp (al +a2) (s12 


; ; t , (4,362) 
i+ v2 Xefvay 
2 
(x ya) yd 
y 
m2 Vz. = m2 g-31typ(al +az) $21 2+T212 Vix -37t p (al +a2 
$21 -T21 *2 vly 
r 
x? 2) xy 
-61tp $222 + Vz.- 61t p a2 (S22 - T22 )-2 
a2, T222 
r r Vay (4.363) 


and r 


m2 yoy = -31t w(al+ a2) (s21 -T21)*2) V1, -31t p(al+ a2)! 212% + 
T212 vly 
r r r 


2 2 
-61t p a2 (S22 -T22*)J-2 Vz. -61t p a2 'S22V mje TIDE Vy 
y : y (4,364) » 


In addition we have: 


dx-V .-V 
dt 


ae _d sy Viy -Voy 


(4,365) 


These equations have been solved numerically by Hocking and Jonas 
[1970] using the following procedure. They start with a large value of the 
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x-variable so that the particles are well separated and use successively 
smaller values of y.. For each trajectory, the minimum ; 

distance of approach is found. critical value, y,. is found for which r- 
aj-a2=0, where 0 is asmall, but arbitrary, distance. It is necessary to use 

a finite value of O because it is known that 

the theory for calculating the forces fails when the spheres approach very 
closely to one 


nother. For the calculations reported b ockin onas, a value of 
Se eee chosen, and Jonas chong that o.and Jona results are 
sensitive to the value of O, its effect is largest for small collision 


efficiencies which are unlikely to lead to large numbers of 
collisions. 
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Figure 4.16: A Cartesian coordinate system for two particle motion. 


Nevertheless, this is an unsatisfactory situation and in order to mitigate 
the error, Jonas [1972] has employed Hocking's [1973] slip corrected 
values for the forces as described in Chapter 2. This shows that for spheres 
approaching each other with a relative velocity, V12, along their line of 


centers, the forces for very close separation are given by: 
4 =6npa, Vp f,| 


where: 


__ 24% 1 {(1+) In(1+B)-B} 


(a +a,) h B* (4.366) 


=6Ag/h, and h is the gap distance. 


2 
Now, for no slip, where O, f=aja;l{(aj+az2) h}=(. Thus, for 
particle motion 
along the line of centers with no-slip, if the forces acting on the particles are: 


F, = 6m pa, (k, U, +k, U2) (4.367) 


and: 
F, = 6m pa, (k, U, +k, U,) (4.368) 


then we can modify these equations, for very close separation, to the form: 
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Fl= 61tpal { ul (k1 -fl+ £)+U2 
(k2 +fl-Q} (4.369) 
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Figure 4.17: Calculated collision efficiencies for cloud droplets. The 
results are shown for several values of the larger droplet 
radius. The solid lines are those obtained by Jonas [1972] 
(with slip corrections) and the dashed and dotted lines are 
taken from the results of Hocking and Jonas [1970] for 
values of, 

E=10-4 and 10-~respectively (E=O). Adapted from Jonas [1972] with 

permission of the Royal Meteorological Society. 


F2 = 61tpra2 {Ur kB + f2- f) + U2 | 


(4.370) 
k4- f2 + f;)} 


In arriving at this result, we have noted that as h-)(): 


uF wr k3 f; and kq -f 


Thus, for large h, both fi and ( are negligible, but for small h, the singularity in 
ki is cancelled 


by the appropriate value of ( and the behavior near h O replaced by the 
more realistic behavior oft This is not rigorous but is better than the pure 
hydrodynamic theory. 


As far as the motion of spheres travelling perpendicular to their line of 
centers is concerned, the problem is less sensitive to the gap distance, but 
the calculation of the slip correction is more difficult. Hocking's results 
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show that, up to a gap width of one mean free path, the slip and no-slip 
values of the force are very close. A linear interpolation was therefore used 
between a gap width of one and two mean free paths. 


Using these modified expressions for the forces and a value of the mean 
free path of 0.1 pm, Jonas [1972] calculated the collision efficiencies of 
cloud droplets by a method similar to that of Hocking and Jonas [1970]. 
The results are shown in Fig. 4.17 for various size ratios. 
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uy 


2 7) 


Figure 4.18: Two spheres moving with the velocities, u; and v;. 


The sensitivity of the results to the value chosen for 6 is clear. We also note 
that the collision efficiency becomes smaller for smaller droplets. It appears 
that inclusion of the slip effect leads to significantly higher values of 
collision efficiency. A semiempirical rule deduced by Jonas is that the no- 
slip equations can be employed provided that the minimum gap distance, 
O=(1.3)11.g. This suggestion is in accordance with some ideas of Hocking 
[1973). 


One of the limitations of the work described above is that it is restricted to 
very small Reynolds numbers, strictly speaking vanishingly small values, 
although in practice up to about Re==0.5 can be considered. Nevertheless, 
for large particles, there will be deviations from Stokes flow and it is 
therefore important to assess the errors involved. 


In order to study this effect, Klett and Davis [1973] have made 
extensive use of the Oseen approximation in which the Navier-Stokes 
equations are replaced by: 


»U, «(Vu)=—-Vp+p V'u| (4.371) 
ie., some aspects of fluid inertia are retained, with the fluid velocity at 
infinity playing an important role. In fact, Oseen's equation has been shown 
by Carrier [1953] to represent experiment better if U_ is replaced by cU_ 
where c is an empirical constant. 


The argument for such a parameter is that since Stokes' theory neglects 
inertia altogether, while Oseen's theory overestimates it, at least in some 
regions of the flow, some compromise between the two limiting cases 
might be found, at least in an average sense, by introducing a 
semiempirical constant. It was found by Carrier that a value of c=(0.43) 
would lead to the vanishing of the integral of the difference between the 
exact and approximate forms of the convection terms over the whole field 
of flow. It was then found that the Oseen values of drag on spheres and 
cylinders could be used provided that the Reynolds number, Re, was 
replaced by cRe. The drag was then in good agreement with experiments 
in the range, 0.5<Re<20.0. 
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The drag forces for two spheres with the Carrier-modified Oseen 
approximation have been calculated by Klett and Davis [1973]. Fig. 
4.18 shows two spheres moving with the velocities, u; and v;. 


The components of the forces relative to the line of centers are found to be (after 
linearizing): 


Fs 31t Ha, [c,, (u, + Uz)+ Cy2 (uy- U2) +Ci3 
(v1 + V2)+Ci4 (vy -V92)) (4.372) 
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Table 4.6: Comparison of force coefficients from Klett and Davis in 
the limit of zero Reynolds number with corresponding 
values (in parentheses) according to Stokesian 
hydrodynamics. Adapted from Klett and Davis (1973] with 
permission of the American Meteorological Society. 


h/a Cc C12 C23 C24 
Uu 
5.0 0.826 1.270 0.903 1.123 
(0.826) (1.270) (0.902) (1,123) 
0.5 0.652 2.158 0.752 1.499 
(0.653) (2.772) (0.754) (1.512) 
0.05 0.619 2.606 0.703 1.738 
(0.648) (2.711) (0.714) (1.886) 
F/ = 31tp ailC21(uit+ u2)+C22 (u1- (4.373) 
u2)+C23(v1+v2)+C24 (v1-v2)] 
F * =31tpa2[C31(u1+u2)+C32 (ut-ui) (4.374) 
+C33(v1+v2)+C34 (v1-vi)] 
an 
d: Fo. =31tpag[Ca1(u1+u2)+C42 (u4-ui) (4.375) 


+C43(v1+v2)+C44 (v1-vi)] 


It is interesting to note that the forces along the line of centers depend on 
the velocities perpendicular to the line of centers as well as on those along 
the line of centers. Similarly, the forces perpendicular to the line of centers 
depend on the velocities along the line of centers as well as on those 
perpendicular to it. For pure Stokes flow, the cross terms Ci3, C14, C2: 
C2. all vanish. 


Table 4.6, which is a se eclon from Klett and Davis [1973] for a1=a2, 
shows the resistance terms , with the Stokes value in brackets. Of 
course, in general, the Ci also depend on the Reynokts, numbers for the 
two sphere problem. The values given here are in the limit of 
vanishingly small Rei. we also note that for the case of equal spheres 
C31=Ci1, C32=-C12, C43=C23, and C44=-C24¢ 


It is clear that very strong deviations arise at small separation especially 
for C12and C32which refer to equal anti-parallel motion along the line of 


centers. 


Collision efficiencies based on these results for small Reynolds numbers 
were calculated and compared with the purely Stokesian results of Davis 
and Sartor [1967]. Fig. 4.19 shows the results and while the curves at 
a1=30 um are close, those for 10 pm and 20 pm are very different. Of 
course, these calculations do not include any slip effect and therefore must 
remain tentative. 
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The new forces derived from the Oseen calculation can also be 
employed in the small but nonzero range of Reynolds numbers. This also 
leads to a more realistic motion of two equal particles which according to 
Stokesian theory will remain in the same relative positions. However, 
Oseen's theory predicts a finite relative velocity, which is in accord with 
experiment (Jayaweera et al. (1964] and Hocking (1964)). 


Using the nonzero Reynolds number drag coefficients, Klett and Davis 
computed collision efficiencies for particles in the size range 
10<a1<70 pm (or equivalently 0.01<Re<2.0) 


227 


Coagulation Kernels 


corresponding to vee crows in air at 900 mbar and 273 K. The 
results are shown Fig. 4.20 together with the Davis and Sartor 
results which employed Stokesian drag. Although some of the results 
contain uncertain numerical errors (shown dotted), it is clear that there are 
significant differences. Also, none of the curves exhibit low mass ratio 
cutoffs, i.e. values of mass ratio below which the collision efficiency is 
zero. This spurious effect was predicted by Hocking's early analysis 
(Hocking [1958, 1959]) and was due to inadequate representation of the 
drag as a function of interparticle distance. The new collision efficiencies 
are larger than the Stokesian values for all droplet sizes, with a marked 
tendency for an increase (above unity) as the size ratio approaches unity. 
This is attributed to an inertial effect which leads to a closing velocity 
between nearly equal pairs of droplets. 


A more recent and extensive series of calculations of collision efficiencies 
has been carried out by Pertmer and Loyalka [1980]. Their method is 
similar to that described above but employs different drag forces in 
different ranges of Reynolds number. This study, which is applicable to 
fast reactor safety, covers a mass range of 0.25 pm to 100 pm for sodium 
spheres. For Re<l Stokes forces are used while for Re>l Carrier- 
modified Oseen forces are employed. There are also corrections made for 
the particle density as the size increases to account for the lack of 
compactness of the aggregate. 


The calculations solve the equations of motion, but since the actual 
values of the collision efficiency are to be used in an aerosol calculation, 
as described in Chapter 5, it would be inefficient to have to make such 
calculations for every a; and a2: For this reason, the results are calculated 
at certain values and then a cubic spline fit is made to interpolate for 
intermediate values. Many numerical results are given by Pertmer and 
Loyalka but a useful summary can be obtained from Figs. 4.21 and 4.22 
which are for Stokes forces and a range of particle radii from 0.5 ym to 
60 pm. Fig. 4.23 shows the collision efficiency using the Oseen drag 
forces in one case, ai=60 pm, for the Stokes drag. It is clear, as was also 
noted by Klett and Davis, that Stokesian dynamics leads to a significant 
underestimate of the collision efficiency and, moreover, does not show 
the marked increase near mass ratios of unity. 


Pertmer and Loyalka also give some attention to the superposition method 
which is potentially valuable because of its simplicity. The fluid fields 
were obtained from the stream function of the Stokes approximation and, 
therefore, the radius of the larger particle was limited to less than 60 pm. 
Results are shown in Figs. 4.24 and 4.25 and, when compared with the 
‘exact' Stokesian results of Figs. 4.21 and 4.22, show a similar behavior. 
This gives some confidence in the superposition method although its 
extension to higher Reynolds numbers remains to be explored. 


Finally, Pertmer and Loyalka compare their calculations with those of other 
workers, mainly from the atmospheric sciences. For example, Fig. 4.26 
shows a comparison with the Stokesian regime of the work of Jonas 
[1972], and Hocking and Jonas [1970]. They note that good agreement is 
obtained for ai>20 pm, but for smaller values noticeable differences occur. 
These differences are attributed to errors made by Hocking and Jonas 
in the numerical integration of the equations of motion. Gear's method, as 
used by Pertmer and Loyalka, is far superior to the techniques used by 
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Hocking and Jonas due to the stiffness of the equations which becomes 
more pronounced for smaller radii. 


Fig. 4.27 compares results using the Carrier-modified Oseen forces. 
Agreement is seen to be good and, in addition, Pruppacher and Klett 
[1978] have already shown that the theory is in good agreement with 
experimental data. 


As a general conclusion, we note that the gravitational collision efficiency 
is very sensitive to the nature of the drag forces acting on the particles and 
it is important that these be known accurately. Clearly, the best drag force 
to use in the light of current knowledge is the Carrier modified Oseen one. 
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Klett and Davis [1973] with permission of the American 


Figure 4.19: Comparison of collision efficiencies 
Meteorological Society. 


according to the formulation of Klett and Davis 
[1973] in the zero-Reynolds number limit with 
Davis and Sartor's (1967] Stokesian values. The 
full line denotes the Stokes flow and the dashed 
line the Re=O limit of Oseen flow. Adapted from 


Figure 4.20: Collision efficiencies 
according to the method of Klett and Davis 
(1973] (solid and dotted lines) and the 
Stokesian treatment of Davis and Sartor 
[1967] (dashed lines). The dotted portions 
of the curves represent regions where the 


results are of doubtful accuracy, owing to the 
large number of integration steps required in the 
computations. Adapted from Klett and Davis 
(1973] with permission of the American 
Meteorological Society. 
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Figure 4.22: Gravitational collision 
efficiency,E, versus a, Stokes drag forces P; = 

(ai Adapted from Pertmer and Loyalka 
Pg 0] with permission of the American Nuclear 
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Figure 4.23: Gravitational collision efficiency, €, 
versus a, Carrier-modified Oseen drag forces pi= 
p(a). Adapted from Pertmer and Loyalka [1980] 
with permission of the American Nuclear Society. 
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Figure 4.26: A comparison of the GCEFF results 
with the work of atmospheric sciences (Stokesian 
drag forces). Adapted from Pertmer and Loyalka 
[1980] with permission of the American Nuclear 
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Figure 4.27: A comparison of the GCEFF Society. Full line-Klett and Davis [1973]; Dashed 
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4.18The coagulation of nonspherical particles 


We have seen how to calculate the coagulation’ kernels, K(a,b), for 
spherical particles of radii, a and b. In practice, however, aerosol 
particles are rarely spherical. It is therefore of some importance to 
investigate the influence of nonsphericity on the coagulation process. 
This is usually done by means of shape factors as discussed in Chapter 
2. However, before commenting on this procedure, it is useful to outline 
an approach based on a more fundamental, although perhaps less 
practical, procedure. 


Booth [1954] considered the problem of the Brownian coagulation of 
spheroidal particles. The procedure uses the diffusion equation as 
discussed in Section 4.5 but, because of the nonspherical symmetry, the 
boundary conditions and the diffusion equation become more difficult to 
solve. Moreover, the diffusion coefficient becomes a function of the 
orientation of the particles with respect to the direction of diffusion. 
Also, Brownian motion constantly changes orientation, an effect which 
occurs for spheres but can be ignored due to symmetry. 


As a result of these complications, we do not expect a complete solution 
unless fairly severe approximations are made. Nevertheless, for aerosol 
units which differ considerably in size, quite reasonable results are 
obtainable. The main restriction is that the shapes considered fall into a 
category for which the diffusion equation is separable (the spheroid is 
one such case). Three cases have been studied by Booth; (i) coagulation of 
large spheroids with small spheres; 

(ii) coagulation of small spheroids with large spheres, and; (iii) coagulation 
of small and large spheroids. We note that Booth's calculations are for 
colloids, however the same principles can be used for aerosols. 


4.18.1 Coagulation of large spheroids and small spheres 


We consider prolate spheroids with long axis of length, A, and short axis 
of length, B. The spheres are of radius, S. It is assumed that A, B>>S 
and that the spheroid is stationary. The 


diffusion equation, V’?C(r) = 0, must be solved with the boundary 
conditions, C=C_ at r=oo, and with C=0 on a boundary which is the locus 
of the center of a sphere of radius, S, rolled over the surface of the 
spheroid. The analytical form of this surface is complicated, being 
determined by an equation of the fourth degree. In view of the size ratio 
of spheroid to sphere 

it is, however, close to a spheroid of surface S® with axes A+S, 
B+S, and B+S (see Fig. 4.28). 


In terms of the spheroidal coordinates, u and v, we may write (see Chapter 2 
for definitions): 


x Sapa? Ly e's 


Vv" )1/2 


: and z=auv 
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The coordinates, u and v, are such that, -l<v<l and uo<u<o. aand uo are 
given by: 


“oe eS BTS were 


Uo defines the surface, S®, of the extended spheroid and the diffusion equation 
takes the form: 


a. 
Dy ( ‘ae -1 ) a Gis 2) -ac] =0 
-A4LC V 


au au av av (4.377) 


The solution, subject to the boundary 
conditions, is: 
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B+S 


A+S 


Figure 4.28: The boundary which is the locus of the center of a 
sphere of radius, S, rolled over the surface of a prolate 
spheroid with long axis of length, A, and short axes of 


length, B. 
C=C [1- 
Qo) (4.378) 
wher 7 
Qo(uo) 
(4.379) 
Q (u) = hin V- 
+1) 
u-1 
The flux of spheres onto the spheroid is 
therefore: 
j=-n foacl as 
s AN w (4.380) 
which leads to: 
J= Alta 
DC_ 
Qo(Uy) (4.381) 


The corresponding coagulation kernel is J/C_. The result is illuminating 
because it shows that the greater the deviation of spheroids, of fixed 
volume, from the spherical form, the more rapid is the coagulation. This 
may be demonstrated by calculating the ratio: 


R p213 
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t) 

Zs= In(2p) (4.382) 
where p=A/B>>1. In this formula, R_ is the effective radius of the larger 
particle and is ° 
defined as the radius of a sphere which would give the same value of J as 
the spheroid. RO is the radius of a sphere with the same volume as the 
spheroid. 


The result obtained in Eqn. (4.381) ignored the Brownian motion of the 
spheroid. The correct way to account for this would be to replace D in the 
diffusion equation by the sum of the coefficients for sphere and spheroid 
in the direction connecting (u,v) with the center of the 
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spheroid. This, however, makes the diffusion equation impossible to solve 
analytically in any useful manner, because D is then no longer a constant. 
The only practical solution is to add to D in the final result the value of 
the average diffusion coefficient for spheroids. That is (see Section 


kt ]1, Pln[p+(p?-1)"| 
+ 


6ru}S  a(p*—1)" (4.383) 


We have also neglected rotational Brownian motion. This has the effect of 
changing the orientation of the long axis of the spheroid as time proceeds. 
The condition that this may be neglected will be that the spheroid has 
rotated through a very small angle in a time during which OC/i/t is small. 
Quantitatively this means that : 


a? 
-<= <--->----,- 
A 1tDQ (uo) 


which is generally true. 


This concludes the discussion of case (i) except to note that the case of 
oblate spheroids can be dealt with in a similar fashion with the result: 


J= 41tC_ Da 


1 
tan-'(u,) (4.384) 


wher me 
e: u = (B+S) [A? -B? +2S(A-Bf 


0 
A is the length of the long axis, and B the length of the short one. If we 
wish to correct the diffusion coefficient we must write: 


kT V1 ptan“{(1-p*)”/p} 
= + 


alli A(1-p’)’ (4.385) 


Booth [1954] shows how the above calculation may be extended to the 
case when an interparticle force is present. 


4.18.2 Coagulation of large spheres and small spheroids 


Consider now a large stationary sphere of radius, S, and spheroids 
diffusing towards it with two equal axes of length, b, and the other of 
length, a. The sizes are such that, S>>a, b. Since the coefficient of 
diffusion of the spheroids depends on their orientation with respect to the 
direction of diffusion, it is convenient to represent the concentration by 
C(r,0). Here, ris the distance from the center of the sphere and 0 is a well 
defined polar angle. In this case, the diffusion equation becomes: 
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Dle)[ 3-~ C(r e)]+ kT j [sin(O) j Cir e)] = 0 
r af Or Cb sin(0) ae ae , (4.386) 
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Figure 4.29: The angle, 0, relating the orientation of a spheroid to the 
direction of diffusion. 


D(0O) is the coefficient of translational diffusion when the axis, a, of the 
spheroid makes an angle 0 with the direction of diffusion as shown in Fig. 
4,29. 


D(0) is given by: 


D(0) D. Db (4.387) 


where D. and Db can be deduced from the results in Section 2.11. Cb is the 
rotational friction coefficient for rotation about the b-axis (Perrin [1934, 
1936] and Sadron [1953]). The boundary conditions are: 


C all 0, Lr 00 
21t on r= St+[a? cos*(0)+ b? (4 388) 
C=0 sin2(0)]1" | 


A general solution to this problem is not available. A simple approximation, 
however, is to replacer in Eqn. (4.388) by its mean value, r. C is now 
independent of0 and its value is: 


cc (1-;) 


The coagulation rate is therefore: 
23 


(4,389) 


1=Altc YF fi(e) (4.390) 


wher 
e: 


23 


Coagulation Kernels 


ee = 2) 7 
Tplnipt+(p? D1 
D(0-) 6 2 p> 
nya p*- 1 (4.391) 
1)"2 
_ k_Tptan_[(t- “7 
2 p <1 
py" pl 
nO aaauaiegs (4.392) 


This solution should be approximately correct since, if we neglect the 
rotational Brownian term in Eqn. (4.386), the solution is: 


C(r,0)=C,, [ -* {s +(a” cos?(@) + b’ sin*(@))} | (4.393) 


which gives much the same value for J if S>>a, b. The effect of Brownian 
rotation will be, therefore, a smearing of the angular dependence which 
would lead C to lie somewhere between Eqns. (4.389) and (4.393). Booth 
shows how the above work may be extended to incorporate a radial 
potential. 


4.18.3 Coagulation of large and small spheroids 


This case may be developed by combining the methods of the other two 
cases. For example, (u,v) coordinates, fixed with respect to a large 
spheroid, are used to specify the centers of the smaller spheroids while 
their orientation is determined by the angle between the axes and the 
normal to the spheroidal surfaces, u=constant. 


More recent contributions to coagulation between spheroids and spheres 
have been made by Tuttle and Loyalka [1985a,b,c]. In this work, the flow 
of fluid around an oblate spheroid is obtained numerically. This flow field 
is then used to calculate the collision efficiency between spheres and 
spheroids using the superposition method for the interparticle forces. 
More precisely, the forces on the sphere are obtained by assuming that 
its local velocity field is a superposition of that due to the sphere alone 
and that due to the spheroid alone. Similar calculations are made for the 
forces on the spheroid. 


Results of these computations indicate that it is inappropriate to 
assume that agglomerates collide with the same efficiencies as spherical 
particles. A collision shape factor is introduced with which the spherical 
gravitational collision efficiencies must be modified. These factors are quite 
substantial in most cases, especially for highly distorted plate-like particles. 
The work of Tuttle and Loyalka follows closely that of Pitter and 
Pruppacher [1974] who examined the collision of supercooled water 
droplets with ice plates. 


Recent results of Lee and Shaw ae show a strong shape effect for 


Brownian coagulation of fibrous-like particles. This work uses the 
concept of the effective collision diameter, dr. Then, assuming an 
equal orientation probability for the rod-like structures, a value of 
d.rris obtained in terms of an average over P(0,cj>), the orientation 
probability. The value of d tr for 

the collision between two rods of lengths, 1; and 12, and 

diameters, d, and d2, is: 


fe 9f Lot 2 ds - di (12 + do) / La FAT +¥% 1t? L 
- 21t d> 12 Lot derr- 1t[4L +1;-(I,+d,)L,1 


(4.394) 


where L?=d?+12. For a monodisperse aerosol where 1>>d, we 
find derp(3/4)1. 
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Lee and Shaw proceed by noting that according to Fuchs [1964], the 
calculation of the current of particles onto a body is analogous to the flow 
of electric charge (both of which are related to Laplace's equation). Thus, 
the coagulation kernel, K, is given by: 


K = 27t (Di + D2) CE 


where CE is the electric capacitance of a conductor having the same shape 
as the absorbing body. The rods are regarded as prolate ellipsoids with a 
semi-major axis of length, a=li/2+derr, and a semi-minor axis of length, 
b=derr- In this case: 


(a2 - b2)1'2 


CE= 1 {[a +(a2 - 
b2f2Fb} (4.395) 


D,; and D2gcorrespond to the Brownian diffusion coefficients of randomly 
oriented rods. This result is clearly quite complex and would not fit 
conveniently into a formalism which requires’ spherical particles. 
Nevertheless, it is of some interest in dealing with coagulation between 
dendritic shapes. 
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CHAPTERS 


Methods of Solving the Dynamic Equation 
5.1 Introduction 


The equation describing the behavior of aerosols is a nonlinear, integro- 
differential equation of considerable complexity. If all of the deposition, 
condensation, and coagulation mechanisms are included, it is clear that 
the only feasible method of solution is a numerical one. Indeed, in practical 
calculations this is the procedure and many computer codes exist which 
solve the dynamic equation using finite difference or finite element 
methods. We shall discuss the basis of such methods later in this 
chapter. 


A major drawback of numerical methods is the vast amount of computer 
time necessary to obtain a useful survey of all the relevant parameters. 
This causes difficulty in gaining physical insight into the problem. For this 
reason a variety of approximate techniques have been developed which 
enable analytic solutions to be obtained. Such techniques use the 
complementary methods of kernel approximation and _ equation 
approximation or a combination of both. By kernel approximation we mean 
that the actual physical coagulation kernel, K(u,v), is replaced by an 
approximate form which retains certain physical features of the ‘exact’ 
kernel but, at the same time, leads to a simple analytical solution of the 
dynamic equation. In the case of equation approximation, we retain the 
exact form of K(u,v) but employ an approximate method to solve the 
resulting dynamic equation. 


The purpose of this chapter is to discuss a number of exact solutions using 
simplified kernels, to study various approximate solution techniques, 
and finally, to elaborate on numerical procedures and how these are 
embodied in various computer codes. 


5.2 Exact solutions 


Exact solutions are useful since they provide benchmarks for verification of 
techniques that yield approximate or numerical solutions. 


The earliest exact solution of the dynamic equation was given by 
Smoluchowski [1916] for the case when the particles are considered as 
discrete volumes. Then, the dynamic equation for pure coagulation 
becomes: 


gn.—-#, anon... -n."" a..n. 
d eff jay jy wie vba ty 3 
j=l j=l (5.1) 


where n;(0) = N 6; |: 


Now, if the coagulation kernel ai,i is independent of particle size, we can write 
Eqn. (5.1) as: 241 


a a (5.2) 
where 't=at. 


Egn. (5.2) may be solved by first summing over all i to get: 
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ni) = L nt) 
i=l 
whence we find: 


GN --1.N2 
d-t 2 


the solution of which is N(t)=2/(2+t). Now to find then; we 
solve Eqn. (5.2) 
recursively, @.g.: 


dn, =-n N 

dt I 
Thu 
S: n, 

=(1+t/2f 

3 

n2 = ie t 

and: / 2f 
i-1 
In; =( ) d+t/2t- 


Another case which may be solved exactly in the discrete sense is 
when a;,i=ij. Then, Eqn. (5.1) becomes: 


rile Buk tie seu 
--215. 1-Jnini_i- 
=] jal (5.3 


Multiplying by i and summing over all 
i leads to: 


. dn. . 
ae or Il n;=1 
i=l dt 
Then, Eqn. (5.3) becomes: 
d... : 1 Il 


This equation can be solved recursively to g:ve: 


nl =exp(t) m='%t exp{ Pat) and n; = _ t;-, exp(-i t) 


where A; are constants independent oft. 


However, because of the nature of this kernel, the second moment: 


M2 = L.J ni 


j=l 
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is only convergent for t<to where tp<1 (McLeod [1962a,b]). 


It is more useful to examine solutions of the dynamic equation in the 
continuous variable, v. In this respect, a solution of the equation: 


a S : 

-;-n(v, t) = ty du K(u, v- wu) n(u, t) n(v- u, 
t)- n(v, t) du K(u, v) n(u, t) 

ut 0 (0) (5 ' 4) 


subject to n(v,O) = no(v), was given by Schumann [1940] when K is a 
constant. Eqn. (5.4) becomes: 


avy, t)=-K nv, D0 N(t\) +h K f du n(u, t) n(v- u, t) 
ut fo) (5 : 5 ) 


Integrating this equation over all v leads to: 


GN =-.! K N2 
‘dt 7 
whence: 
N(t) = 
1+ pt 


where p= K No, 2. Setting 8 = 1 /(1+pt) and: 
'l'(v,8)= (1+pt)? n(v,t) 
2p 


Eqn. (5.5) reduces to: 


a : 
yl (v8) = du '1'(u,8)'1'(v-u,8) 


Let us solve this equation by the Laplace transform technique. 
We define: W(s,8) = l dv exp(-s v) 'l'(v,8) 


which, by the convolution transform, leads to: 


ve ae ds exp(s v) 
"I"( : )- 21tit 8-1+[1/W,(s)] (5.6) 


Here, the initial 
condition is: 


Wo(s) = r dv 
245 


'l'(v,1) 
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Thus, the nature of the solution depends crucially on the initial conditions. 
This is in contrast to linear transport equations where the _ initial 
conditions generally only affect the overall amplitude of the solution. 
As an initial condition, let us take the gamma distribution: 
nwo) =.No (5)V expe 
vr(v+l) v Vv (5.7) 


Inserting the Laplace transform of Eqn. (5.7) into 
Eqn. (5.6) we find: 


iv O)=.!.ex = )-1-J dzexp(vz/v) 
f P v+l ] 


Vv V 21th L Z Pa (5.8) 


If vis an integer, then the residue theorem leads to simple results (e.g. with 
v=O): 


'1'(v,0) =! exp! -I™ 


or, from the definition of 'l'= 


n(v,t) Ze ee ¥ 
vay pd) (5.9) 


In this case the distribution maintains its gamma-like form throughout, with the 
parameters, No 
and becoming time dependent, i.e. we can write Eqn. (5.9) as: 


n(v,t) = N2(t) exp{- vN(t)} 
<I>0 <I>0 (5.10) 


where v(t) = vo(1+ pt) is the average particle volume at time, t. q>» is 
the volume of 
particulate per unit volume of space, i.e.: 


q>.(t) = E dv v n(v,t) 


For V=1, the result becomes: 


as hte eV) (1-0)1/2} (1-0) 1/2 


which is not a gamma distribution. We discuss the general case of 
247 


arbitrary v in Section 5.6, but results for some specific values of v may be 
found in Scott [1968] and Williams [1981]. A case which has some 
practical interest for naturally occurring atmospheric aerosols is one 
which obeys an initial size distribution of the form: 


-v/b 
n(v,0) =e 


(v+c)2 
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Using such a distribution, Mulholland and Baum [1980] have obtained the 
following result: 


BOD) isa y2 


= c e(v,11.) (5.11) 
wherev=v/ 
C: 
A= KNot/2 
(+KNo t/2)exp(c/b)E2(c/b) 
an 
d: 
-'\) ie gage} 
eV,11. = exp -cv r- exp[-x(v+l) ]xdx A<]l 
°"{1-11. [1-x exp(-x) Ei(x)]} + {1t11.x7 
b exp(-x) } 
exp(-cv / b) exp(x 
Vv 
SAB) ot tes A> 
a2ttl + X) exp(Xy) Ey X9)- 1) 1 


where Xo is the root of the transcendental equation: 
-A[1-x, exp(Xo) E,(xo)] = 0 
For sufficiently large A, i.e. A close to: 


A = exp(-c / b 
7 E2(c/b) 


it may be shown that the solution reduces to: 


n(v,t) = N2(t) exp{- vN(t)} 
<l>0 <l>0 (5.12) 


which is identical to the gamma distribution case for v=O discussed 
earlier. Such asymptotic behavior will be useful in suggesting universal 
solutions at long times. 


Let us now consider some exact solutions obtainable from other forms 
of the coagulation kernel. The first one we consider is, K(u,v)=b(u+v). 
In this case, the dynamic equation becomes: 


Pate dunt. Due one: du(u+v)n(u,t) 
ut 2» ‘i Recalling 
the 
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definitions of N and 4>, Eqn. (5.13) can be written: (5.13) 


a b 
ron Cea aw Payee) 
ot 5 


We can obtain N(t) from the relation: (5.14) 
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Practice 
or Witzgnaly d@v,t) dt 5 (5.15) 
dN 
“ae. -bq >N 
whence: 


N (t) = No exp(-b<1>t) 
It is more difficult to obtain the complete distribution. Thus, we define a 


function, 'l'(v,t), by: n(v, t) = N, ‘'l'(v, t) f(t) 


(5.16) 


where 'l'(v,t) is determined by inserting Eqn. (5.16) into Eqn. (5.14): 
da. 


+ 
ot 


f(t)-7-""'(V, t) + Wy, t)-f(t) 


b 

7 aS if. du '1'(U, t) 'I'(V- u, t)- bq>f(t) '!'(v, t)- b N(t) v f(t) 
V, 
2 


0 


Now, define f(t) by 
SHOE TE OO 
dt 
i.e. f(t) = exp(-b <I> t) and 'I' obeys: 


a b 
= -'I(v, t) =- No yf(t) du 'I'(u, t) 'I'(v- u, t)- _b N(t) v'1'Wv,t) 
t 2 


0 0) 


Since N(t) = No f(t), we can define a new time variable: 
t=bq 
= f dt'f(t')=l-exp(-b<1>t) 
ie) 


whence: 
0 v Jv Vv 
---'l'(v,t) =- du '1'(u,t) 'l'C@v-u,t)--'l'(v,t) 
ot Vo oO Vo 


where Vo =<I>/ No is the average initial size of the 


2o1 


particles. We now set: 'l'(v, t) = g(v, t)exp(-vt / vo) 


leading to: 


ee +4 dug(u,t)g(v-u,t) 
-:;--g(v, ug(u,t)g(v-u, 
ot 5 ‘ (5.17) 
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Defining the Laplace 


transform: ow.v= ft 
dvexp(-pv)g(v,'t) 
and applying it to Eqn. (5.17), we find: 


: gptd=_! gp't: g(p,'t) 
u't Vo up (5.18) 


This is a partial differential and can be solved using the method of 
characteristics (Sneddon [1957)]): 


g(p,'t) = atp-i0 g(p,'t)] 
(5.19) 
where: 
G(p)=g(p,O) (5.20) 
Egn. (5.19) is a functional equation for g and may best be solved by 
using Lagrange's expansion (Abramowitz and Stegun [1973]). Then, we 
may write: 


(-1)k 


C= t) ak cut! 
k 
a (k+ 1)! dpk = (p) 
t= V 
{@) 


The Laplace inverse yields: 


(5.21) 


1(v,t) = Ny (1-7) exp(-vt / vo) Demieal L“{Go""(p)} 


i) 


As an example, let us assume that the initial condition is: 


No 
n(v,0O) exp(-v/vo) 


Vo 


from which G(p) = No, (1+ p vo. It is then possible to sum the series in Eqn. 
(5.21) to get: 


12 
n(v,'t) = No (1- 't) exp(-(1+ 't) Me Vo) : Ty -v't'-) 
7 0 (5.22) 
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where 1,(x) is a modified Bessel function. 


It is interesting to note that, as t »'t 1 and the volume spectrum assumes 
a time independent shape of the form: 


n(v,t) = Ny exp(—b 6 t) exp(-2 v/ vo) : (2) 


0 


(5.23) 
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We also note that the mean volume of a particle, v(t), obeys the relation, v(t) 
= Vo exp(bq,t). Coagulation is therefore very rapid. 


Another kernel of interest is: 


K(u,v) = Buv 


(5.24) 
In this case, the dynamic equation can be written: 
a Bv 
-a n(v,t)=-f duu(v-u)n(u,t)n(v-u,t)- 
Bvg,n(v,t) 
t 20 (5.25) 
Setting: 
n(v,t) = g(v,t)exp(-Bq,vt) 
Eqn. (5.25) becomes: 
a gv, vk. du u(v-u)g(u,t)g(v-u,t) 
Taking the Laplace transform we find that: 
2 IRE li’ (p, t) 
where: 
g(p,t) = lav exp(-pv) 
an 
r _! 
h(p, t) =" dv V exp(-pv) g(v, t) = 4 g(p, t) 
Therefore: 
e g(p, = (e g(p, / 
— = (5.26) 
This equation may be solved by the method of Charpit (Sneddon 
[1957]) and leads to: 
if I 1 ! ! 1 
n(v,t) = af exp(-v-c /v ). (V't)k -- -L-'{-G'(p}t+ 
° vk= on. ae (5.27) 
where G(p) = : 
g(p,O). 


For the special case of n(v,O) = No exp(-v / Vo)/ Vo, as used above, we find: 
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n(v,t)-° exp(-v(1+-c)/v -)q,L, l ) 
VO ° k=0 (k+1 1(2k 


+1! (5.28) 
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where y = ‘C<l> (v/ v0)3 and ,: = Bf? t. 


The total number density is obtained easily from Eqns. (5.15) and (5.24) and 
leads to: 


(5.29) 


This result is interesting in that it predicts that the aerosol number will 
becomes zero at a finite time, t=2. This is clearly an unphysical result for 
an aerosol but does have some relevance to colloidal aggregation 
corresponding to the final stages of gelation (Ernst [1981)]). 


5.3 Growth and deposition 


It is of some importance to study the effects of condensation and 
evaporation on an aerosol. In many practical instances vapors are present 
in containment and condense, thereby altering the size distributions of the 
aerosols. If such condensation phenomena are to be _ studied analytically, 
without too many simplifying assumptions, it is necessary to ignore 
coagulation. This is not an unphysical situation since, in many cases, the 
condensation can dominate the coagulation during certain time intervals. 


Detailed calculations of the aerosol equation were made by Gelbard and 
Seinfeld [1979] who employed the radius distribution function, n(r,t). They 
solved the dynamic equation in the form: 


rt) +-Lr, t)yn(r, t)]+ RG, t) n@, t) = SG, t) 
dt dr (5.30) 


I(r,t), which is actually dr/dt, assumes various functional forms determined 
by the environment and the materials involved. As an example, we note 
that for diffusion controlled growth, a law has been derived by Fuchs and 
Sutugin [1971] of the form: 


I(r t)= Vm D(r+aA) [N N exp(2aVm)] 
° r+bArt+aA - + rkT 
(5.31) 


where D is the diffusivity of the vapor molecules in the background gas. Vm is 
the molecular volume, a is the surface tension, N_ is the gas phase 
concentration of condensing molecules far from the particle, and N+ is the 
gas phase concentration of condensing molecules in equilibrium over a flat 
surface. The exponential factor is due to the Kelvin effect. The 

constants a, b, and a depend on the specific growth law and, as an 
example, Fuchs [1959] gives: 
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a= aD 1/2 


where A is the mean free path of atoms in the background gas, b=a/a, and a""1. 
The diffusion coefficient is given by the Knudsen value: 
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(8kT)I/2 


1tm 


Gelbard and Seinfeld [1979] Ste some exact solutions of Eqn. (5.30) 
for various growth laws with the deposition constant, R, independent of 
r. Also, they assume an initial value problem with no continuous 
source. 


Another useful form for the condensation rate, given by Fuchs [1959] and 
modified by Pich 

et al. [1970], is I(v, t) = B (S-1) v8 where the supersaturation, S=pvfp., Pv 

being the actual pressure of the vapor and p. the saturation vapor 
pressure. The constant, B, is given by: 


B=31,3(41)2'3[pL M+ pRT l-I 
KRT? DMp, 
with: 
p = density of the 
liquid L = latent 
heat 
M = molecular weight of vapor molecule 
K = thermal conductivity of the drop 
R = gas constant 
D = diffusion coefficient of the vapor. 


We shall give a general derivation of the solution for arbitrary I, R, and S. 
For convenience, we employ the volume distribution function which obeys 
the re 


at n(v, t) + aV [I(v, t) n(v, t)]+ RG, t) n(y, t) = S(y, t) 
(5.32) 


This first order partial differential equation may be solved by the method of 
characteristics: 


n(v,t)= 1 f(F-'[F(v) +G(0)-G(v))) n (F-'[F(v) +G(0)-G(t)]) 
f(v) 


+ [ dt' S(v(t'), t') f(v(t')) ex -/ dt" 
R(v(t"), t")} (5.33) 
wher 
e: vg dv 
F(v F ev 
=) ) 
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G(t) 
= f dt'H(t') 


v(t') = F-',G(t')- G(t) +F(v)] 


and F-1(x) is the solution of x = F(v). Also, we have assumed that I(v,t) = 
f(v) H(t) and the initial condition, n(v,0)=no(v). 
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If we are only concerned with an initial value problem, then S=O. On 
the other hand, for a source driven system, we may set no(v)=O. The 
steady state solution, when S(v,t)=S(v), is readily obtained and leads to: 


no hal 4 F od AAG" - 


The complete solution for n(v,t) follows from Eqn. (5.33) by quadrature. 
However, we may consider some special cases. 


First, we note that most deposition mechanisms can be written as: 
.(v,t) =R,,(t) v” 

and we shall take Rn to be independent of time. It is also reasonable to take: 
(vt) = Fy(t) v 

where, again, we assume F, is independent of time. 


In the case of the initial value problem, and using these simple forms of R 
and I, we see that Egn. (5.33) becomes: 


n(v, -[]-(I-CX. a tla/(1- ay ([ (1-a)_(1- oh Ja/(1-a)) 
t) - Vv a Oo 
yn 


exp{- Rm [vm+l-a -(v(l-a) -(1-a) Fa tYm/(1-a)]+1]} 
Fa (m+l-a.) (5.35) 


where v(i-a) > (1- a.) F t. For v(i-a) < (1- a.) Ft, it should be noted that n(v, 
t) = 0. This 0 0 

discontinuity follows from the fact that, due to particle growth, the 

minimum particle size at time, t, is: 


Vmm = [(1- q) Fat Iva-a) 


If we choose a monodisperse initial condition, no(v) = No 8(v-vVo), then 
the total aerosol density is: 

N(t) = Noexp{ ( Rm _) [f{vg- tfmy(-a)]+1 -v;+i-a]} 

a) +(1-a.) F F 


0 


M(-@) 


p(t) =[ve +(1-a) Ft] N(t) 


Thus, the average volume of a particle increases with time according to: 
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V(t) = Ta = [wi +(1-0) F, "a 


(5.37) 


If we have a steady source problem with the source written: 
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S(v, t) = So O(V - vo) g(t) 


Then, the solution becomes: 


ee R 
n(v,t) —="" f itt” {v I-a) _v(l- Fa (m+ml-a.) (vm+l-a -v;;'+]44)} 
a) })exp{ (5.38) 
v Fa (1- CX.) Fa 


Oo 
e: 
Yo | vi -at+(La.)Fatlva [ 
Vv 


and n(v, t) = 0 outside these limits. 


This distribution differs from the initial value one in that the shape of the 
initial distribution is no longer preserved. The difference arises from the 
fact that once the aerosol has been released (in the initial value problem) it 
can only change by growth or by deposition. In the source problem, 
however, particles of initial volume, vo, are continuously being produced 
leading to a distribution of volumes from vo up to the maximum value 
allowed by the growth law. Moreover, in the initial value problem, a 
monodisperse distribution will remain monodisperse with its volume equal 
to: 


= 1/(1-a) 
v>(l- a.) Fat v-a, 


If the source is independent of time, with g(t)=l, the solution reverts to the 
steady state one: 


— +]- = 
ns) Tut eas Fa Fa (m-I- Ro vm = 


(5.39) 
where vvo- 
We observe that when deposition is negligible, Rm = 0, and: 
n(v)=- Ou 
va Fa 


which yields information about the growth law parameter, a.. Numerical 
details may be found in Williams [1983), Brock [1983), Loyalka and Park 
[1988), and Gelbard and Seinfeld [1979). 


These calculations have negiocied coagulation and, as such, are limited in 
their application although they are important. It is not possible to perform 
analytical calculations with general forms of I and R if coagulation is 
included. However, there are some models of coagulation which do lead to 
tractable equations and, although they do not have any direct physical 
application, they show how the coagulation and condensation phenomena 
interact. They may also provide benchmark solutions against which 
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approximate methods may be compared. A program of investigation along 
these lines has been pursued by Ramabhadran et al. [1976). Before 
discussing this work, let us consider another problem raised by 
Ramabhadran et al. concerning the validity of describing condensation by 
a single derivative term: 


a 
ol n(v)) 
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In this connection, it is noted that for evaporating and condensing k-mers, 
the rate of accretion is given by: 
Pyar My F Pe Me TG Mar THe Me 
If this discrete representation is replaced by a continuum approximation, we 
have: 


a)ao(v) n(v)|- AVZ [al(v) n(v)] 


wher 


ao(v) = ( v)(pk -qk) 


i(v) = 4 (Av) (P, +44) 


Clo is the rate of change of the volume of a particle of size, k v. a1 
assumes the role of a diffusion coefficient in volume space. Both Clo and 

a, may be computed from kinetic theory (Brock [1972]). Ramabhadran et 
al. [1976] show that, for most practical distributions, the diffusive term is 
negligible compared to the convective one and so justifies the 
conventional procedure. 


But, to return to the problem of simultaneous coagulation and 
condensation, the equation to be solved is: 

n(v,t)+ [I(v) n(v,t)] = (an) 

at av at (5.40) 

cog 

subject to n(v,0) = no(v). 
The essential point is to choose convenient forms for I, K, and no(v) such that 
Eqn. (5.40) can 


be solved analytically. It is found that the following combinations lead to 
tractable cases: 


(1 K=K,)=const , l=cr lv 
) ant , l=cr lv 
(2 K=Kj(u+v) , l=cro 
) K=Ko 

(3 


) 


Two initial conditions are used: 


19(v) = No exp(—v/ Vo) 
_ Ng(v) = 
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and: 


(5.41) 
For each case, it is easy to obtain equations for the moments 
using Eqn. (5.15) and: 


(5.42) 


FRAY Dav dt 
0 (5.43) 


These results assume 
that: 
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[I(v) n(v,t)]; = O and [v I(v) n(v,t)J; = 0 
a matter that has been discussed by Simons [1983). 


The following results are readily deduced: 


(1) dG@N= _KoN2) ye No 
dt 2 1+Kg No t/2 


cj> 1, g>= q>o exp(0": t) 


(2) dN =- 


, Nej> N = NO ex{- K ;:o (exp(o-1 t)-1)] 


dcj> = o- cj> >= @ 
eHp(o-"t) dt ee 
(3) d@N= _KON2 wo No 
t 2 1+Ko No t/2 
dcj>= 0-9 N q>=q>o[l+ 20"0 In(No 
dt Kocj>o N 


Some instructive comments can be made on these results. In case (1), 
the total number of particles depends only on coagulation whereas the 
total volume of particulate depends only on the growth factor. In case (2), 
however, the total number of particles is influenced by both coagulation 
and growth because of the dependence of the coagulation process on 
volume. The total volume of particulate remains unaffected by 
coagulation. In case (3), the number of particles depends only on 
coagulation, but the total volume of particulate depends on both 
coagulation and growth. This is because the growth rate is independent of 
volume. 


To obtain the volume distribution functions is more difficult and we only 
indicate the procedure for case (1). The equation to be solved is: 


e 
ot n(v, t) £0": av [v nv,t]=%Ko/s dun(u,t) n(v-u,t)- Ko n(vy, t) 


N(t) 
n(v, t) and 


Taking the Laplace transform: defining: 


n(s, t) = fO- av exp(-sv) 
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(5.44) 
g(s,t). : )2 n(s,t) 
= 1-t 


where t = 1-(N / No), we find: 
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i) g 2as_ ig g? 
A pane 
cn (1-t)? as= 7 (5.45) 
2N 


where A = 6, /(Ky Np). 


Eqn. (5.45) may be solved by the method of characteristics and, for the 
two boundary conditions of Eqns. (5.41) and (5.42) respectively, leads to: 


a acs NG At) 
exp(= 
ISO + -)ekpAd 
1-'t (5.46) 
or 
Se ae exp( ---2At) expl-v-(1-t)exp(--2-At)] 
-(1-t) 
vO 1-'t vo it (5.47) 
an 
d: 
Spd Ben RINGS 
aa (245) ] 
Vy $ exp +1] -t 
1-t (5.48) 


or 
7 n(v, t= N Pe [}2 expla 2t exp, -V-exp(--2- 
--2At 
Sr ( OPA} 


Ev-cy Ct exp’ an v ‘t1-'t Vo 


(5.49) 
The other cases are dealt with by Ramabhadran et al. [1976]. 


It is interesting to compare Eqn. (5.47) with the solution for no growth, i.e. 
A=O, when: 


n(v,t)= No {1-t}2 exp[- (1-t)] 
Yo Yo (5.50) 


and also for the case of no coagulation, when: 


a(v,t) = Se exp {2 + | exp(-0, ) 


The parameter, A, is a measure of the ratio of the condensation rate to the 
coagulation rate. A numerical study of Eqn. (5.47) shows that, for A=O. 1, 
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(5.51) 


the coagulation dominates and the particles are spread widely over the 
range of volumes as time proceeds. On the other hand, for A=10.0, growth 
occurs mainly by condensation and the size distribution tends to narrow 
and does not exhibit the broadening effect of coagulation. 


The numerical results presented by Ramabhadran ef al. for various 
cases give an overall picture of the relative effects of condensation and 
coagulation. This picture is useful in the interpretation of situations 
involving more realistic coagulation processes and growth laws. 
Further exact solutions are given by Lushnikov [1973, 1974, 1976]. 
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5.4 Space and time dependence 


We have seen above that, in order to obtain analytical solutions and to 
some extent numerical solutions, it is necessary to employ the '‘well- 
mixed' hypothesis. The result of this homogenization is an averaging 
out of spatial effects. For example, the losses due to gravitational 
settling reduce to a term of the form: 


Vifv) n(v,t) 


where V. is the Stokes velocity and His the height of the vessel. HIV. is 
the transit time of particles falling from the top of the vessel to the bottom. 
The accuracy of the well-mixed hypothesis is thus in question. 


Some insight into the well-mixed hypothesis may be gained by the study of 
simple space dependent models. First, we consider the dynamic equation 
for no coagulation but allowing for space dependence. Then, in the one- 
dimensional case, we find (Williams [1984)): 


Ce os ge t) + Uuty x, t) n(v,x, t)) = 0 
ot dx (5.52) 


subject to the initial condition n{v,x,O) = no{v,x). Using the method of 
characteristics, the solution of Eqn. (5.52) is: 


n(v,x,t) = no(v,x + U(v) t) (5.53) 


Let us compare this solution with the one from the well-mixed hypothesis where: 


Eee een ces n(v,t) = O 
ot H 


is subject to n(v,O) = no(v) and the solution is: 


n(v, t) = no(v) exp{- U_) tt 
(5.54) 
We compare these two results by calculating the total number of particles in the 
container: 
Let us take 
as the initial 


NA(t) = Va n(v,t) condition: 


in the case of Eqn. (5.54), 
and: N(t) 


a a dv lax n(v,x,t) 


in the case of Egn. (5.53). 
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(5.55) (5.56) 


n,(v,x) = N, f(v) 6(x - H) (5.57) 
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where we assume that the particles are located at x=H and fall onto a 


floor at x=O. Thus: n(v,x,t)=No f(v)6(x+ U(v)t-H) 


(5.58) 
The spatial distribution of particles is then: 
a 2/3 
= - t 
Ip(x,t) =No ib dv f(v) 8(x H+Cv ) | (5.59) 
where we have set U(v) = C v’'’. After careful integration, 15 - Ys 
0 
we find: w ea Cu- € 


N b= "sD. wokeoallD- eo 


pow CEL (5.60) 


No xa) dy(l-y}2exp! - 
(1 


where t = Cv '° t/H is physically the ratio of the actual time to the time 
taken for particles of volume, vo, to fall a distance, H. 


(5.61) 
y 3/2! 


Eqn. (5.61) can be evaluated analytically to give: 


1 1 
If we No(t) = No No = (1+ 37} &%0(-ar] oh that the particles are initially 
distril. _ oe _\ t/Jand x=H, then we find: 


N 1 a 3/2 1 x 3/2 
veGot)= Be r-|i+ste(1-3) exp ery Ima 


(5.62) 
ene 1 3/2 y 3/2 
Ne(t)=No J dy {-(14(2) Jen -{2) | 
‘ (5.63) 
The result from the well-mixed hypothesis is: 
3N a y 3/2 
Na(t)==—2 [> dy y’ exp(-y) ens -(2) 
27 <0 t 
(5.64) 


Table 5.1 shows No, Ne, and NA as functions of t. It is clear that, apart 
from a minor deviation for the delta source at short times, the well-mixed 
hypothesis overestimates the rate of removal by sedimentation by a 
significant amount. In the case of the delta source located at the top of the 
vessel, the overestimate increases to a factor of six for long times and for a 
uniform source to a factor of 24. 
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The spatial distribution of the particles is interesting, especially for the 
delta source which exhibits a maximum in the density at the point: 
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Table 5.1: Particle densities, No.Ne, and NA, as functions of dimensionless 
time, 't. 


' Ne No NA NA/Ne — NA/ND 
0.0 0.985 1.0 0.985 1.0 0.99 
9.0 0.970 1.0 0.971 1.0 0.97 
0.0 0.925 1.0 0.928 1.0 0.93 
0.1 0.850 1.0 0.863 1.02 0.86 
0.2 0.699 1.0 0.748 1.07 0.75 
0.5 0.308 0.774 0.500 1.62 0.65 
1.0 7.89E-2 0.264 0.276 3.5 1.05 
2.0 1.32E-2  4.96E-2 0.105 8.0 pa 
5.0 9.58E-4 3.77E-3 1.55E-2 160 4.1 
10.0 1.23E-4 4.90F-4 2.53E-3 21.0 5.2 
20.0 1.55E-5 6.20E-5 3.52E-4 23.0 5.7 
50.0 9.99E-7 3.99E-6 2.36E-5 24.0 5.9 
100.0 1.25E-7 5.00E-7 2.98E-6 24.0 6.0 


(Note: We have corrected a few errors in Williams [1984]). 


() =1- (A234 


max 


Beyond 't = (3/4)21? = (0.825), the maximum disappears (or rather, remains 
at x=0). 


5.5 Multicomponent aerosols 


We have seen in Chapter 3 that when an aerosol is composed of a number 
of different species, it is necessary to consider an extended distribution 
function, n(vi,v2, --- ,t), which describes the amount of each species 
contained within the total volume, v, of the particle. Solutions for such a 
case have been given by Gelbard and Seinfeld [1978a,b, 1979] under a 
variety of simplifying conditions. In particular, it is assumed that the 
coagulation kernel is independent of the particle volume and that the 
growth rate, Ip(vi,v2, --- )=cr vP. The first assumption approximates 
Brownian coagulation. The latter assumption indicates that the rate of 
growth of the component fraction of each particle depends on the current 
mass of that component in the particle. Strictly, this assumption has no 
physical foundation but it is indicative of what actually happens and has 
i edvantege of leading to useful analytical solutions. The equation to be 
solved is: 


a a 
-;-N(VL,V2, «+ WN, tht crP -;--[vP n(v1,Vz2, +++ ,vN)] 


7 P 
0 du, duz2 --- f GUNN (Ui, 2-740, UN, t)n(vi-ul'v2-W, ---, VN-UN,t) 


Voek Me VN 


“4K J°>  ° 


-Ko n(vi,v2, --- ,vN,t) f dui Fa: vee f aun n(upuz, --- ,UN,t) 
0 0 (5.65) 
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subject to an initial 
condition: 


(V,5V25-++Vy20) = M9(V1,V25---Vnv) (5.66) 


Eqn. (5.65) may be solved by defining an N-dimensional Laplace transform 
as follows: 


n(si,s2,...,SN,t) = ee ee Se er exp{-f sP vP} n(v"v2....,vN,t) 
0 0 0 p=l (5.67) 


To illustrate the method, we first set Ip=O so that only coagulation is operating. 
Applying the generalized Laplace transform, we finct: 


-d_90 - ' K on-2 - K on- N(¢) 
dt (5.68) 


where the total particle density: 


N(t) = n(0,0,...0, t) 


(5.69) 
To find N(t), we set 0',=0'2= ... =crN=O in Egn. 
(5.68) whence: 
aN =-.!.K 
N2 
an dt 2 0 
d: N 
N(t)= (5.70) 
1+t 


where t = Kyo Not / 2. This result is the same as that for a single species 
aerosol and does not depend on the composition. Using Eqn. (5.70) in 
Eqn. (5.68), we readily find: 


Ny 


"G40 -t(1+ Diy / Ny 


(5.71) 


To invert this Laplace transform it is necessary to specify the initial 
distribution. Gelbard and Seinfeld have examined various forms for no but, 
for simplicity, we consider only two species and: 


No(V,V2) = ~s ol ei al 


Vio Y20 10 ©Y20 (5.72) 


where vio and V2 are the average initial volumes of the particles. The 
Laplace transform of no is: 


= No 
no= (l+s, v10}(1+s2 V20) 
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Inserting this into Eqn. (5.71) leads to a straightforward residue inversion and 
we find: 


iz 
No vy, V2 TV; V2 
,V5,¢) =——___ += expy-} —b +— |? 1,42) ———_ 
n(vieVart) Vio Y20 (1+) ; [ Vio J] ° | LO+1) Vio V20 


(5.73) 
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where Io(x) is a modified Bessel function. 
When IP ‘#0, we introduce a transformation such that: 


't 
ss 2n: 


andl+t P= (1-T)2 
and set AP= O"P / (Ko No). Then, the Laplace transform gives: 


2 


oil: 2APs OD —~— 
O't p=l (1- T)2 asp - 2 No 


This is a partial differential equation which can be solved by the method of 
characteristics. It is found that, for the same initial conditions as used 
above: 


1 
n(vi,v2,t)/=| No)2- -exp{-2(A1+Ai)t-_3 exp(-2A1 t)-2exp - 


2AD t)) 
1+ 't V10 V20 v10 V20 


112 
12 
Loi2lt tury” gD RA§ 498) 


(5.74) 
This result and the others given by Gelbard and Seinfeld [1978a,b] allow 
useful qualitative conclusions to be drawn about the relative influence of 
condensation and coagulation via the parameters, Aiand A2. Physically, 
A; is the ratio of the characteristic time for growth of the 
jth particle, to the characteristic time for coagulation. Because the value of A 
depends on the 
chemical nature of the aerosol it is readily observed that this can have a 
marked influence on the evolution of the aerosol cloud. Another important 
use of these solutions is as a benchmark for assessing the accuracy of 
large aerosol computer codes. 


5.6 Radioactive aerosols 


Radioactivity is a property of an aerosol particle in much the same way as 
its volume, mass, or chemical composition. For this reason, we may 
describe the radioactive content of an aerosol by an extended distribution 
function. Suppose we have a multispecies aerosol whose components are 
radioactive. Since each component will have its own specific radioactive 
characteristics (e.g., ex, . y decay), each component must have a 
radioactivity label. For example, we could describe a two component 
radioactive aerosol by the function: 


n(vi,v2,s"s2,t)dv1dv2 ds1ds2 
where this is the number of aerosol particles with total volume, v = v1+ 
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v2, and total radioactivity (in some convenient units), s=si+s2, with the 
volume of component lying in the range, vito vi+dvi, and the 
radioactivity of component 1 lying in the range, sito si+ds1. A similar 


description applies for component 2. The definition may be extended to 
any number of components. 


Simons [1981) has used a simple example to show how radioactivity is 
shared among the aerosol particles as the cloud coagulates. To do this, it 
was assumed that the aerosol may be described by a distribution 
function, n(v,s,t). AS we have seen in Chapter 3, two useful moments of 
n(v,s,t) are: 
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N(v,t) =] ds n(v,s,t) 


which is the total number of particles of volume, v, and: 


M(v,t)= J dssn(v,s,t) 


which is the total radioactivity contained by particles of volume, v. Eqns. 
(3.83) and (3.84) describe N and M. 


The important aspect of Eqn. (3.84) is that it is linear, although with a 
kernel that depends on N(v,t). Moreover, M(v,t) is physically a very 
important quantity since, from it, the total airborne radioactivity, J, may 
be found as a function of time: 


jit) = J dv M(v,t) 
F (5.75) 


In general, Eqns. (3.83) and (3.84) must be solved numerically but, 
under certain assumptions, an analytical solution may be obtained. 


Let us take K and R to be independent of particle volume. Let us further 
take Laplace transforms of Eqns. (3.83) and (3.84) with respect to 
poe: Then, with an overbar denoting the Laplace transform, we 
nd: 


as =.LKS’-RS 


vt (5.76) 
and: 
aM, =KSM-RM 
(5.77) 
where: 9 [ 
S(p,t) = N@, t)- N(O, (5.78) 
t) 
Eqn. (5.76) is readily solved 
to give: 
set ; exp(-R t) S(p,O) 
1--€1-exp(-R t)) 
=e (5.79) 


and then, Eqn. (5.77) leads to: 


f(v,t) = L-' [exp( t)-sinh( t) 
S(p,O)r 
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(5.80) 
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then M(v,t) may be 
expressed as: 


M(v,t) = 
du f(v- u, t) M(u,0) 
0 (5.81) 
To illustrate the technique, we 


take: N(v,0) = A exp(- 


bv) 
whence: 

s(p,0) = (Py 

De pA 

and: 

f(v, t) = P’ exp(-R t) [o(v) + 2b (1- P) exp(-bPv) + b? (1- )2 v exp( 
wher bPv)) 
e: 


1 
P=[l+, Ka (l-exp {-Rt))]- 


To obtain the amount of radioactivity, we need to specify the initial 
condition. Let us assume that, at t=O, the radioactivity is concentrated on 
monodisperse particles of volume, w. Then: 


M(v,0) = B o(v-w) 
Thus, from Eqn. (5.81): 
0 , V<wW 
mae Bf(v-w,t) , vw 


i 
For an alternative initial 
condition: M(v,0) = B 
exp(-cv) 
it follows that: 
M(v, t) = BP? exp(-R t){(1- cr)” exp(-ct) + er [2-<+ b (1-P) v] 
exp(-bPv)} where <= P (1-P)/(c-P P). 
One of the uses to which the analytical solution developed above can be 


put, is to test the validity of the often used assumption that the 
radioactivity of a particle is directly proportional to its volume. Some 
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oUe 


(395). into this matter may be gained if we write Eqn. (5.80), using Eqn. 
5.79), as: 


M(p,t)= exp(Rt)[ M(p,0) 


= [r(t) N(p,t)+ 


wher 6(t)]2 (5.82) 
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r(tL= sinh( t) 


d(t) = exp( t)+ No r(t) 


and np is the total number of particles initially. 


Performing a Laplace inversion on Eqn. (5.82) we obtain: 
M(v, t) = .6*(t) M(v,0) + 2 otouniod u, t) 
0 


+r7(t)f du fisN(v-u,t)N(u-s,t)M(s,0) 
Gy (5.83) 


Ast increases, the radioactivity is transferred from the _ initial 
distribution, M(v,0), to the two distributions given by the second and 
third terms on the right hand side of Eqn. (5.83). For small values oft 
the transfer is mainly to the second term but, when t>>l/noK, the 
transfer to the third term dominates. 


Some pais may be introduced here if we consider that the aerosol 
being described consists of two species: sodium oxide, of average initial 
particle radius approximately 0.05 pm, mixed with a much smaller volume 
of radioactive fuel aerosol with particle radius around 0.025 pm. 


With this situation in mind, let us take M(v,0) = B o(v) which assumes 
that the initial radioactive particles are extremely small (actually zero). 
Then, from Egn. (5.83), we obtain (Simons [1981]): 


M(v, t) = B[.62(t) o(v) + 2 d(t) r(t) du N(u, t) N(v- 
u, t)l (5.84) 


Nv, t) +7 (It) 


This expression has an interesting physical interpretation. The first term 
on the right hand side corresponds to the uncoagulated source particles 
being depleted by deposition and by coagulation. The second and third 
terms correspond to the radioactivity of those fuel particles which have 
coagulated with the sodium oxide. Initially the main contribution is due to 
the term proportional to N and means that the radioactivity of these 
composite particles is initially the same regardless of their size. As t oo, the 
composite particle radioactivity is dominated by the last term in Egn. 
(5.84). Here, we anticipate a result that will be proved later in this chapter; 
namely, that for Brownian coagulation (Wang and Friedlander [1967]): 


N(v,t oo) = A exp{-bv) 
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Using this expression in Eqn. (5.84) we find: 
MVW,t 00) oc V N(,t 00) 


which means, physically, that for large times the radioactivity is 
proportional to the particle volume. To summarize, the initial 
radioactivity on a particle is size independent but as time proceeds it 
becomes more sensitive to particle size, eventually becoming 
proportional to 
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volume. This latter behavior is not unexpected and, indeed, in most 
approximate calculations it is the basis of radioactivity calculations. 
However, we would expect some dependence on size even for small times; 
a dependence on particle surface area would not be unreasonable. 
Simons believes that this discrepancy is due to the assumption of a 
constant coagulation kernel. In any event, the procedure described above 
demonstrates clearly that deviations from the volume _ proportionality 
assumption do occur. We speak quantitatively about this effect in a later 
section. 


Some further analytical examples are given by Simons [1981] and also an 
extension to condensation (Simons [19821). 


5.7 Self-preserving solutions 


It is of considerable practical interest to know whether, after some time, 
the size distribution of aerosol particles tends to an asymptotic shape, or to 
put it another way, to what extent do the initial conditions affect the size 
distribution after a sufficiently long period of time? 


Historically, we must credit Schumann [1940] for raising this question when, 
in the work cited above, he writes "from the nature of the problem, one is 
inclined to surmise that there should be a tendency for the same 
distribution to be approached asymptotically after a sufficiently long time, no 
matter what the initial condition might be.“ Schumann illustrated his 
hypothesis with a number of specific examples but was unable to furnish any 
general proof. 


Further progress on this problem was made by Swift and Friedlander 
[1964] and we shall describe their work in some detail. We consider, 


ll ly th f ] 
Withee sm Sources or sinks» We A erarie the definitions of the total number of 


N(t)= Paes (5.86) 


and the total volume fraction of 


meen) ame cj>(t)= (5.87) 


vn(v,t)dv 


which, for pure coagulation, is independent of time. 


The basic equation for study is: 


a ‘ : 

an(v,t)=Y%J duK(u,v-u)n(u,t)n(v-u,t)-n(v,t)J 
duK(u,v)n(u,t) 

t ) ) (5.88) 


together with the auxiliary relation: 
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aN=% Jaw Jf  dvK@v)n(ut)nwv,t) 
dt 0 oO (5.89) 


Subject to an initial condition, we can solve the above equation. 
However, we now pose the problem of whether a solution can be found 
in the form: 


(5.90) 
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where g(t) and v(t) are unknown functions of time, and '!'(TJ) is independent of 
time, i.e., the 


coordinates are 'stretched' but the functional shape of ‘fremains 
constant as the aerosol ages. We refer to this as a self-preserving 
distribution. 


Substituting Eqn. (5.90) into Eqns. (5.86) and (5.87) leads to: 


g(t)= 3 I; dy wn] (5.91) 


w= 2 J dn y(n) 
N f dn n y(n) (5.92) 


If such a solution does exist, it will clearly be of considerable value in 
correlating experimental results and also for gaining physical insight into the 
problem. 


and: 


We note that the integrals: 
¥. =), ann’ Hn) (5.93) 
are dimensionless 
constants. We can 
now write n(v,t) as: 


yo? hs (Be )-< (S) (5.94) 
ow (we Oo) & Lo 


which is a function of N and <j>, and we note that <j>/N is the average 
volume of a particle. 


Substitution of Eqn. (5.94) into Egns. (5.86) and (5.87) leads to 'lfo=l and 
‘lf:=1 which are constraints on the form of 'I'(TJ). 


The self-preserving distribution must also satisfy the integro- 
differential equation, Eqn. (5.88). Thus, we find: 
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ven) w(n-1)- y(n) dn’ K( 
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on on 
N’N 


} y(1) 


(5.95) 


(5.96) 
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Now, what we wish to show is that a solution to Eqn. (5.95) exists which is 
independent of time. Clearly, because of the presence of the ratio, <!>IN, 
in the argument of the coagulation kernel, this will not generally be true. 
However, for a class of homogeneous kernels such that: 


K(au,av) = a° K(u,v) 


(5.97) 
the problem simplifies and 
we obtain: 
N) dN [ i 
(" ‘N? dt 2 Te 
= Y | dTJ' K(ri', Tl - Ty’) ‘T'(Ty)) ‘TCT -_“ri')- try J daTJ' 

5.98 
an K(T1, ri’) ‘I'(ri') 
d: 0° ror 

Ny adNn=-% fe 
re ep dTJ KJ, TJ’) TJ’) 
- <I> N dt fe) (e) = 


Using Eqn. (5.99), the time dependent term in Eqn. (5.98) is seen to bea 
constant. Thus, 'l' is indeed independent of time and it can be asserted 
that the self-preserving solution is a particular solution of Eqn. (5.88). 


We now enquire about the usefulness of the homogeneous assumption in 
Eqn. (5.97). The kernels for the important coagulation mechanisms are, 
from Chapter 4: 


Brownian (continuum): 


2kT [ (u)” (v)” 


K(u,v)=3p 2+ 6+ dq 


(5.100) 
whence a.=O; 
Brownian (Knudsen): 
2 3 2 
K(u, y 8 1t:T° ( 7tr (ul/3 + 
(5.10 
vi/3)2. ( + 1) 
T 
whence a.=1/6; or 


gravitational 
coagulation: 


K = pg 


() 


gravitational and turbulent 
inertial: 


Ku OIF K, (v2/3 -u2'3) jv2/3 - 
u2'31 


mor Ops 


(5.102) 
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and for turbulent 
inertial: 


EJ/ 
K = (0 188 


whence a=4/3; 
and laminar shear and turbulent diffusion: 


<(u,v) = ASE (vi? + ay’ 
Tt (5.103) 


where in the case of laminar shear, G is the shear rate and in the case of 
turbulent diffusion: 


1/2 
G= 37t EL 
Pg 
(10 w? 
whence 
a=1 


We observe that each of these kernels satisfies the homogeneity condition. 
We also observe that any linear combination of these kernels does not 
satisfy the homogeneity condition unless some of the parameters contained 
in the kernels (e.g., the shear rate, G) are a special function of time. This 
may be seen easily if we consider Eqn. (5.96) for a combination of the 
Brownian kernel and the laminar shear kernel. Then we see that: 


1 dN P nv, GO pap ap\3 , 
Pacapae keke Ie Breet 
Re ai J an J an] katran)+ SE (n +7 ) wry win) 


(5.104) 


There will be similar terms in Eqn. (5.95) and it is clear that for '!'(rt) to 
be independent of time we must have G<j>/N equal to a constant or 
GocN. Similar artificial constraints arise for other combinations. These 
have been studied numerically by Wang and Friedlander [1967). The 
method has been extended by Pich et al. [1970) to include condensation 
but, even in that case, similarity only exists if the supersaturation 
coefficient varies with time in a special way. 


A further problem arises if there is a removal term, of the form R(v)n(v,t), 
on the left hand side of Eqn. (5.88). Then, if: 


R(bv) = b’ R(v) 
(5.105) 
we find that the left hand side of Eqn. 
(5.95) becomes: 
_l .dN[ 
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2'(rt)+Tl-  g Ir o, | 
erect) 4.7 7 RGD Nrt)-- ofS sit) 
1 | 
dt and the left hand side ne Eqn. (5.96) becomes: 
< |> 
al US NF arc ncre) 
nN? 
2 
qr 6 (5.107) 
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We also have the additional equation: 


da, + N(1-y+] f dT Tit = 0 
dt Ng (5.108) 


Even with homogeneity there is no way in which the equation for 'I' can be 
made independent of time. It appears, therefore, that similarity is 
restricted to pure coagulation and homogeneous kernels. Further results 
for special cases are given by Drake [1972]. 


While we have shown that, for pure coagulation and homogeneous kernels, 
a self-preserving form develops, we have not examined how long it is 
necessary to wait before such a form is achieved. However, it is quite clear 
from the work in Section 5.1 on exact solutions that the waiting time 
depends sensitively on the initial conditions. In order to illustrate the 
manner in which the self-similar solution is approached let us consider in 
more detail the general solution given by Eqn. (5.8). This is the solution 
for a gamma distribution initial condition and leads 


_N oO (-'1., Vite f dz exp(vz / V) 
niv,t)- ° exp | — +i 


" v 21tit Zv -1+0 (5.109) 


To invert the Laplace transform, let us assume that vis an integer. Then 


we find that there are v+1 poles corresponding to the roots of zv+i = 1- 
0. Defining: 


uyo= Zz 


(1- O)1/(v+l (5.110) 
we require the roots of rov+i = 1 or: 
2k1ti} 
exp{ where k = 
0,1,2,..., Vv. 
Using the method of residues, we find: 
N 0? 1 
~ 2k7ti } 
wher n{v,t)=V (+ 1(- exp vt1+ ck 
e: Tl (5.111) 
et(v+) 
d = v+l_ [(1-et<v+l) Now, for small 0 (i.e. t 
eaten at re 00) we can write this as: 
k 
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2 
n(v,t) = N  ¢exp(-TJ)+L expt- 


shaced tila: 


vw +1) k=1 0 v+1 
(5.112) 


Thus, the transients in the summation die out very rapidly and the most 
slowly decaying term is v0O/(v+l) compared with unity. We may conclude 
then that: 
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N*(t) 
n(v,t)--exp(-11) 
<I> (5.113) 


at a rate comparable to the decay of N(t) itself, irrespective of the value of v. 


5.8 Brownian self-similarity 


We illustrate the fact that '1'(11) depends sensitively on the nature of the 
kernel by describing some work of Friedlander and Wang [1966] using-the 
Brownian kernel of Eqn. (5.100) in Eqns. (5.98) and (5.99). Thus, we 
have: 


lt ON e T11) + 1101 ray)! 


_ 1 I 1 1 
=f av t= epee 5.66 Sie eel 
1+! 4 rary ait ps. 

re) 11 ) 11 Tl (5.114) 


where we have used syueuy in the first term on the right hand 
side. Also, from Egn. (5.9 


Sige ee 31 1(TI) (TL) 


nN  ¥ p 
= - 
N= sdts. 4 TI 11 (5.11 
5) 
with t= 2 kT t/3 uy. Now, defining: 
a= J dTJ 11113 ‘I'(11) 
0 
and 
b= J avy 11-113 I(T!) 
0 
we find; dN 
--,=-C(lt+ab) 
N° (5.11 
dt 6) 


and hence that Egn. (5.114) becomes: 


‘V+ab) n Sv(n)+ (2ab- bn? fed an) y(n) 


+| y(n’) v(n-1’) ps(25) Jon =0 


0 


The further transformations: 


Gea) <i a> and x( J=a'1'(1 1)/d+ab}4 
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Figure 5.1: Self-preserving particle size distribution for Brownian 
coagulation. Adapted from Friedlander and Wang 
[1966] with permission of the Academic Press. Solid 
line-Friedlander and Wang [1966] numerical solution 
to Eqn. (5.117); 0 - Eqn. (5.117b); © - Eqn. (5.117c); 
Dashed line-Hidy [1965] numerical simulations. 


yiel 
d: s 


Ss. X(s)+[2a- a(1- - , eee lags 
a) S18 X(s)i+ s') [ 


_113 


where a= ab/ (5.117) 


(1+ab). 


Eqn.(5.117) has been solved numerically by Friedlander and Wang [1966] 
and the result is shown in Fig. 5.1. Also shown are some numerical 
simulations of Hidy [1965] who solved the discrete equations of aerosol 
coagulation (Eqn. (3.9)) for up to 600 particles. Friedlander and Wang also 
derived some analytical results for small and large values of'T1 in the form: 


WTM=C 
—___O_?. )exp((l. TI’? -(1.275) Tl- 
6 758) 113, (5.117b) 


for small TI and: 


'I'(TI)= (0.915) exp[-(0.95) TI] (5.117¢) 
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for large Tle These results are also shown Fig. 5.1. The value of ab-=(1.129). 


We conclude that the 'I' function for this case is very different from 
that found using the constant kernel. In particular, 'I'(Tl) Oas TI O, in 
contrast to the case of exp(-TI) which arises for the constant kernel. 


Another form of '!'(Tl) has been derived by Lai et al. [1972] for the 


Knudsen form of the Brownian kernel, and will be discussed in Section 
5.10. 
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5.9 The moments method 


We have seen that, under suitably restrictive conditions, a_ self- 
preserving form describes the aerosol distribution function. Thus, for 
example, in the case described by Eqn. (5.99) we can obtain the behavior of 
N(t) without solving the complete equation. In that case, we have: 


ae (5.118) 
whence: 

N(WD=N {14+72(1-a)KN -a 

<p t}1'(al eae 


where K is the double integral on the right hand side of Eqn. (5.99). This 
simple technique is very efficient and avoids considerable numerical 
difficulty and expense, but it does appear to be restricted. Nevertheless, it 
is worthwhile considering the possibility of extending the method beyond 
its strict region of applicability with the addition of more parameters. The 
key to the problem is to choose a physically realistic and mathematically 
tractable function. Two such functions have been examined in this respect: 
(1) the log-normal distribution and; (2) the gamma distribution. These 
functions can be written as: 


log-normal: 
n(v)=N---el xp! --! tnJ(V, )| 
2rca v 2a Vv (5.120) 


where N, V, and @ are adjustable, 
and: gamma: 


Nay 
oe Neh (51121) 


where N, V, and v are adjustable. In fact, the gamma distribution may be 
generalized to the form: 


n(v)= Q(v+D/ (WV [ 


exp- (5.122) 


where N,v, . and V are adjustable. In this form, the gamma distribution 
is called the Wiebull or modified gamma distribution. 


There is some physical evidence to suggest that these functional forms will 
be appropriate. For example, it is observed, and can be predicted 
theoretically, that during the process of grinding the particle volume 
distribution function takes on a log-normal shape (Aitchison and Brown 
[1957]). In addition, Deirmendjian [1969] has shown in his work on 
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electromagnetic scattering in polydispersions that the distribution of 
particle sizes in haze, rain, hail, and various cloud types can be closely 
described by a modified gamma distribution. 


The rationale behind the moments method of solution of the dynamic 
equation is that the functional forms of log-normal or modified gamma 
remain valid throughout the coagulation and deposition history of the 
aerosol. The change in distribution is characterized by the time 
dependence of the adjustable parameters. Equations for these 
parameters are obtained by 
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inserting them into the dynamic equation and taking an appropriate 
number of volume moments. This leads to a set of first order, nonlinear 
differential equations which can sometimes be solved analytically but 
which in any case are very simple to solve numerically. We will now 
illustrate the technique by some examples, but first let us note that both 
log normal and gamma distributions can be put into a pseudo-self-similar 
form: 


log-normal: 
2 
‘(rte lexp -! ned) 
v21t<J rt 20 2 (5.123) 
modified gamma: 
2 
‘I'(rt) =y(@29) [rty(2)] exp-G@t y@2)) J 
h 1 1 

aa y@) vy (5.124) 

y(n)=T(¥- +-D (5.125) 


1(x) being the gamma function. 


In Eqns. (5.123) and (5.124), rt= v M,/M,, where the moments, Mn, are 
defined by: 


Mn = Fas vn n(v) 


ie} 
Thus, for the log-normal: 
2 
n’o) 


Mn = N vn exp - - 
2 


(5.126) 

In terms of these parameters, we then find: 

N=M, 

<!>= Mi =Nvexp(_) 
an 
G4 tees 

var(n)= --| =-(exp(o)- 

Mi. N = 

Thus, the three moments, Mo, Mi, and M2, serve to provide N, <!>, and 
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<J. For the modified gamma distribution: 


M =N vn yn(_ +!) 
n y(1) 
where: 


(5.127) 
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N= 
Mo 
<I>= M = NV y(2}/ yl} 


and we need two additional moments, M2and M3, to obtain the remaining 
parameters, v and . 


5.10Coagulation with deposition, condensation, and a source 


If the method of moments is to be useful, then it must be applicable to 
the actual physical situation including deposition, condensation, and an 
imposed source term. Thus, we shall apply it directly to Eqn. (3.31). 


Multiplying Eqn. (3.31) by a function, s(v), and integrating over v(O,~, leads to: 


{ dv s(v) n(v, t) +J dv s(v) R(V) nv, t}-J avy) n(v, t}-s(v) 
Ly 5 é av 


= i J dv [s(v +u}- s(v)- s(u}] K(u, v) n(u, t} nv, t) +J dv s(v) Sv, 
t 
0 0 0 (5.128) 


where we have used Eqn. (3.11) and 
assumed that: [I(v) n(v,t} s(v)]; = 0 


The first integral on the right hand side of Eqn. (5.128) can also be 
written in another way which is sometimes more convenient. Thus, if 
we split up the inner integral over v into two parts, namely (0,v) and 
(v,oo), then we find, after using the symmetry of K, that: 


Y2 | duj dv [s(u +v)-s(u)-s(v)] K(u,v) n(w) n(v) 
0 10) 


=j du f av [s(u +v)- s(u)- s(v)] K(u, v) n(u) n(v) 
0 0 


If we now choose s(v) = vn, n = 0,1,2,... ,N, set R(v) = Rm vm and I(v) = 
Ia va, we find, using the log-normal distribution for n(v,t), the following 
equations: 


dN =-Rm <pm Nt-m exp[m(m-ltcr]-“Jo(v,cr)N2 
dt 2 (5.129) 


do on" m(m+l)o pasion E (a -1) s) 
SR ee ay N pred det as 
a R,, N™ oxo 5 +I, exp 5 


and: 


do_, Go" m(m+1)o|_ m(m-l)o]_ m(m+3)o 
Tn Be Ge P| 2 joa, 2 imal 2 I 


+21, = {er S-DE*2I¢) a exp SOD +J,(¥,0,N 


(5.130) 


(5.131) 
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where: 
J3=-2 JoN + NJ,exp(-2a) (5.132) 
q> = NI vexp(d 12) (5.133) 
=2 if faL L 
_s dp) =dqK(veP,veq)exp( P- 
gn 4O-d2 (5.134) 
ee L p 7...4...29.._ +ptq) 
( 
J2=21to-L dqK(veP,veq) a 
dp exp ; (5.135) 


Eqns. (5.129)-(5.131) constitute a closed set of first order nonlinear 
equations for N, q>, and cr. It is an easy matter to solve these 
numerically. As an example, let us assume that we have pure Brownian 
coagulation. In that case, only Eqns. (5.129) and (5.131) are relevant 
and, with: 


Jo = 2Ke (1 + exp(cr / 9)) (5.136) 
an 
d: J; = Ks N (1 + exp(cr/9)) (2 (5.137) 

exp(-o-)-1) 
we find: 

dN = -N?2 (1 + 

exp(o- / 9)) dt (5.138) 
an 
d: 

NQ a/9))(1- 
Seepco-sy dt CxPCA 191 (5.139) 


where t = No Ket and N is normalized to No- 

An interesting physical observation can be made about E (5. He) 
namely, that now the effective coagulation rate depen is on the 
dispersivity, a, of the distribution. Thus, the more polydisperse the 
aerosol, the greater the reduction in particle number by coagulation. 
Eqns. (5.138) and (5.139) are solved 


analytically to give: exp(o-)-2 
N= -ex-p'(O"o 3 


as ee erent Ca) ha 
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ds 


exp(- )/ G-2exp(- (5.140) 


s) s)) 
(l+exp(o-/9)) (5.141) 
In the case of a constant coagulation kernel, with K( u, v) = 4 Ke, we find: 
N=-1- 
1+2t (5.142 
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cr= exp(0o)- 2] 
Inf 2+ (142't)114 (5.143) 


It is interesting to see that in both cases, the exact kernel and the 
constant one, the value of o" In(2) as 't oo. Thus, the pseudo-self- 
similar form in Eqn. (5.123) tends to a true self similar form as 't 
increases. 


In another example, we can use the shear kernel of Eqn. (5.103), with 't 
Fe NE SpE er / 991 
an 


dace 70) 
d't 


These equations are readily solved to give: 


N(t) ={(1+ 3 exp(-2cro /9)] exp(2't/9)-3 
exp(-2cro /9)r' (5.144) 


d: a(t) =  Inf(3 + exp(2 a 9)) 


5.145 
exp(2 't/9)- 3] 


In this case, cr(t) t as t o,and self-similarity in the normal sense does not exist. 


Detailed expressions are given in Williams [1986] for Jo and J2 for various 
coagulation mechanisms. 


The only case which is not amenable to treatment, because the integrals, 
Jo. cannot be carried out explicitly, is that of free molecular Brownian 
coagulation. In this case, Lee et al. [1984] have developed an accurate 
approximation. 


5.11 Modified gamma distribution 
In the introduction, we noted another ‘ansatz' for the volume distribution 


function, namely the modified gamma distribution. Following the same 
procedure as in the previous section, only using Egn. (5.122), we find: 


dN N-ym'w¥Yu Cm + L=FCN yA. y) 


ah 

dt y(1) : y(1) 
y(I) 

d<)> +R Nvm+l y(m+2) =I 

Nva y(cx+l) dt m 
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(5.146) 


+ 
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y(1) 


(5.147) 


(5.148) 
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and 
dM3 +R Nvm+3y(m+*%) 31 (N,v, f3, 
Nva+zy(a+3)=F v) (5.149) 
wher . 
s dt q y(1) a y(1) 
v=.1 w 
N_ y(2) (5.150) 


The terms, F.. are given in terms of the coagulation kernel as: 


Dis 
ae = ram N AVA Je qd x) Nex -x! J-d y ylrtnyiy-1 exp! -y! K(,- 
111 1111) 
x 


a gal ae NY (5.151) 
where: 
f = 1/2, f= land £,= 3 
(5.152) 
Expressions for F, may be found in 
Williams [1986]. Now it is possible to 
write: 
(5.153) 


Mz = Aw -A2 -A3N+A4 
ane: (5.154) 
M3 = B1 v-B2 -B3 N+B4 


where the A; and B; are given below: 


Al=_[\ji(3)+\ji(@)-2 \ji(2)] 'Y12 p> 


Az =Nsl>i gu P)iiicsrw+3) \yiv4+-2 \ji(2)(v+2)] 


A= f yQ@vi@) 
3 N2 'Y(2)2 

A 2 q> y(Q) y(3) 
47 y(2)2 


28 


= 3 4 


N_£3[2 \i() + Vid) 3 \i2)]) 
Bo= | yQ)2y fa 2\ji0) (W+)) +\ji(4) (v+4)-3\i@)Ww+2 


N £32 y(23° 
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\jim) ="V( van) 


where 'V(z) is the digamma function. 


Using Eqns. (5.146)-(5.150) in Eqns. (5.153) and (5.154), it is clear that we 
can obtain equations in the form: 


N = EAN, 

v,P,<1>) (5.155) 
= F(N, (5.156) 
v,P,<1>) 


B, (F —A,F/+A, Fy)- A, (F,-B, F/+B, Fy) 


B, A, —A, B, (5.157) 
and: 
= Bi(F;- A; F(+ As F;)-AV(F;- Bi FC + 
Bs F;) ‘ A - - (5.158) 
oe B2 Al -A2 
- Bl 
F'= F.-R Nvm yim +1) 
0 oO o y(l) 
F="1 N va ya R N vm+1 y(m +2) 
a1) 
ee yd) om y() 
F'=F +21 vatl y(a+2) R Nvm+2 y(m+3) 
2 2 y) om y() 
an 
d) F'=F 3 N-a+2 y(ut+3) R N-m+3 y(m+4) 


3. 3+ av y()) mv y(1) 


Thus, we have a set of four coupled first order, nonlinear differential 
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equations for N, q>, V, and - In some cases it may be worthwhile 
setting P=l or some other constant value. Then the equation for would 
be absent and the equation for v becomes: 


v=(E+A;,F-A,)/A, (5.159) 
Let us apply this technique to the case of Brownian coagulation with no 
deposition as we did in the last section. The equations for the modified 
gamma distribution are algebraically tedious to write down, but we show 
the equations for the reduced distribution with P=1: 
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Table 5.2: Particle density and variance as a function of time. 


't amma 1Q -nQnnal mQs,hamma AERQSIM 
N Var N Var N Var N Var 

0.0 1.0 0.333 1.0 0.333 1.0 0.333 1.0 0.333 
0.5 0.490 1.34 0.494 1.36 0.490 1.47 0.486 1.56 
1.0 0.322 2.34 0.327 2.39 0.323 2.48 0.321 2.78 
1.5 0.240 3.33 0.245 3.42 0.240 3.48 0.239 4.02 
2.0 0.191 4.32 0.195 4.46 0.191 4.48 0.190 5.25 
2.5 0.158 5.31 0.162 5.49 0.159 5.48 0.158 6.49 
3.0 0.135 6.30 0.139 6.53 0.136 6.47 0.135 7.72 
3.5 0.118 7.28 0.122 7.56 0.118 7.47 0.118 8.95 
4.0 0.105 8.27 0.108 8.59 0.105 8.46 0.105 10.2 
4.5 0.094 9.24 0.097 9.64 pees 9.46 p.0e8 11.4 
10.0 0.044 20.06 0.046 21.07 0.044 20.37 0.044 21.9 


3 O 5 2 


rv +f)} (5.160) 

dt r(v+1)? 

-d—v_ N{ vive D4? 4y--2 CV. +) CV. FF 
ili miaae (5.161) 


where r(x) is the gamma function. While it is possible to obtain analytical 
solutions of these equations, in practice it is more efficient to evaluate 
them numerically by a Runge-Kutta method. 


5.12A comparative study of the moments method 


In order to illustrate the above technique, we shall carry out some 
numerical calculations and discuss the results. First consider Eqns. 
(5.138) and (5.139) and Eqns. (5.160) and (5.161). For initial conditions, 
we set cro=In(4/3) and vo=2 which ensures that the initial variances of the 
log-normal and gamma distributions are equal. Results are shown in Table 
5.2 for the particle 

density and the variance as a function of time, 't. The results in this 
column headed 'AEROSIM' are from a computer code developed by the 
United Kingdom Atomic Energy Authority. We regard these results as 
the benchmark. 


We hasten to add that we do not claim AEROSIM to be ‘exact’, simply that 
28 


it produces values which should be reasonably accurate. However, as we 
shall see later, there is some question regarding its convergence for 
certain coagulation processes. Comparisons of log-normal, gamma and 
modified gamma distributions with AEROSIM show excellent agreement 
and none can be said to be superior. However, the inclusion of a removal 
term in the equation significantly alters these conclusions and we shall 
discuss the deviations below. First, it is 
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useful to consider the consistency of the gamma distribution with self- 
similarity. We recall that for P=, 'lf(T)) is given by: 


VET (v4) nf exp[-(v+)) a] 


vin) T(v+1) (5.162) 


and thus, only if v(t) is independent of time will similarity be obeyed. 
We illustrate these matters in several ways. For example, Friedlander 
and Wang [1966] have carried out numerical calculations for 'lf(T)) as we 
explained in Section 5.7. They note that for Brownian coagulation: 


d | l+ab! N? 


a Zil 


where ab=(1.129). Our calculations using the gamma distribution show 
an interesting behavior for v(t). Fig. 5.2 illustrates the point with v given 
for various values of the initial distribution parameter, Vo. We observe 
that regardless of the value of Vo, v(, is tending to a constant value such 
that v(=)-(0.113). The value of ab is shown in Fig. 5.3 and there it is seen 
to tend to a constant value of (1.175) which is close to the value (1.129) 
calculated by Friedlander and Wang [1966]. This gives strong support to a 
self-similarity developing as time proceeds. 


The actual form of 'lf(T)) is also of interest and in Fig. 5.4 we show this for 
one initial condition at various times. Superimposed on the curves is the 
value of '!'(Tl) calculated by Friedlander and Wang and also the value of 
'I'(Tl) at infinite time as calculated from the modified gamma distribution, 
Le. with variable P(t). The results are striking. The relaxation of the 
gamma distribution to an asymptotic slope is evident and all final forms of 
‘lI’ appear to be close together. This is especially true of Friedlander and 
Wang and the modified gamma distribution. 


As a further test of similarity we have calculated 'If(TI) from Eqn. (5.162) 
using the free molecular form of the Brownian kernel. The results are 
shown in Figs. 5.5 and 5.6 for two initial conditions at various times, and 
we again note the tendency of the results to the exact value of 'I' calculated 
by Lai et al. [1972], which is shown superimposed. We note that for free 
molecular coagulation, it may be shown that: 


dN =- aN1116 
dt 2 
where t = Kr Ng, VE t and: 


1/2 
8nkT ae as 
K, =| ——— a 
P, T 
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Now, Lai et al. [1972] obtain a=(6.67). Fig. 5.7 shows a(t) deduced from 
the gamma distribution for various initial conditions and it is clearly 
tending to values which, while not identical, seem to cluster about 
a=(6.67). This is confirmation of the acceptable nature of the gamma 
distribution for representing size spectra. Further examples of the 
moments method using other coagulation mechanisms may be found in 
Williams [1986]. 
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Figure 5.2: v for various initial values for the hydrodynamic coagulation 


kernel. 
Adapted from Williams (1986]. 
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Figure 5.3: The coefficient 'ab' for the hydrodynamic coagulation 
kernel. Adapted from Williams (1986]. 
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Whi? 


Figure 5.4: The similarity function at different times for the 
hydrodynamic coagulation kernel for constant 13=1. The 
dashed-crossed line denotes the results of Friedlander 
and Wang [1966] and the dashed-dotted line denotes 
those from the modified gamma distribution at infinite 
time (Vo=2,f30=1). 

Adapted from Williams [1986]. 


Figure 5.5: The similarity function at different times for the free 
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molecule coagulation kernel. The normal Gamma 
distribution is used with v.=2. The dashed line is from the 
paper of Lai et al. [1972]. Adapted from Williams [1986]. 
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Figure 5.6: The similarity function at different times for the free 
molecule coagulation kernel. The normal Gamma 
distribution is used with vo=1. The dashed line is from 
the paperofLai et al. [1972]. Adapted from Williams 
[1986]. 
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5.13 Shape dependence 


As we have seen in Section 3.13, a formalism for including the shape 
dependence of particles may be introduced by means of descriptors. In this 
section we wish to illustrate that technique and at the same time show how 
useful the moments method can be to obtain simple first order results for 
rather complex problems. 


In order to describe shape dependence, we note that in the classical 
formulation of the coagulation terms in the dynamic equation it is assumed 
that the two particles of volumes, v' and v", coalesce to form a new particle 
of volume, v, where v=v'+v". Let us assume, however, that due to 
incomplete packing, the new composite volume is larger than the sum of 
the components. We may describe this situation mathematically by writing 


v. = v; + v;' where the subscript, s, denotes the volume of the solid in the 


particle. According to Mountain and Mulholland [1984] (see Eqn. (2.225)) 
the effective radius, R, of a particle is related to v. by: 


The effective volume, v, is then given by v = 47t R?,3, whence: 


= (4 R3 )1-(1/3a) (1/3a) 
Vv, - 37to Vv 


Thus, the conservation condition in terms of effective volume is: 


(1/30) 7(1/3a) w(1/3a) | 


/ =v +Vv (5.163) 
where we call a the 'fractal index' which has been discussed in Section 
2.18. Clearly, for a> 1/3, the packing is incomplete. Indeed, Monte 
Carlo calculations indicate that a""1/(1.78)=(0.56). It may be useful 
therefore, to study the behavior of the aerosol distribution for a in the 
range, 1/3 a 1. Physically, it seems that a=2/3 corresponds to addition 
of surface areas of the two components and a=! to addition of linear 
dimensions. Thus, a larger a implies a more porous aggregate. In 
practice, one might expect a to be slightly dependent on aerosol age, but 
we shall ignore that matter here and simply examine how the volume of 
particulate and the spectral shape depend on a. 


In order to carry out this task, we note that the aerosol balance equation 


for pure coagulation may be written from Eqn. (3.149) (using Eqn. 
(5.163)) as: 


Hi n(v, t) = i | dy | dW’ K(w', v") Olive v'(I/Ja) + v"(/Ja) t] n(v', t) n(v", 
t) 


-n(v,t) J dv' K(v',v) n(v',t) 
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0 (5.164) 


Using the properties of the delta function, we can write the first 


dv'[ I- ene ee) nv") fi 
eT 


30 


Aerosol Science: Theory and Practice 
However, in order to apply the moments method this reduction is 
unnecessary and all that need be done is to multiply Eqn. (5.164) by v" and 
integrate over all v(O,00). The result is: 


d Mn(t)="2 | av' dv" K(v', v") {[v'< 
- ae? t) n(v", t) dt 0 


1130 1130 


>+ vi< >ran 


(5.165) 
Mn being the n™ moment of n(v,t). 


Now, if we assume that the distribution follows the log-normal form: 


n(v t) =-_N..C.t)--lexpl —--l-1n2-v)] 
21tcr(t) v 2cr(t) v(t) 


then after some algebra we obtain: 


2. 2 
a ingnexin CY) pan 


where: 


f= 54 dy K(Ve'Ve') ef 


For illustrative purposes, we use the Brownian kernel: 


3 11 
K(u,v)=Ks[2 +( 3 
+COr ) ] 


where Kg = 2kT/3 Up. 
Then, setting n=O, I/(3ex), and 2/(3ex) leads to: 


dN _ 
> rat exp(cr /9)] 
d't (5.166) 


[N viva) exp( )]J= O 

“ sa (5.167) 
d: -d[NA(v2/3a) Balt Cy) = 2N2Ayv(2/3a) aealol _cr)[it+t exp(c- r)] 

d't Sox 0 ex 9 (5.168) 


It should be noted that Eqn. (5.167) corresponds to conservation of 
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solid volume as we expect. However, we do not have conservation of 
effective volume as we shall show below. 


Using Eqns. (5.166) and (5.167) in Eqn. (5.168) we obtain: 


! 2.64 


am -+texp(yyt 7% ePrg 2] 


(5.169) 
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Equation where 't =No Kg t and we have normalized Nn to 
No, the initial value. Eqns. (5.166) and (5.169) are readily 


solved analytically and lead to 


expC )-2 
P$? 
N= expC )- 
ee 
an 9a (5.170) 
d: 


1 o e = en - aa) 
—~ | exp) ee 2 i ae | a Ge 
| ( | . [i+e(3)} f:-2ene{-s55)| (5.171) 


The volume of particulate, q>, is given by: 


q> = ne3zaexp{ero;er_ ( -1)} 
— ss 
(5.172) 


and the effective particle density (relative to the initial value) is, p=l/q>. The 
volume of solid particulate, gq>., is given by: 


q>, = Fa v, n(v,) 


0 


wher 
e: J 3 

n(v.) =] dvO v- (t n(v) 

ia 
4] to? ) 
[ 
whence: 
qi/t R )1-{1/3a) 
G7 = (83 M{I/3a) 


which, from Eqn. (5.165), is indeed constant in time. 


We have evaluated these quantities numerically for <X=1/3, (0.56), 2/3, and 
1. Fig. 5.8 shows the variance, er, of the distribution. It is clear that this 
increases with time but also increases as a decreases. Indeed, er is very 
sensitive to a. We also note that er(«, tends to a constant value as 't oo 
and that this can be obtained from Eqn. (5.170) by setting N=O, whence: 
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er(0o) = In(2) = 
(0.693) 
— (9 
1.78)2 In(2) = 
(1.97) 
= 41n(2) = 
(2.77) 
= 9 1n(2) = 
(6.24) 
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Figure 5.8: The variance, cr, as a function of the fractal index, a. 


As cr increases with time, examination of Eqn. (5.166) shows that the 
effective coagulation constant (l+exp(cr/9)) also increases with time and 
thus, for increasing a, the density reduces more rapidly. This behavior is 
illustrated in Fig. 5.9 where we plot 1/N versus t (the results for a=2/3 
and (0.56) cannot be distinguished visually). Thus, a fractal structure 
leads to a more rapid decrease in particle density. 


Finally, in Fig. 5.10, we examine the effective particle density, 1/q>, as a 
function oft and a. For a=I/3 there is no variation with time since in this 
case volume is conserved. On the other hand, as a, increases, the density 
variation becomes more marked, demonstrating incomplete packing. This 
is an oversimplified picture but does illustrate the effect of shape on 
particle dynamics. 


150 a eatdeeed i 
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Figure 5.9: The inverse particle density, 1/N, as a function of the fractal 
index, a. 
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Figure 5.10: The effective particle density, gi, as function of the fractal 
index, a. 


A modification of the above method to account for variation in packing 
structure as the aerosol ages would be to assign different values of a to 
each coagulation mechanism. For example, it is known that Brownian 
coagulation dominates for small particles and gravitational for large 
ones. Thus, if the a-values are different the packing will change as the 
particles grow. Experimental evidence may suggest what values of a to 
use. Ouanti Bare however, one would write for the net coagulation 
kernes(u,v)= ), Kj(u.v; 0% 


(5.173) 


5.14 Numerical methods 


The methods discussed so far in this chapter are very helpful in providin 
exact or approximate solutions for various representations of the aeroso 
rate processes. The exact solutions serve as benchmarks, and together with 
the approximate solutions, are useful in parametric studies as well as for 
providing insight into the nature of aerosol evolution. Their utility for 
practical use is limited for several reasons. 


a) Exact solutions are feasible only for special, and not 
necessarily realistic, representations of the rate processes 
and for certain initial and boundary conditions. 


b) Aerosol evolution, especially if there are abrupt changes 


30 


such as source reinforcement, may not follow a prescribed 
form of distribution. Often bimodal, trimodal, or more 
complicated distributions may evolve, and these cannot be 
roe with in the context of log-normal, gamma, or other 
orms. 


c) In many applications, those in nuclear industry in 
particular, particle evolution is strongly coupled to the 
environment. Thus, the dynamical equation must be solved 
simultaneously with equations that describe the thermal 
hydraulic and chemical conditions of the gaseous/vaporous 
environment of the particles. 
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For practical applications, one must resort to numerical methods. From a 
numerical viewpoint, at least in principle, the dynamical equation is not too 
difficult to solve. Since methods for solving partial differential equations 
have been studied extensively and many algorithms and computer 
programs are available, the preferred approach here has been to reduce 
the dynamical equation first to a system of partial (ordinary) differential 
equations by employing some approximation to the integral of the 
coagulation terms. 


The integral can be evaluated (approximated) in various ways. The 
approximations are likely to be most successful if they preserve the basic 
properties of coagulation. One such property is the conservation of mass 
or volume in coagulation. The various quadratures must either be accurate 
enough to preserve this property or one must preserve it forcibly by 
evaluating the integrals in a special manner or by applying corrective steps 
to the calculations. 


Within the past years, several promising methods have emerged. For 
clarity, we shall first discuss the methods used with single species and 
spatial homogeneity. Then, we shall discuss the generalizations of these 
approaches to multispecies aerosols and_ spatially inhomogeneous 
situations. 


5.15The ]-space transform and cubic spline method 


This method has been used by several authors (Berry [1967], Suck and 
Brock [1979], Emami and Loyalka [1981]). In particular, following the 
development of Middleton and Brock [1976], to describe particle size 
variations over several decades in size, one introduces the transformations: 


VQ) = vo ab(J-1) (5.174) 
an 


d: YG, t) = n(v, t) vj) b (5.175) 
In(a) 


where vo is the smallest aerosol size corresponding to J=l, and a and b 
are some arbitrary constants. J is an integer and varies from 1 toa 
fairly large number that would allow consideration of all sizes of 
interest. With this transformation we have: 


il Y@.t) = Dy A | / YGJc,t) PJc,J') yory-L ar’ Y@Q,t) PG.J') YQ',t) 


=z 7ivG_a) YG.t)] 
shoe +s(v(J),t) 
e: 


(5.176) 


vJC) = vJ)- vd’) 


Jc= J eet Indl- aJJ'-J)b) 
30 


b In(a) 


d: Jd =J- In(2) 
b 
In(a) 
Egn. (5.176) is converted to a system of ordinary differential equations by use 


of quadrature formulas for the integrals and cubic splines for the derivative on J 
and one writes: 
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YQ, t) = 7, (YC t), YQ, t),Y(3, (5.177) 


dt 
t),.... ¥(m, t),SQ, t)) 


together with the associated initial conditions. Here, J = 1,2,3,... ,m, where 
m is chosen sufficiently large so that all particles of interest are 
covered. The method can yield fairly accurate results, but the 
computational costs can be quite high because of the repeated cubic 
spline fits. Note that one usually takes a=2 and b=1/2 


5.16 Finite element method 
We write the GDE in the form: 


di (vit) —— in| du dw K(vi;u,w) n(u,t) n(w,t)--"(1() n(v,t) ) 
+S(vi.t) 
dt Oo oO av V=V, (5.178) 
where: 
K(v;u, Ww) = 2 [o(v-(u +w))-o(v- u)-o(v-w)] (5.179) 
K(u, w) n(v,t) can be expressed by an interpolation 
formula in terms ofn(v;,t): 
(5.180) 


n(v,t)= L <Uv)n(vi>t) 


i=l 


where <l>;(v) are some known _ basis functions. Eqn. (5.180) can be 
substituted into Eqn. (5.178) and the integral and the derivative on the 
right hand side can be expressed in terms of the basis functions. This 
process leads to a system of equations of the form: 


n(v;,t) = )= 2D Biss nly t) n( n(v, st) 2 Yun ny, t)+S(y, ,t) 


(5.181) 
wher 
"ike J J dudwKktvi,u.w)<l>i(u)<j>kw) 
0 0 (5.182) 
and: 
Y= fi) 6,(v)| 
Vv vey, (5.183) 


With n(vi,0) known, Eqn. (5.181) can be solved with available 
algorithms or standard computer programs (for example, Gear's 
Method, the Runge-Kutta method, or the program LSODE). 
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The accuracy of this approach depends on the choice of <Mv) and Egn. 
(5.180). Since aerosol sizes can span several decades, the v; are chosen on 
some geometric scale. 


It has been verified that with proper choice of Eqn. (5.180), numerical 
quadrature and differentiation, the approach yields results that agree 
a a several of the exact solutions described in the Sections (5.1)- 
5.11). 


There are, however, several areas where the above approach requires 
improvement. First, if the aerosol distribution shifts to larger 
(because of coagulation/condensation) or smaller 
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(because of deposition/evaporation) sizes, the grid must be shifted 
(moved). Second, the calculation of iik consumes_ considerable 
computational time. Strictly speaking, these would be time dependent 
but retention of time dependence, within a given time interval, makes 
the calculations quite expensive. Thus, the preferred approach is to 
calculate the coefficients once at the start of the calculations, and later as 
needed. Accurate evaluation is necessary to ensure mass conservation in 
the case of coagulation alone. 


It is important to note that Eqn. (5.178) is hyperbolic and, in the absence of 
coagulation, its numerical solution poses the difficulties of dispersion and 
diffusion. We discuss these aspects in some detail in Section 5.18. 


5.17The group (sectional) method 


In nuclear reactor physics, one of the more successful approaches for 
solving the transport (diffusion) equations consists of resorting to the 
multiple energy group equations. Here one writes conservation equations 
for neutron density in each group using 'transfer' cross sections. Similar 
ideas can be used to treat the integral in the dynamical equation. Next, we 
describe this approach as developed by Gelbard and Seinfeld [1980]. 


The basic ideas behind the approach are easily understood. Suppose we 
divide the size spectrum into m groups, Vt.1v<vt, The total volume of 
particles in group lis then given by: 

7 


Qitn= f 


v,1 


(5.18 
4) 
dvvn(v,t) 
Coagulation creates particles whose volumes will lie in this group and also 


removes particles from this group. Thus, we could reduce the equation (in 
the absence of condensation/ evaporation) to the form: 


MQi{t) i=l j=l C dv' 11(vVH < v+v' < vl)(vw+v') C 
ol 


nl Le gud dv' llvwtv' <vt)vc 


vi-l vJ-1 


-I, Gt dv'li(vtvi>vi)vic 


=I vi-1 


-Y, ae sit Vi, (v+v')C 
De 
dv'11(vt+v'>vt! 
-[fo vw WW ’ dviv'C+ 
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d vvS(v,t ) 
i=l+l1 v,1 v,_1 
v,_1 


(5.185) 


wher 


BY Gx ee) AGED AO) (5.186) 


Also, 11 is the function: 


11(x) = 1; ifx is true 
= 0 ; otherwise 


The equation is self explanatory. The first two terms on the right hand side 
are creation terms and the next three terms are removal terms. 
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To close this set of equations in terms of Qi(t), it is necessary to relate 
n(v,t) to this quantity. This can be accomplished by the use of Eqn. (5.184) 
and any appropriate approximation for n that simplifies the evaluation of 
the integrals in Eqn. (5.185). In general, one could write: 


n(v,t)= L TJ(v, 1 <v<vt)ni{t)fi{v) 
t=! (5.187) 

where ni{t) are unknown and fi{v) are some prescribed functions 
(constants, 1/v, piecewise linear, etc.). If one takes fi{v)=l/v, then, 
using Eqn. (5.187) in Eqn. (5.184), we find: 

1,(t) =- Q() 

Ve Ven 
(5.188) 


which represents the total number of particles (of the same average 
volume) in the 1" section at time, t. 


Substituting Eqns. (5.187) and (5.188) into Eqn. (5.186), one obtains a set 
of differential equations: 


1 £-1 3 
y= FS, YHA QI+OU) FBP QC) Ql F Ble QO 
-Yy 1 aw-ary I +)!) aiaysstcy 
is141 (5.189) 
wher 
e: 


se 


PAGIt= \V’ dy \V 


dy Tv+y ’ 


3) — =[" dv” dv’ n(v,,<vtv’<v,)(v+v’)g;;(v.v’) 


< ) vgit! viv) 
vt 


1 i] | ; 
PAGt =v. mu d at , bet: v>vt) vgitv! ,V ) 
3 = fi dv ee dv’ n(vtv’>v,)(vtv’) g,(v,v’) | 


| 1 
a = a ty Ivey gitlv,v) 


(5.190) 
an 
d: 
, K(v,v’) 
PVN) So 
A (v;-Via)(¥j-Vja) VV (5.191) 


A computer program can now be set up for solving the above equations 
in a fairly general format. 


We have considered above the conservation of volume in each section but 
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one could develop similar equations for any quantity of importance (e.g., 
mass). Equations thus obtained preserve the conservation of important 
quantities in the description of aerosol dynamics, and thus lead to 
physically meaningful descriptions even with low order (group) 
approximations. 


The method can be used for condensation/evaporation also, but then it has 


serious limitations (Park and Loyalka [1989], Tsang and Rao [1988]) 
because of numerical diffusion. These 
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dv/dt=c 


k+ 
4 


olume, 
Vv 


Figure 5.11: Integration along a constant characteristic. 


problems can be partially solved by using 'moving' sections, but ners in 
at 


the presence of coagulation, it would become necessary to evaluate 
each computational step. Thus, here the method does not appear to lead to 
any advantages over the methods of the previous section. 


Since condensation/evaporation can be a very important process in 
aerosol evolution, we discuss the numerical aspects in the next several 
sections. 


5.18 Numerical solutions for condensation/evaporation without coagulation 
To elucidate the difficulties associated with numerical solutions of the GDE 


in the presence of condensation/evaporation, we examine the equation in 
the absence of coagulation. Thus, we consider the equation: 


a n(v,t) 4 iw) n(v,t)) 
t av (5.192) 


In general, I is a function of both the particle size and time, but for the 


moment we will assume it to be a constant, c. Then, Eqn. (5.192) can be 
written as: 


a 
at n(v, t) =-c av n(v, t) 


(5.193) 
which has the analytical 
solution: n(v,t) = 
t>v/ 
No (v-c t) c 
=0 otherwise (5.194) 
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where no(v) is the initial distribution. We recognize that Eqn. (5.193) has the 
characteristic: 


v- ct = constant (5.195) 


along which particles 'move' with a constant rate, c. In other words, 
along the characteristic (see Fig. 5.11): 
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dn 
=0 
dt (5.196) 


Use of Euler's forward difference method with respect to time and a second 
order central difference on size in Eqn. (5.193) gives: 


ul ni 
nit-l 7 (5.197) 


, 


where the subscript, j, indicates current size and the superscript, k, 
indicates current time. To examine the stability of the method, we use 
von Neumann stability analysis, and note that Eqn. (5.193) has the 
solution: 


n(v, t) = exp(ilv) exp(-ilct) 


(5.198) 
while the difference equation has 
the solution: 
ic At F 
ny =exp(i £ j Av) E sin(é av)| 
Av (5.199) 
That 
is: iF 
nki- nv, eles = exp(il v) ic Lit sin(.t' Liv)]k - 
[exp(-il c Lit)]k} (5.200) 


We note that the numerical solution differs substantially from the exact solution 
in that: 


i) The exact solution is propagated without a change in 
amplitude, by the original Eqn. (5.193). 


ii) The finite difference Eqn. (5.197) yields a solution, Eqn. 
(5.199), whose amplitude increases in time (as k increases) 
for any values of the parameters, and the method is 
unconditionally unstable! 


To understand the second point we note that the substitution: 


n(v, t) = exp(iiv) 
i (5.201) 
<p(t) in Eqn. (5.193) 
leads to: 
<p'(t) = a <p(t) (5.202) 
wher 
a ae (5.203) 
or 
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is a purely imaginary number. It is known that with @ imaginary, Euler's 
method is unstable for Eqn. (5.202), and so the result is not surprising. 
We note that Eqn. (5.193) imposes some very stringent requirements on 
the positive nature of the solution, n(v,t), and ‘forbidden signals.' By the 
latter, we imply that at point (v,t) the domain of dependence is well defined, 
and any numerical method that distorts this significantly will likely lead to 
serious problems. The central differencing above distorts the domain of 
dependence (by extending it to the right of 

the point, G,k+1)) and causes difficulty. 
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A better approach would be to backward difference in both size and time. 
The simplest approach of this type leads to: 


nk+l n c 
J “J =--(nk -nk ) 


dt avs fi (5.204) 


which is known as the upwind scheme. Avon Neumann analysis of this method 
leads to: 


nt? =[1-cd_t (1- exp(-ii 
dv))] n (5.205) 


and this method is stable. That is, the method does not increase the 
magnitude of the solution with increasing time if: 


Co = ---<1 
dv- (5.206) 


where Co is the Courant number. 


Although in the above example Co=1 leads to the exact solution (at the 
stability limit), this is a result of special circumstances. As such, Eqn. 
(5.204) is only first order accurate in space and time. But, we note that (as 
with the central difference approach) use of higher order formulas here has 
the full potential of introducing spurious solutions that can lead to both 
dispersion (solution oscillating to negative values) and diffusion (distortion 
in the shape, or undesired spread of the peak). These arise from a large 
number of Fourier components in the solution of the difference equations. 
Thus, it becomes imperative that the difference equations preserve the 
basic properties of the original equation (solution) as closely as possible. 
The desirable requirement is to integrate along the characteristics but this 
is not always easy as the function, I, changes continually. 


In actual aerosol computations, the upwind method requires very small 
time steps as both the aerosol distribution, and the growth rate, I, change 
by orders of magnitude over the range of v. Since dv also must be kept 
small (to avoid excessive truncation errors), modifications of the upwind 
schemes are sought. We discuss in the next section one _ particularly 
useful modification of the method. 


5.19The Smolarkiewicz method 


Smolarkiewicz [1983] studied the problem of advection in fluid flows but 
his method applies directly to the problem of aerosol growth. We note that 
the upwind difference approximation to Eqn. (5.192), in the conservative 
form, gives: 


kt] « dt ( k k ) 
wher ni =ni = dv /-2 
e: Fi+l 
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Fi-112 (5.2 07) 

Fj 2 = Yo {(1 +1/2 +11 +1121) n+ (if+1/2 -11 
wit +1121) n+} 
h: 


(5.208) 


1 =1 
f+/2 = % (If + If+l) (5.209) 
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This formula is easily implemented on a computer. But, despite the fact 
that it meets the conservation requirement, because of its first order 
accuracy it leads to the problem of numerical 'diffusion.' To examine 
this, Smolarkiewicz, using Taylor series expansions in Eqn. (5.193), 
noted that the formula actually is a close approximation to the equation: 


ana 2 
8acIn)+4—( xa)_ 
dt av av av (5.210) 


where K, the 'diffusivity,' is expressed as: 


(=4(I]Av—-P At) (5.211) 


and is thus responsible for diffusion in the solution. Since one cannot 
choose K to be zero, the diffusion is inherent to the method. Also, this term 
is important to the stability of the method, and cannot be_ simply 
subtracted. The argument given by Smolarkiewicz was that Eqn. 
(5.207) be used as a predictive step only, and that a corrective step 
then be applied to reverse the effects of diffusion to the extent possible by 
using the equation: 


in a reverse manner. Thus, we write Egn. (5.192) 
in the form: an =-1-(1 n) 
at avd (5.213) 
wher 
e: 
if 
Id= no 
av n>O 
(5.214) 
if 
n=O 


and Id is referred to as the ‘diffusion velocity.’ An ‘antidiffusion velocity,' i, is 


then defined 
as: 
ie -I, if n>O 


0 if n=O (5.215) 


The Smolarkiewicz method then leads to the scheme: 


i) Predictive Step: 
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Tt | 
nie si Ky B112- pK112 


(5.216) 
ii) Corrective Step: 
é ktl + t(° .) 
i =ni V F;+112- F;- 
112 (5.217) 


where, in p*, 1 is calculated 
as: 
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I. 
pk+I BkH! pk+l pk-+1 pk pk+! 
pk+l° 
I I 1 
pkel 0 I 21 ii it] 1 1-104 1 
k k 
Ki / K; Ki, | | Ky Ki, 
tk 
k pk k I k epk 
I 2 pi- 1 pit! 1 Pl-1 r I 


Figure 5.12: Finite elements in space and time at a typical time step. 
Adapted from Varoglu and Finn [1980] with permission of 
the Academic Press. 


I -_K —_ IT nil -n=3 (11i+1i21] v-1 +1,2 t) n\l-n 
ier jry2 os ; ie Rs es Aoi 
2n t+tnititE ox 2 n t+niti +E 
a (5.218) 


and Eis a small quantity (10-'. Note that the corrective step can be 
used repeatedly. For stability here, one requires: 


lij+/21t) 1 
Vv 
(5.219) 


which, with the upwind scheme criterion, is easily satisfied. Thus, the 
method is stable and consistent. 


5.20A moving grid characteristic based finite element method 


Neither the upwind nor Smolarkiewicz methods overcome the problem of 
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diffusion to complete satisfaction and additional methods are needed. 
Tsang and Brock [1983], and later Tsang and Rao [1988, 1990] and Tsang 
and Huang [1990], have explored one promising method that 


essentially derives from the work of Varoglu and Finn [1980] in fluid 
dynamics. Although the details of this method are tedious, the basic ideas 
are easily followed. 


Suppose fi(v,t) is an approximation to the actual distribution n(v,t). 
Then, we solve the problem of Eqn. (5.192) in a weak sense by 
requiring: 
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7 on O,. 
[ dt J dv ¢(v,t) & 2 )) =0 


(5.220) 


where <p(v,t) is a continuous function defined in the interval of interest. 
We consider a computational grid in the size-time domain, with ti=r' and 
t2=t1'+1, where the superscript, k, indicates the k” step (and known 


level) and k+1 indicates the next level. The domain of 


integration is discretized by the spatial-temporal elements, K ,K ,...,Kf_" 
as illustrated in Fig. 5.12. 
Note that while the first element is triangular, all others are trapezoidal. The 


lines, t Pt ; are chosen to be first order approximations to the 


characteristics of the dynamical equation (e.g., for !=constant, these will 
be exactly the straight lines). Further, the trapezoidal elements are 


transformed from the v-t global coordinate system to an TJ-S local 
coordinate system such that 


the transformed element (in the TJ-S local system) is a unit square. The function, 
N, is defined 


as a piecewise polynomial based on each element, K , in the form: 
A(n,€) =(1—n)(1-€) nf +(1-n) Gn! +n (1-) n+ a (5.221) 


The functions, <p(v,t), are chosen to be the basis functions for the space, V, 
of all continuous functions defined on the finite elements, K , and are 
simply the hat functions. 

The integral in Eqn. (5.220) is now integrated by parts with substitution 
of Eqn. (5.221), use of the Jacobian of transformation, and low order 


quadratures (for example, second order Newton-Cotes). This process 
gives a banded matrix for the evaluation of the unknown values, 


n:+', which can be found quite efficiently. 


5.21 Numerical treatment of multicomponent aerosols 
The methods discussed above should all, in principle, apply to 


multicomponent aerosols with similar limitations and effectiveness. Thus, if 
we consider the equation: 


oD Wises) 


at oe 


=Jo-du, du2 a3 dum fo-aw, PETTERS ET RTT RETR TEER EOE TE NTE REY TIO REET dw2 = dwm K(vi 
V2," vm;u,,U2,°°*: um, Wi, W2, oon e nena eee e eee eee ee ee eee ee esos ee eeeeeesesessseeseeeseees wm) 


n(ui, U2'-* Um, t) n(W,,W2, _, Wm, t) 
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] 

+S —(L,(v,,Vo5-sVn) 1(V,sV29+++2Vmat)) + S(VjsVoo-+2Vinot) 

2 av, | (5.222) 
then corresponding to the J-space transform method, we will consider a 
J"J2,...Jm transform, and the number of coupled ordinary differential 
equations that we would need to solve would increase m fold from those for 
single species aerosols. Quite clearly, the evaluation of the integrals and 
the time derivative would become much more expensive in computational 
costs. Similarly, for the application of the finite element method, one would 
generalize Eqn. (5.180) to a basis on m dimensions. 
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Extensive numerical efforts to solve Eqn. (5.222) are currently in 
progress. For the problem of condensation/evaporation alone, Tsang 
and Huang [1990] have successfully analyzed a binary aerosol using the 
method of Section 5.20. The details of their development, like for most 
finite element methods of this level, are quite tedious, and we will not 
discuss them here. 


Quite a different approach to the problem has been taken in the group 
(sectional) method. Gelbard and Seinfeld [1978a,b, 1979, 1980], 
assume that: 


K(vi, V2,..,,vm;ui, U2,..,,um,w1' W2,.. ,,wm) K(v;u,w) 
wher (5,223) 
e: 
v= }2vi, etc. 
i (5.224) 


and K is some coagulation kernel that is independent of particle composition. 
Next, the 


distribution function, n(v:, v2,..., vm, t), is related to a distribution, ii(v, t), 
of the total mass via the assumption that in each section, /, the particle 
composition is independent of particle size. There are also some other 
auxiliary assumptions. These assumptions allow Egn. (5.222), with 
coagulation alone, to be written in the form: 


t-1 - t-1 0 
& orkety- 2 tt GHP Qjk(tQ/tS PPijt Qik(t)Q/t) +ttPit Qi{t)Qik(t) 


iG] Qi) Qtk(t)-% i3i:i1 Q;(t)-QI1(t) tT P: 1 Qi(t)+ SIk(t) 
i=] i=l+] (5, 


225) 
where QIl< is the mass concentration of species k in the 
It11 section and: 
Qt= L (5,226) 
Qlk 
k 


The coefficients, j3, are similar to those for the single species aerosols, and are 
given by: 


Bil:] = Jv dv Jy W n(vt-i<v+v' < vt) vgi/, v') 


! i 
pacyppy = Mody M ty t6vedeverw <vt)v gijlvv?) 


vi-l vj-1 
Pi MM, N vi dv V+V <Vt Vgiilv, V 

i] i] 
1353p) = MM, iy hV by Tove svt)v git! vv? 
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13} ) = [, } af yp dvi nv + vi >vt)(v + v') guy, v’) 


-(5) JVI Mt Bee i 

Pit = Vv, , dv v,, dv V git(v,v) (5.227) 
The functions, g, are same as those defined earlier, and there is little 

difference from the coefficients defined for a single component aerosol. 

This circumstance is a direct consequence of a rather severe approximation 

to the physics of the problem. 
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We should also note here that Kim and Seinfeld [1990) have extended the 
moving sectional method to mixed aerosol condensation/evaporation 
problem. They have presented interesting results retaining several 
simplifying assumptions. 


5.22 Spatial inhomogeneities 


In the absence of strong turbulence, the assumption of spatial 
homogeneity is not justified. This is especially true for time scales of 
localized aerosol sources in large chambers. Thus, it is important to 
consider the spatial terms in the GDE. The task can be carried out in 
several different ways: 


i) Zonal Methods: Here the spatial domain is divided into 
fairly large subvolumes (say 4 to 5 'zones') and the aerosol 
currents among the various zones are allowed to interflow. 
This approach has been used by Jordan et al. [1980) and 
area et al. [1989). Several useful results have been 
obtained. 


ii) Finite pier or Finite Elements on Space: Here, 
using any of the methods of the previous sections, the GDE 
is reduced to a set of partial differential equations (instead 
of ODEs). These are then solved by standard finite difference 
or finite element methods (e.g., Park and Loyalka [1989)). 


In principle, these extensions are quite straightforward. The 
calculations, however, are both tedious and computationally quite 
expensive. But, for many applications such computations will be quite 
necessary. 


5.23 Computer programs and benchmarking 


A number of computer programs have been written that attempt to solve 
various versions of the dynamical equations by using some of the methods 
described above. Many of these programs have undergone considerable 
evolution over the past several years. In general, for prescribed forms of 
the rate processes, and for single component aerosols, some of these 
programs do provide results with good numerical accuracy. We review 
briefly the benchmark results first, and then we comment on the areas 
where considerable caution must be exercised in the use of these 
programs. 


The existing programs can provide useful results when one species is 
dominant, the particles are nearly spherical, the aerosol is homogeneous, 
temporal variations are not large, and the coupling with the surroundings 
is weak. Early assessment of the J-space transform technique has been 
given by Middleton and Brock [1976) who showed that for weak 
condensation and coagulation this method worked quite well. Similar 
conclusions are evident from the work of Gelbard and Seinfeld [1978a,b, 
1979, 1980] regarding the sectional method. Emami and Loyalka [1980) 
applied the J-space method to a wider range of benchmark problems and 
again found that for weak processes this method worked quite well. Park 
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and Loyalka [1988a] developed a computer program (AEROMECH) that 
provides for use of both the J-space and sectional methods and allows 
different models for rate processes. They found that the J-space transform 
method worked better for condensation dominated problems while the 
sectional method had advantages in coagulation dominated problems. 
Thus, it was suggested that a hybrid of the two might be advantageous in 
some circumstances. Seigneur et al. [1986) compared results based on the 
J-space method (COAGUL and CONFEMM programs), the sectional method 
(MAEROS and ESMAP programs), and the moments method (AGRO 
program), but did not verify these against known analytical results. 


Tsang and Rao [1988] considered the condensation problem with: 
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Table 5.3: Comparison of computing time, number and mass 
concentration between different numerical schemes. 
Adapted from Tsang and Rao [1988] with permission of the 
Elsevier Science Publishing ; 


Case2 
Numerical a=10-13, M.i=10-9 


scheme (0) 0',=2.24, d,=6x1 
oxl0- 


molar_(40) | 8.7957_| 07.180 
molar. (20) | 8.7957 _| 60.154 _| 


Numbers in parentheses refer to number of grid intervals per decade of particle 
diameter. The units of Mo and M, are #/cm? and g/cm, respectively. C.P.U. time is in 
seconds on an IBM 3081. 


lv,t}h=a (5.228) 
an yil3 


d: N [ (_In(dp)- 


indal 


n(dP,o)=__.. fiji. In(o-s) exp 2 
(in(o-s)f dP (5.229) 


They studied both the accuracy and computational time requirements of 
four different methods for both strong and weak condensation. The 
problem parameters, the results for total number and mass 
concentrations, and the cpu times are shown in Table 5.3. The 
computed distributions are shown in Figs. 5.13 and 5.14. It is evident 
that, for strong condensation, only a moving grid method that is based on 
the use of characteristics provides acceptable results for the distribution. 
Accuracy in the computation of the moments does not assure accuracy in 
the computation of the distribution itself. 


As we noted earlier, the sectional method can be modified so that the 
sections are moved along the characteristics. This seems to be an idea 
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inherent also in the work of Neiburger and Chien [1960]. The modified 
method (Gelbard [1990]) is then quite suitable for problems of 
condensation alone. 


Use of the available programs for analysis or design of experiments or 
natural/industrial aerosol processes must be undertaken with considerable 
care. First, it is important to select a method and rate process models 
appropriate to the problem as the computed results are dependent on these 
(Loyalka [1983] and Buckley and Loyalka [1990]). Next, little trust can be 
placed in the available multicomponent aerosol codes because of the rather 
drastic approximations that have been employed, both with respect to the 
physical processes and the numerics. No doubt, the situation is being 
rectified and one can be optimistic about new understandings as well as 
emergence of a new generation of software, especially with the recent 
advances in hardware, theoretical and experimental methods, and 
computational fluid mechanics. 
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Figure 5.13: The number distribution function, 
3vn(v) for different numerical schemes after 5 
seconds for Case 1. The solid curve on the left is 
the initial size distribution. -x-x CONFEMM and 
analytical solution (x x: analytical solution, line: 
CONFEMM ); - - -Smolarkiewicz solution; -O- 
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O- upwind differencing and sectional method (0 0: 
upwind differencing, line: sectional method). 
Adapted from Tsang and Rao [1988] with permission 
of the Elsevier Science Publishing Company. 


Figure 5.14: The number distribution function, 
3vn(v) for different numerical schemes after 
10,000 seconds for Case 2. The solid curve on 
the left is the initial size distribution. -x-x 
CONFEMM and analytical solution (x x : 
analytical solution, line: CONFEMM ); - -fl- 
Smolarkiewicz solution; -O-O- upwind 
differencing and sectional method (0 0: 
upwind differencing, line: sectional method). 
Adapted from Tsang and Rao [1988] with 
permission of the Elsevier Science Publishing 
Company. 
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CHAPTER6 


Condensation and 


6.1 Introducti Evaporation 
on 


The most important aspect of aerosol particles is, perhaps, their interaction 
with gas molecules. Under standard conditions, a current of 10*° gas 
molecules/cm’sec impinges on a particle and, in equilibrium, a current of 
the same magnitude is returned back from the particle's surface to the 
surrounding gas. Generally, the molecules incident on a particle's surface 
can react with 

the particle constituents, they can be absorbed or adsorbed, or they can be 
scattered back into the gas. The problems of acid rain (in which sulphur 
and nitrogen oxides react with aqueous particles or other fine and coarse 
particle constituents), growth of rain drops from early cluster formation to 
later larger sizes, and the absorption of I and Cs vapors by particles during 
a nuclear reactor accident are all examples of particle interactions with gas 
constituents. 


The magnitudes of the rate processes in an aerosol will be governed by the 
partial pressures of the gas constituents, their molecular properties, the 
particle constituents, the particle sizes, and the ambient temperature. If 
the partial pressure of a vapor is several times its saturation value then this 
highly nonequilibrium situation will lead to the formation of clusters of 
vapor molecules (in the absence of other particles on which the vapor 
could condense). The growth of these clusters through vapor 
condensation will progress to equilibrium in which the incoming and 
outgoing molecular currents at the particle (cluster) surfaces are the same 
(assuming that the vapor supply is limited). Conversely, rapid expansion of 
an aerosol, or heating of the particles (say by a laser beam) can lead to rapid 
vaporization of particles. 


In general, treatment of particle growth/evaporation/reactions requires 
consideration of heat anid mass transfer between a particle and the 
ambient gas mixture. For most problems of interest in aerosol mechanics, 
the vapor or reactant species concentration is quite small compared to that 
of the host gas and the mass transfer part can be treated by regarding the 
gas as dilute (vapor/reactant molecules transport through their collisions 
with the host molecules and aerosol particles only with vapor-vapor 
interactions ignored). The heat transfer, which affects the mass transfer 
through its impact on temperature, is then largely governed by the 
collisions of the host gas molecules amongst themselves. Convective heat 
and mass transfer, or radiative heat transfer will also play significant 
roles under some conditions. 


In this chapter, we focus upon rate expressions for the condensation and 
evaporation of a particle in a dilute mixture where mass and heat transport 
are governed by diffusion and conduction. We will first consider spherical 
particles. Starting with some elementary considerations, we will eventually 
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describe recent progress in solving the Boltzmann equation. Finally, we 
will consider the case of nonspherical particles. 


Before proceeding with the above plan, we note that under most conditions 
of interest (see Seinfeld [1986), Hidy and Brock [1971], or Twomey 
[1977]), particle growth kinetics are such that rate expressions can be 
determined by solving the steady state equations of molecular transport in 
the gas. Also, the equilibrium (apparent saturation) density of the vapor 
over the particle (droplet) surface is a function of the particle size (the 
Kelvin effect), the particle constituents, and the gas-surface interaction 
properties. We will not discuss these aspects and only assume that the 
"equilibrium" density, n., can be expressed as: 


n, =n,(T,a,¢;,...) (6.1) 
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where Tis the surface temperature, a is the particle radius, ci is the 
concentration of species i, etc. In much of what follows we will assume that 
the functional form of n. is known and can be determined through the 
expressions available in the literature (e.g., Twomey [1977], Mason [1962], 
Davies [1966], Pruppacher and Klett [1978]) or through experiments. We 
note that for condensation of water vapor, which is an important factor in 
light water reactor accidents, the hygroscopic nature of the aerosols would 
reduce the value of n, to levels such that aerosol growth would occur even 
in subsaturated environments. Thus, it is imperative that n, be known, 
both experimentally and theoretically, to a fairly high degree of accuracy. 


6.2 Basic equations 


We consider a spherical particle situated in a dilute gas mixture in which a 
vapor or a gas (component I) is diffusing in a background gas (component 
2). The number density, ni, of the vapor is much less than that of the 
background gas, n2- Far from the sphere, the vapor is at a density, n..>n,. 
The vapor will condense on the particle and the temperature of the particle 
will be higher than that of the gas to enable transfer of heat. One might 
also encounter a situation where a particle is hot due to internal heat 
generation (e.g., radioactive particles) or radiative absorption. Most often, 
one is concerned about conductive (molecular) heat transfer, although 
radiative and convective heat transport might also be of interest. 


If the concentration and thermal gradients are small, then the basic 
equations of mass and heat transfer can be considered separately instead of 
as coupled calculations which we postpone to a later stage (temperature 
affects saturation density, n,, through the Clausius-Clapeyron equation). 
Thus, let us first consider the isothermal mass transport of the vapor. 
The mass 


condensation rate, ii (mass/time), of vapor condensing on a sphere, can be 
expressed as: 


ii = 47t ii’ mv J - Jt) (6.2) 


where Lis the current (#/cm’sec) of the vapor molecules directed towards 
the particle and 1+ is the outward current of the vapor molecules emitted from 
the eae radial currents are defined as: 


J. = | dele. n If; (ii,e) 
(c,n,)<O (6.3) 
an 
d: j.= f deleen, lf: 
6.4 
as) (6.4) 
(c,n, )>0 


where r is the position vector, C is the molecular velocity, and fv is the 
molecular distribution of the vapor. The superscripts + and - indicate the 
distributions for outgoing and incoming molecules, respectively. Note that 
n, is a unit normal at r, directed from the sphere into the vapor-gas 
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mixture. 


For diffuse reflection, C is simply a Maxwellian corresponding to n; and 
the ambient temperature. f;, however, must generally be determined by 
solving the linear Boltzmann equation. It is convenient to introduce here 
the Knudsen number, Kn, defined as: 


Kn= ly /ii (6.5) 


in which lp is the vapor molecular mean free path: 
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D 2k (6.6) 


and Dis the diffusion coefficient of the vapor in the gas. For Kn>>1, the 
incident distribution, 
f;, seen by the particle is essentially a Maxwellian and we have: 


N eee ees 
‘ q (6.7) 
where 
1/2 
8k 
¢ 1tmy (6.8) 


is the mean speed of the vapor 
molecules. Since: 


J=nvV 

rs 4 (6.9) 
we have: 

lim (ii)= 41t ii’ sry (nM - n. 

ae ) Dy ( a ) (6.10) 


Denoting this limiting value by, Urm, the free molecular condensation rate, we 
have: 


ufm =7ta (p_ = 
7 a 1/2 
- -2 
‘ 7t my? (6.11) 
in which p=ffivn is the vapor density. 
In the continuum limit, Kn<<Il, one writes: 


jicont = 47 a:2 my J (6.12) 


where J is the net radial current: 


J=SJ,—JL the 
equatio 
and is given by Fick's law as: n: 
J=-D dn 
dr 


n(r) in Eqn. (6.14) is determined from 


310 


(6.13) 
with the boundary conditions: 


(6.14) 


(6.15) 
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n(r)=n, ; 
an r=i1 


lim[n(r)] = 
n_ 


One obtains: 


ino. = 41¢ D a (p_ -p,) (6.16) 


For all intermediate Kn, however, ii must be obtained by solving the 
Boltzmann equation (Note that actually Dis also obtained from the 
Chapman-Enskog solution to this equation). In the near continuum limit 
(Kn-0.1) however, fairly accurate results are obtained by considering the 
equations: 


LES gQr@ 
r 
= [o——— 
ee 


lim[n(r)] = n_ 


(6.17) 


where is known as the jump coefficient (it is analogous to the velocity 
slip of Chapter 2). This coefficient is obtained by solving the Boltzmann 
equation and its evaluation has been discussed by Loyalka [1982b] and 
Loyalka, Hamoodi, and Tompson [1989al]. 


Solving Eqn. (6.17) for n(r), and using Eqns. (6.12) and (6.14), we find 
that: 


ii-jum = 41t D ii (p,,-p 5) (1-{. ) 
a (6.18) 

That is, the condensation rate does not follow the prescription of Eqn. 

(6.16) but is reduced from the continuum value by a factor that 


accounts for the discontinuity of the molecular velocity distribution. We 
can write: 


i= Uvoor (1- Kn ) (6.19) 


where= /1., isthe dimensionless jump coefficient which varies from 
aCuE oe .94) to (1.01) as the mass ratio of the background to vapor gas 
molecules: 
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pz = mb /mv (6.20) 


varies from P’>>1.0 to P’<<1.0. 


Very similar results are obtained for the conductive heat transfer in the 


background gas. The rate of heat transfer, Q (energy/time) is expressed 
as: 
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q=4na7(Q,-Q) 


(6.21) 


where Q+ is the conductive heat current (energy/area time) directed away from 


the particle and 
Q_is the inward heat current. These are expressed as: 


Qe= F ac le. n,I 2 m e? f:(a,e) 
(cen,)<O 
and 


Q+= f deieen,]“%2me?7f;(a,e) 


(cen,)>0 


(6.22) 


(6.23) 


subject to the condition that the background gas has no net flow, specifically: 


Jae (E-n,) £,(r,)=0 


(6.24) 


We consider the case of diffuse reflection at the particle-gas interface. In 


the free molecular 
limit: 


and: 


3/2 e 
exp| ->»£ 
PET. 


Thus, in the free molecular limit, the heat transfer rate is 
given by: 


2 
a Sageiys SEL is ees 
a oi ™m, T. 


20 


Again, using continuum theory, we find that in this limit: 


Goon = 4042 (T, -T.] 314 


where A 
is the 
thermal 
conductiv 
ity of the 
gas. 

Note that 
in the 
jump 
limit: 


(6.25) 


(6.26) 


(6.27) 


(6.28) 


(6.29) 
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Tw-T ..y(0) = 


d = 
“mn & Ty) (6.30) 


where /;;U is the temperature jump distance 
(Loyalka [1989]). As before, one finds: 


i | tf tf 
H-=H-(.. 2 We een, 
(6.31) 
where now, the Knudsen number is 


defined as: Kn= La. 
(6.32) 


and /, is a mean free path: 


AT ( )112 
b=. perp ae 
(6.33) 


Several theoretical results have been reported for both ii and q in the 
transition regime. These include those of Loyalka [1973, 1982b], Williams 
[1975], Cercignani and Pagani [1967], Monchick and Blakemore [1988], 
Tompson and Loyalka [1988], and Pazooki and Loyalka [1988]. 


Recently, significant progress has been made in the direct numerical 
solution of ihe Boltzmann equation. We will discuss this work in the next 
section. Before doing so, we note that for arbitrary Kn it is possible to 
develop some simple interpolation formulas (Loyalka [1983]): 


_ii = fc(Knc) JL = 
fh(Knh) (6.34) 
wher and cicont 


e: ucont 


-1 
Ucoot j: + |; 
= 1>C 


£,(Kn,) =[!+Kn,_K'b, 


S+, 1 (6.35) 
an 
d: 
cicoo! 
with: + is 
curly 
28 f,(Kn,) 
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qe, el: (6.37) 


The other quantities in Eqns. (6.35) and (6.36) depend on the 


intermolecular and/or gas surface interactions. For diffuse reflection, we 
have: 
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cont = Vn Kn, and apa i) fir. 
Utm o— Kn (6.38) 


while. the other. quantities are of. order I. For the BGK model, these 
uantities, the dimensionless jump distances, . and the auxiliary factors, 


, are given as: 


c = (1.0161) » = (1.1759) j 70/2 SC = (3333) Sh= (1.9234) 
(6.39) 


An expression for the mas-; transfer jump coefficient, which is dependent on 
the mass ratio, has been given by Loyalka, Harnoodi and Tompson [1989a]: 


c = (0.9769)-(0.0518) z +(070018) z #(0.0196)z 2 z= logy(P ) 


0.1 Pp 10.0 
(6.40) 
and may be used in preference to the value (1.0161) given above. Note that 
the black sphere value: 


a (22 (0.7109 = (0.94) 


T 
4 


of the often used Fuchs-Sutugin formula is meaningful only for the diffusion 
of a very light species in a heavy background gas and, as such, is not 
appropriate for use in most aerosol applications. Also, as discussed by 
Tompson and Loyalka [1986], the formulas above do not have correct near 
free molecular limits, and their derivatives can be substantially in error. 
Thus, they should be used with caution. 


The heat transfer expression given above is most useful only if the 
vapor occurs in trace amounts and/or if it is a light species. It is known 
that heavy contaminants lower the heat transfer in a gas substantially. 
In such cases the heat transfer expression above should be modified, 
and a result appropriate for gas mixtures should be used. Such an 
expression has been given by Loyalka [1982b] for plane parallel plates, 
and can be simply adapted to the case of a spherical droplet by noting 
that: 


1/2 
x 29%. Dy Te 8kT 
Wim = 4n a” : “T > Pino 


rm, 


co i 


(6.41) 


where i indicates the i" species. 


6.3 Transition regime heat and mass transfer 
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For arbitrary Knudsen number, we consider here the linearized Boltzmann 
equation for the vapor molecular distribution, fv: 


C. t/v(r.c) = { everc') fb(r,c;)- fv(r,c) fb(r,cl)} le- cllatic - Clie) 
sin(O) dO dE de! 


(6.42) 


where fb is a Maxwellian, @ is the collision cross-section, O is the 
scattering angle, E is the angle between the planes (c,c') and (c-c',c-c1), 


and IT and care the dimensional molecular position and velocity 
vectors, respectively. We write: 
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3/2_ | -2) 


fb(r,c) = ie ex'p - mbe 
21tkT 2kT 
an 3/2 (— -2) 
f.(r,c) =n. exp- me (1 + h(ro)) 
2kT (6.43) 
(citer) 


where n.=n. is the saturation density (or the density of the molecular 
distribution evaporating from the particle surface). Eqn. (6.42) can be 
written as: 


a 

“tigtr do (6.44) 

where )112 
m. C an r=- E 

C 2kT d I (6.45) 
an 
d: nb 0" 1 

f= =P (6.46) 


I=Ip is a mean free path and EF has dimensions of a collision cross-section. 


If we also assume that the molecules interact as rigid spheres, then: 


gr=4” * 
db+ ‘ 
Per sy) (6.47) 


where db and d. are the diameters of the background gas and the vapor 
molecules, respectively. Now, the dimensionless, linearized, Boltzmann 
collision operator can be expressed as: 


Lh(r,e) =-v(c) h(r,e)+ f de;exp(-c;} K(e,e,) h(r,e1) 


(6.48) 
wher 
1 
v(c)=(2Pc+-7_ )-v'i erf(Pc)c7 
pe ) (6.49) 
: 2 
and: Ke e')=- P+." 2 (2 Pp Ra: deere 
1 [ 
) ail =O =e 


ret oth iss veue 
Mas eae (6.50) 
The error function is 
defined as: erf(x) 
1 f 


The diffusion coefficient, D, is obtained in terms of the Chapman- 
Enskog function, ic), which is the solution of the equation: 
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L(e$,(c)) =e (6.52) 
specifically: 

_ (4B \(2kT 2 

aS; Geales m, zur)! jp Serene) #0) (6.53) 


Also, e can be expressed as: 


e=-s =|, de c* exp(-c *)oute 


(6.54) 
For the future, it is convenient to define a 
function: 
$.(c)=~4,(c) 
a: e¢ (6.55) 


Solutions of Eqn. (6.52) by Sonine polynomial expansion have been 
obtained (see Chapman and Cowling [1971], Hirschfelder, Curtiss and Bird 
[1964], and Ferziger and Kaper, [1972]). Pidduck [1916] solved this 
equation by Neumann iteration and, most recently, precise results by use 
of this later technique have been reported by Tompson and Loyalka [1987] 
for arbitrary values of the mass ratio. 


The quantity of primary interest here, the condensation rate, is expressed as: 
ii(r) = -41t r2 mv J de (c « n,) f(r,0) = lt 


wher t' DP. u(r) 
e: 


(6.56) 


(6.57) 


WO Ln REPRE? 


Note that u(r), and hence u(r), being the net current over a spherical 
surface of radius, r, in a source free medium, is constant. This is a 
consequence of the fact that mass is conserved in collisions, i.e.: 


Li) = 0 (6.58) 
For diffuse reflection, the boundary condition on the surface of the sphere is 
simply: 
h(1,c) = 0 (con,)>d 
(6.59) 


Because of the spherical symmetry of the problem, we consider the polar 
31 


+ a(r) : (-1 + < b, (| 


coordinates, c= (cp) and r=r, and then note that the asymptotic solution 
of Eqn. (6.44), to O(1/r), can be written as: 


(6.60) 
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The boundary value problem posed here has recently been solved by 
Loyalka, Hamoodi, and Tompson [1989b]. One introduces the functions: 


TUG) = ane: An, 
uo n,  AG,c,p)t 


cr(c=) E v(c) 


Cc 
q(r,c,p) = F ae exp(-c'“) K{c,c') 
(6.61) 


I(r,c'p') 
Cc 


in terms of which the problem 
becomes: 


n.a‘r ‘l'(r,c,p)+ cr(c) ‘l'(r,c,0) = 
q(r,c,y)) 


'1'(R,c,p) 


ml -D ps0 


n 


lim['I'(r,c,p)) =! (1-  <bd(c)) 
r- r r 


(6.62) 


and in which: 


u(R) = (n 3 n) £ - 4 l de G exp(-c~) f 
(6.63) 


dp p'l'(R,c,p)r 


The boundary value problem above is actually quite difficult to solve. It 
involves a hyperbolic partial differential integral equation in spherical 
geometry with a complicated integral and discontinuous boundary 
condition. This is, however, a problem of the type encountered in neutron 
transport and in the design of nuclear explosives. In the latter case, the 
problem is related to calculation of eigenvalues in a multiplying system of 
fast neutrons, a circumstance that results in some simplification of the 
collision term. 


The method of solution, the SN method, is based on discretization of 
[r(i),cG),u(m)] space, where in each cell an attempt is made to carry out the 
integration along the direction of neutron travel. Accurate results are 
obtained by ensuring particle conservation, L(1)=0. Details of the approach 
are discussed in the cited references, and we only note the basic iterative 
formulas: 
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for ym = -1: 


leat =itl/2 q )j 
(Ai+! +A;)+ vit112 crj 


Ww w2= a A) itl y i+]/2 
it 


for-1<p <O: 
-p (A) +A) Ilfit] +-l-(ai+112+ ait112) Ifi+] + 
pt l/2 m i+l 1 ‘t'mj l m+l1 m-1 '‘'t' ne 
oe om “8 fy Umit 4 
(I)m 


VW 
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(6.64) 


yo, ait112 


I+V/2 m 


amt!) 4 Visa 


(6.65) 
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forp >O 
A 4 ngritW2 itl 
um ( Bd i find Yo GeV2) HahM 1fm-3) 
n 1+ Com 
mJ ym Aig +4.) + amit? 4 amit h/2) 
: y r (6.66) 
with: + ¥141/2 (5 
( 
com 7 
N 
cay=(%=)/ E43 cteu(-j)m)_ 3S on ta vi 
n, R j= m=2,4,... (6.67) 


The quantities expressed in these formulas are defined by the following 
expressions: 


If =.2 Mit Y2 - _ fit! 
mity=2 . Te llri+.] 
'‘fm+ 'fmj ‘fm 


lj cri = cr(P ci) 


= 41tr/ 
4n 
Viet/2 = 3. (ni ams 7) 
ay? = ann =0 
a? = all? — Om Hm (Ain — Ai) (6.68) 


For explicit calculations, one uses the expansion: 


i) de’ exp(-c'“) Kh = 'L -2-£4+1 Pray de' ci? 5) _c'2! ki{c,c') } 
dp Pi{p') h(x,c',p') 
=o 2 “1 
(6.69) 
where Pi(y) are the Legendre polynomials and ki(c,c') are the 
expansion coefficients: 
I 
kt(c,c') = J dy Pt(yo) K(e,c') 
1 (6.70) 


Ho is the cosine of the angle between c and c'. Thus, the function, q, is given 
by: 


2f 1 2N 
qi = L + Spray) Ic , exp(-c ,) wi, kt(ci,ci') com, ‘Jf -y 
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Cj =o 2 j=l (6.71) 
wher m'=2,4,... 


Uril.= p( ) 2.¢ui-1/2+ Irl+l/2) (6.72) 
‘'t'mJ Lom 2 'f'mj "t'mJ 

and: , ‘e 
‘Tmj = '1'mj (6.73) 


Since kt(ci,ci') is not well behaved, use of the expression above, without 
modifications, leads to poor results. Thus, we actually, approximate 'I' by 
(see Loyalka [1989)]): 
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‘lf(x,c,y) = L 'lf(x,ci,p) cj>i(c) 
Jal (6.74) 


where <l>i) are some basis functions. For example, one could choose these 
to be hat or inverted v functions. This leads to: 


: “10 ij! 1 
F a exp{-c% K'T' 1_ ] Pi{) f k, ii, f du' P,(p') 


2 c-g /=O “2 j=l (6.75) 
and: = x “lf 1 
i « E ME I+1 L kt Copp) I 
amy ~~ J Wy" 2N 
] it 
Pi{p ‘I'm' 
ai (6.76) 
wher 


e: kljj' = r de' c'* exp{-c'”) k, 


(cj,c') cj>j(c') 
(6.77) 


There remains one minor difficulty. Unless a high order quadrature is used 
(J=81 or so), the integrations over c' do not turn out to be quite accurate 
and the condition, L(l)=0, is not satisfied. This difficulty results from the 
fact that v(c), which is really an integral of K, is analytically evaluated 
earlier and thus is more accurate. For consistency, all integrations, need to 
be carried out to the same degree of accuracy. This task is easily handled 
by computing the readjusted v(c) and cj>/c) from the following equations: 


J 
v(ci} = L koii' 
j=l 
J 
v(cJci <l>d(ci}-I kiii' ci' <l>d(cr}=ci 
j=l (6.78) 


We note that the density profile is 
expressed as: 


(n@_n,)=( nnn, )- U gi 


in which: 
m-2,4: 
g(r) -[Xo- de c? exp(-c?)dp 


‘l'(r,c,p) and, correspondingly: 
2 J 2N 
g(r;) =-fie cf exp(-c;} wi 
com ‘1 ' 
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(6.79) 


(6.80) 


(6.81) 


The above algorithm is easily implemented and results of a specified 
convergence can be obtained. It is found that the diffusion solution 
provides a good start for the calculations and that convergence is typically 
obtained within 50 to 70 iterations. 


Some typical results of these calculations are shown in Tables 6.1 and 6.2. 


The results for the condensation rate are also compared with some 
available experimental data (Table 6.3). 
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Table 6.1: The dimensionless co1,1densation rate, ii/ iirm (Ps 
approximation). Adapted from Loyalka et al. [1989b] with 
permission of the American Institute of Physics. 


Table 6.2: 


The normalized density profile [(n(r)-n,)/(n..-n.)] for 


0.1 


0.988 
4 
0.949 
0 
0.876 
5 
0.806 
i) 
0.741 
0 
0.682 
4 
0.630 
4 
0.584 
) 
0.544 
0 
0.422 
A 
0.288 
5 
0.159 
4 


0.5 


0.978 
2 
0.941 
5 
0.870 
6 
0.801 
2 
0.737 
4 
0.680 
2 
0.629 
3 
0.584 
2 
0.544 
3 
0.422 
3 
0.288 
7 
0.159 
4 


R=5.0. Adapted from Loyalka et al. [1989b] with 
permission of the American Institute of Physics. 


BGK 
model 


0.1244 
0.1457 
0.1778 
0.1994 


0.5 


0.1235 
0.1471 
0.1802 


0.2007 
31 


1.0 


0.126 
2 
0.147 
9 
0.179 
6 
0.200 


10.0 


0.132 
9 
0.152 
7 
0.182 
fe) 
0.202 


10.0 


0.9734 
0.9342 
0.8612 
0.7908 
0.7273 
0.6710 
0.6215 
0.5779 
0.5392 
0.4214 
0.2894 
0.1598 


CCC-S 
model 


0.1348 
0.1544 


0.1840 
0.2038 


9.55 
5.75 
6.05 
7.05 
8.05 
9.05 
10.05 
12.05 
15.05 


0.2540 
0.2842 
0.3238 
0.4257 
0.4993 
0.5557 
0.6005 
0.6675 
0.7343 


3 
0.253 
5 
0.279 
8 
0.315 
6 
a i 
0.486 
2 
0.543 
2 
0.588 
8 
0.657 
3 
0.726 
0 


0.2524 
0.2807 
0.3182 
0.4165 
0.4895 
0.5461 
0.5915 
0.6597 
0.7279 


0 
0.252 
0 


0.280 
7 
0.318 
6 
0.417 
7 
0.490 
7 
0.547 
3 
0.592 
6 
0.660 
6 
0.728 
7 


CCC-S: Constant Collision Cross-Section model. 
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) 
0.253 
6 
0.282 
3 
0.320 
3 
0.419 
7 
0.492 
7 
0.549 
2 
0.594 
4 
Oe 
0.730 
0 


0.2546 
0.2823 
0.3211 
0.4203 
0.4933 
0.5497 
0.5949 
0.6625 
0.7303 
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Table 6.3: Comparison of the theoretical dimensionless condensation 
rate, ii/ iifm, of dioctyl phthalate (DOP) in air with the 
experimental results of Ray et al. [1988] ( 
2=mNi/Moor=28.014/390.54=0.0717) (Ps 
approximation). 
Adapted from Loyalka et al. [1989b] with permission of the American 
Institute of Physics. 


R Data of Ray et Loyalka et 
al. al. 

(Kn~ [1988] [198 

4 9] 
doe. 0.662 0.6662 
081 0.783 0.7910 
061 0.818 0.8447 
081 0.896 0.8745 
0.41 0.910 0.9027 
0.34 0.963 0.9260 
0.29 0.979 0.9409 
0.23 1.000 0.9606 
049 1.000 0.9702 
0.16 1.000 0.9782 
sare 1.000 0.9848 


The important point that emerges here is that the normalized mass 
condensation rate has only a weak dependence on the mass ratio. The 
normalized density profile, however, is slightly more sensitive. 


During the calculations here, it was noted that as the ratio, P2 0.1, more 
terms in the Legendre expansion are needed. This requirement is related 
to the highly anisotropic scattering encountered when heavy vapor 
molecules collide with light background molecules. This is actually the 
case of a Fokker-Planck gas, where the scattering operator, L, can be 
written as: 


, bth ijh 
L & 2 Cca-;- 
dc(ldc(l uc(1 (6.82) 
32 


For spherical geometry, Eqn. (6.82) can be written as: 


Lh = -c i_h(r,c,p) +t | i (Cc? | )+ (C1-p )}hC,c,p) 
dc cac dC ap ap (6.83) 


The problem now is more accurately solved by avoiding the Legendre 
polynomial expansion and approximating the evaluation of the operator, 
L, by use of splines in (c,y). This program is being followed (Loyalka and 
coworkers) but it is interesting to note that the operator, L, has the 
spectrum: 


Lfi = Ai 'Vi (6.84) 
in which i is a generalized 
subscript : 
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1/2 
— rld+%) t (r} 2 
Tr-t « lt 1+%+r!)) C 
Pi{p)St+l/2(c) (6.85) 
A= 


and where the functions, S, are the Sonine polynomials. Thus, to first 
order, one can replace L by a model operator, LM, such that: 


N 
LMh=-h(r,c)+ L 28 pau 
(1+ Aj)'Ti(c)t dc'exp(- 
- c')'1L'i(c')h(r,c') (6.87) 


which has the important property, LM'l'i = Ai 'Ifp and which, for N=1 and A.=0 
(r=O, J=O), is precisely the BGK model. The BGK model has the same 
Chapman-Enskog solution as the Fokker-Planck equation and also 
provides results that are close to those for small . thus confirming the 
utility of this model. 


Note that much of the work in this section can be generalized to arbitrary 
molecular interaction laws and gas-surface interaction laws. The case of 
the arbitrary condensation coefficient, ac, is, in fact, quite 
straightforward, as one finds: 


u(a,1) | 
u(a,a.c [ Uma 
De 
u(a,1)- I+ 1-a.clu(a,1)] 
a.c Urm(a,]) (6.88) 


The problem of heat transfer from a particle is solved in a manner quite 
analogous to that of mass transfer and, indeed, progress has been made 
here. Now, however, instead of the Boltzmann equation for a dilute gas, 
one considers the linearized Boltzmann equation (for small temperature 
gradients) for gas mixtures. The heat transfer problem has recently been 
solved for a single component gas (Loyalka, Hamoodi and Tompson 
[199lb]) and the work is being extended to gas mixtures. Meanwhile, 
within certain limits and with some adjustments, the single component 
results can be used for mixtures. 


As noted earlier, the single component results for the heat transfer rate are 
actually reasonably well described by some simple interpolation formulas 
(Loyalka [1983]). For an arbitrary thermal accommodation coefficient, a.,, 
one obtains: 
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q(a,c,) Gen (@1) 
q(a.1) ee 
O, | Gm (a1) (6.89) 


L 


Eqn. (6.89) is quite successful in describing the experimental data of 
Thomas and Loyalka [1982a,b]. 
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6.4 Nonspherical particles and shape factors 


Quite often, as discussed in the earlier chapters, particles of interest are 
not spherical and one needs to consider arbitrary shapes. While detailed 
numerical calculations for such bodies remain to be carried out for 
arbitrary sizes, useful information can be derived in some simple ways 
(Loyalka, Hamoodi and Tompson [199la]). 


For illustration, let us consider the case of isothermal condensation 
first. We note that for a sphere, the approximation: 


Picea (6.90) 


provides results for the condensation rate that agree with the exact results 
to within about 10% for all Knudsen numbers. Thus, for an arbitrarily 
shaped body, we might also use this approximation provided that we are 
able to calculate the free molecular and continuum condensation rates. The 
former task is quite straightforward and continuum results for several 
shapes (such as oblate and prolate spheroids) are available in the literature 
(Williams [1986]). 


Since accurate numerical results for spheres and arbitrary mass ratios 


are available, we can possibly improve the results for the arbitrary bodies 
slightly. Thus, we write: 


Ci. 


Urm arbitrarybody phcre Tm sphere Urm equivalent sphere 
SS 


(6.91) 

where S is defined as the shape factor: 

t ' 
S= a ' L 
[ U:m_tuivalentsphcre (6.92) 

and the equivalent sphere is defined to be a sphere with 

radius, 3p such that: 
(6.93) 


4ita = area of the 


arbitrary body or, alternatively: 
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a= 11 
As bitrarybody ) 2 
cg Alt (6.94) 


We now calculate, in S, the results for the arbitrary body and sphere to 
a similar accuracy by using an interpolation formula, and use precise 
results for the equivalent sphere in Eqn. (6.91). While the overall 
accuracy of this procedure remains to be determined, it might prove 
reasonably good. 
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For the concept of the shape factor introduced above to be meaningful, it 
should not depart too far from unity. To test the concept, we consider the 


case of an oblate spheroid of major axis, ii, and minor axis, b. Then, with 
x=b/a, the area of the spheroid is: 


A= 21t a’ f(x) (6.95) 


where: 


and: 
2 
fa) =1+,, Im[fi+ J 
21-x 7 1- 
2 >< (6.96) 
Furth 1-x 
er: 
Um n - 0, 1, BRTa 
rm -p.-- 
n. (7m (6.97) 
an 
d: = 47tDC n_-n. 
° — 1/1 
ucai, = got=("\,] (6.98) 
wher P. 
e: 
Nn, 
x 
hyo 
1-x (6.99) 
and 
> 8eavi_x’l (6.100) 
Thu 1 
S: rm] = Lea coC’ (AQ) 
f(x) 
ilont oblate 2ivlt tx? (6.100) 
an spheroid 
d: 
aeq =a_7/2f(x) (6.102) 


The shape factor, S, using the above equations can now be written as: 
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14(h.Od¥, 


Tt. Boe 
Ji 27t 
i} 
soblatesphcroid =-I1+--cl, a 1 GopY2 ( f&®) [(\\ 
vice COC '(-Ao ) f(-x=) ]1/2 ) 
ae * on 2 al ix % coglpos) 


Note that in the limit, x=1 (sphere), the value of S from Eqn. (6.103) also 
goes to 1, while in the limit, x=0 (disk), we get, with aeg=a/f2: 
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1 )112 
1+ ae a 


(6.104) 


This expression for Sdisk varies from (0.9957) to (0.9025) as a varies from (0.1) 
to (100.0). 


We can derive similar expressions for a prolate spheroid (major axis b, 
minor axis a) and, in particular, in the limit of needle like particles, 
x=b/a>>1, we find, based on the previous considerations, that: 


Zt ee 
f(x) === a an ficx neal Ii 
2 af See ne 
cq 2- x) 
4 (6.105) 


Simple computation shows that, for values of x=50 and a from (0.001) to 
(1.0), S varies from (1.001) to (1.491) only. 


The calculations of this section seem to show that the concept of the shape 
factor, as introduced here, is a useful one. 


65 Nonisothermal condensation and reaction rates 


We have considered the evaluation of the condensation rate in the 
isothermal case as well as the calculation of the conductive heat transfer 
rate. If the heat of vaporization is large, then the mass transfer is 
controlled by diffusion as well as heat conduction. Here, we can obtain an 
expression for the condensation rate by setting: 


iiL=q (6.106) 
where Lis the heat of vaporization. Note that n, is a function of the 


temperature of the particle which would, in turn, be obtained from the 
above equation. Thus, one has (Loyalka and Park [1988)]): 


L(41ta Dmv[n -n,(T.)] fe(KnJ) = 47ta A(T. - 


T_) fh(Knh) which gives: (6.107) 
aa Py,- L (Kno) 
4. AT 
n_ —y 
ier 
T fh(Knh) D 
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(6.108) 
and can be solved for T., provided the form of n,(T.) is known. 


For example, if we take (neglecting the Kelvin effect): 
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L 
At )=n,(T.)+ ca (T~T.) n.(T) (6.109) 


then the condensation rate is given by (the supersaturation ratio, S=n../n. 


(T_)): 


: = f,(Kn, ) f, (Kn, ) 
alo Pe ae 
Ge (6.110) 


This is actually a generalization of an expression due to Mason [1962]. 
It is found that the Knudsen number effects are, indeed, quite significant 
(orders of magnitude) and that for small particles, Mason's formula (with 
fc=fh=1) should not be used. 


If the condensing vapor reacts with the surface or _ gets 
absorbed/adsorbed then the condensation rate can again be calculated by 
employing considerations similar to those above. Suppose, for example, 
that k, is the surface reaction constant of the condensing species, that N. is 
its concentration on the surface, and that y is the order of reaction, then: 


Now, if: 

n, = HI{N,) (6.112) 
some known function of N., then 
we have: 


4m Dm, (n, -H(N,))f.(Kn,)=4n a k, NY (6.113) 


which is an equation that can be solved for N., and hence n,. Ultimately, U 
can be obtained from Eqn. (6.110). 


Clement [1984] and Barrett and Clement [1988] have considered several 
coupled problems of heat (conductive, convective, radiative) and mass 
transfer in which they use arguments of the type discussed above. It is clear 
that the phenomena of condensation and evaporation are quite 
complicated. This is particularly true when they are coupled strongly 
with the surrounding medium and when basic information on the 
relevant physico-chemical properties (e.g., accommodation coefficients, 
adsorption isotherms, shapes) is either not available or is contradictory. 
We have described the early work in the field and the most recent progress. 
For clarity, we have confined our attention to the salient aspects of the 
progress, but the recent progress should be regarded as only a prelude 
to that which remains to be done. 
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CHAPTER 7 


Particle Deposition and 
Resuspension 


7.1 Introduction 


Aerosol particles do not remain stationary. They are always in random 
thermal (Brownian) motion, and they also settle under gravity. They can, 
in addition, move because of temperatire and concentration (vapor/gas 
diffusion) gradients or the force exerted by electrical fields or radiation. 
Motion of the gas brings particles near to, or in contact with, surfaces and 
because of the attractive nature of the prevailing short range van der 
Waals forces, the particles deposit on the surfaces. Also, particles can get 
resuspended from surfaces because of surface heating, depressurization of 
a containment, or the lift forces exerted by gas flows. 


Particle deposition due to gravity and diffusion is obviously important in 
the environment. In engineered processes, one wishes to either remove 
particles by deposition (filtering), or to cause them to deposit in desired 
manners (fabrication of optical fiber preforms, sensors, sprays, coatings). 
In nuclear reactor safety considerations, it is desired that particles released 
in an accident deposit within the reactor containment and then not get 
resuspended. 


A substantial body of literature exists on particle deposition. The 
theoretical analysis is largely based on the motion of a single particle in 
isolation (Chapter 2) or near surfaces (Chapter 4) and neglects 
simultaneous coagulation or condensation. 


For the purposes of our future discussions we note that, just as with 
particle coagulation, an accurate calculation of particle deposition will 
require trajectory calculations. If the inertial motion of the particle is not 
large compared to the motion induced by convective gas flow or diffusion, 
temperature and concentration gradients, and external forces, then fairly 
good results are also obtained by solving the continuity equation: 


-+ WVejJ=O 
at (7.1) 

where J is the particle current caused by the various 
SS. tdytdytIp tye t | 


: (7.2) 
mechanisms: and: 
= =-DVn, Jp HVr Qh. SpTY¥o" > see" 
[geen a _ : ° (7.3) 
are, respectively, the convective, diffusive, thermophoretic, 


diffusiophoretic, and external force induced currents. Here, v is the 
convective (hydrodynamic, or mean mass) velocity, Dis the particle 
diffusion coefficient, vI is the thermophoretic velocity, Vo is the 
diffusiophoretic velocity, ve is the velocity of the aerosol induced by 
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external forces (for example gravity), and n(r ,t) is the particle 
concentration at (r ,t). Note that the diffusive and other currents are 
calculated with respect to the hydrodynamic current. 


Eqn. (7.2) is solved subject to suitable boundary conditions. Actually, to 
develop basic correlations for the deposition currents and deposition 
rates, one considers the steady state or time averaged equation: 


VeJ =0| (7.4) 
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subject to appropriate boundary conditions. The complete solution would 
require calculation of the velocity, v, and temperature and molecular 
concentrations (for VI and Vo) from the Navier Stokes and/or Boltzmann 
equations for the gas. The latter may be coupled to the particle equations. 
Boundary conditions associated with Eqn. (7.4) may be specified as: 


nir)=0 , TE 
ast+ (7.5) 


where as+ indicates an extrapolated surface of the body at which the 
particle concentration essentially vanishes (for example, a layer of one 
particle radius thickness on the surface to account for the finite size- 
interception-of the particle by the surface). Also, far away from the body, at 
the edge of the concentration boundary layer, we assume that the particle 
concentration has some specified value, n_: 


lim [n@)] = n_ 
Irl - (7.6) 


Eqn. (7.4) then is solved for n(r) and J. The deposition rate, j (#/time), is 
obtained from: 


J=-f jm@-as 
(7.7) 


where dS is the surface element. Note that the local deposition 


rate coefficient, k(r) sod : . 
(length/time), also re meee the deposition velocity, Yd, is defined as: 


kX) = --, J.e.) = 


n 
Z (7.8) 
vn @.1 
where e. is a unit vector normal to the surface of the body at the point, r, 
directed into the gas. Thus: 


j= nm f 
k@)dA 


The case when particle inertia is significant, leads to a noticeable departure 
of the particle motion from the fluid streamline and requires trajectory 
calculations. Thus, in the absence of particle rotation, we consider here for 
the particle velocity, up, the equations: 


(7.9) 


p =F-F 
dt D 
and 
. dr 
P=U 
“dt Pp (7.10) 
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where F is the driving force on the particle, and Fo is the drag force on 
the particle due to its motion in a fluid of velocity, ur. Again, these 
equations can be solved in conjunction with the Navier-Stokes (or 
boundary layer) equations that help determine ur, F, Fo, and the local 
particle deposition current. 


Gravitational settling and diffusion are the more obvious mechanisms 
for deposition. We discuss these phenomena first, and then we discuss 
deposition rates due to both laminar and turbulent convective-diffusive 
flows. Next, convective-phoretic, convective-gravitational, and 
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inertial depositions are considered. Finally, we _ discuss_ the 
resuspension of particles, give a summary of the correlations useful in 
engineering practice, and then describe aspects of computational fluid 
dynamics that provide solutions to Eqns. (7.1) and (7.10) for complex 
flows and geometries. Since the details of specific calculations necessarily 
get involved, it is useful first to review ideas that might help in keeping 
these details in perspective in the overall schemes of calculations. 


We note that Eqn. (7.1) requires a knowledge of the hydrodynamic 
velocity as well as the diffusive and other velocities (currents) that 
might be relevant to a problem. Thus, we need information on 
gas/vapor concentration and temperature distributions as well as 
charge (ion/electron) distributions. Generally, the interest is in 
deposition that involves convective velocity, and thus most often we are 
interested in solving Eqn. (7.1) with the convective term and one or more 
of the other terms. These various combinations arise in a myriad of 
applications and make the equation rather attractive from an applied 
viewpoint. The literature is replete with papers that essentially solve Eqn. 
(7.1) with the convective and one or more of the other terms. Judging 
from the recent research activities in the field, it is fair to say that the 
interest in using Eqn. (7.1) has only increased, not diminished. 


Actually, the particle continuity equation is no different from an equation we 
might have written for convective mass transfer or deposition of 
molecular species (except that instead of thermophoresis we would 
have thermal diffusion, etc.). Also, it is similar to the energy equation of 
the Navier-Stokes equations. Historically, it appears that much of the mass 
transfer work has utilized the techniques of convective heat transfer 
and, in terms of mathematical techniques, not much new has been 
necessary. This also is true of aerosol deposition calculations as far as 
the use of Eqn. (7.1) is concerned. Here, generally, one has followed 
either the mass transfer work, or some of the convective heat transfer 
calculations directly. It is therefore useful to keep the heat-mass transfer 
analogies in mind. 


While it is now possible, with high speed computers, to solve the Navier- 
Stokes equations and _ the particle continuity equation in arbitrary 
geometries for laminar flows or with simple models of turbulence, much of 
the previous progress in the field has been realized through use of the 
boundary layer theory of Prandtl. Interesting accounts of this theory and its 
applications are given in most good texts on fluid dynamics (e.g., Batchelor 
[1967], Goldstein [1965], Schlichting [1979], Bejan [1984], Arpaci and 
Larsen [1984]). There are several texts on mass transfer which also discuss 
and utilize the boundary layer theory in considerable detail (see for 
example Levich [1962]). Various aspects of mass transfer, approximations, 
dimensional analyses, and correlations are given in Cussler [1984] and 
Hines and Maddox [1985]. 


We have already used boundary layer theory in Chapter 4 with respect to 
coagulation calculations. We will again use it extensively in this chapter as 
it helps provide rich insights into the role of various physical properties 
and flows on deposition and also leads to the development of various 
correlations. Useful sources of information here are Friedlander [1977] 
and Davies [1966]. 
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We note that in convective heat transfer it is the Nusselt, Stanton and 
Peclet numbers: 


hL 
= Se pathic ste._ peth® 
= a 
pC 
an 


(7.11) 


that are useful for correlating results. Here, h is the convective heat 
transfer coefficient, L is a length scale, and k is the thermal conductivity of 
the fluid. The dimensionless group in mass transfer corresponding to Nu is 
the so called 'Nusselt number for mass transfer' or the Sherwood number: 
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Sh= kL = Pe 
D v (7.12) 


where k is the deposition rate coefficient or the deposition velocity, Vd, Lis 
a length scale, and D is the molecular diffusion coefficient. Also, Pe=Lv/D is 
the Peclet number. In mass transfer the Schmidt number, Sc=V/0, is 
analogous to the Prandtl number, Pr=v/a.. Also, Re=Lv/-v is the Reynolds 
number. The natural convection leads to use of the Rayleigh number, Ra, 
and/or the Grashof number, Gr. The Knudsen number, Kn, and the Mach 
number, Ma, arise respectively when the mean free path is comparable 
to flow dimensions and when the flow speed is comparable to the mean 
molecular speed. 


All these dimensionless groups are of interest in aerosol deposition. In 
addition, new groups that arise because of the finite particle size (the 
impaction number, which is a ratio of particle size to a flow scale), the 
particle inertia (the Stokes number, which is a ratio of the particle 
stopping distance to a length scale), the particle charge, the particle motion 
under temperature and concentration gradients, etc. We should note 
that in the aerosol literature the Sherwood number is not used that 
frequently, rather, one presents results for the deposition velocity, the 
deposition current, or the deposition efficiency which are frequently of 
more direct use. 


To further clarify, the heat and mass transfer analogies, we note that the 
energy manor is: 
a 


pc ait MV oJ =O 
p dt q (7.13) 


where Tis the temperature, pis the mass density, CP is the heat capacity, 
and Jq is the energy (heat) current: 


Jq(r,t) = pep v T(r,t)-k VT(r,t) 


(7.14) 


The heat flux at the wall is given by: 
Jg =1-K vir) -e(r Eds (7 .15) 


with the heat transfer coefficient defined as: 


J J 
h=-q — g 
LIT T_ -T(O) (7.16) 
We consider typical flow problems for which we can assume constant 
properties. Introducing the definitions: 


342 


ll 
3 
5 ol 
4 
il 
ey 


T(0_ (7.17) 
T = 
L T(O) 


and retaining only the convective and diffusive (conductive) parts, we can 
write the steady state particle continuity and energy equations as: 


ae an 1 4. 
ieVA=— VA (7.18) 
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lle vt =- - 
Vt (7.19) 
Peth 
which then have solutions in the form (u=u(Re,r)): 
N = f(r,Re,Pe) 
T = f(r,Re,Peth) 
wher 
e: Sh= f(Re,Pe) , Nu== (7.20) 


f(Re,Peth) 


and we have the similarity in the solutions. Thus, not only do similar 
techniques of solutions apply, but also one can use experimental data on 
heat transfer for a knowledge of mass transfer. To give a typical 
example, the correlations for forced convective mass and heat transfer 
to a spherical body are, respectively: 


Nu 
Sh 


(2.0) +(0.6) Re!!? Pr1!s 
(2.0) +(0.6) Ret!? Sc?s (7.21) 


and either could have been obtained from the other without separate 
calculations or experiments. In the above, we used the fact that: 


Pe = Re Scand Peth = Re Pr 


Generally we assume that particle concentrations vanish at the surfaces of 
objects. Occasionally, particles will have sizes comparable with the objects 
on which they deposit, and then we assume that the concentration vanishes 
at an extrapolated surface about one particle radius distant from the actual 
surface of the object. To consider these cases, we introduce an interception 
number: 


Oe 
a (7.22) 


and then we have: 
N = f(r,Re,Pe,R) 


and 
Sh= f(Re,Pe,R) 


(7.23) 


and, for R<<Il, one can write: 
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Sh= f(Re,Sc) (7.24) 


The Schmidt number for aerosols is large (of the order 10* or higher). This 
is comparable to that for liquids and the results of mass transfer studies in 
liquids can be used for investigations of aerosol deposition rates. Also, 
Sc>>1, indicates that the diffusion boundary layer is much thinner than the 
viscous boundary layer and that, within the diffusion boundary layer, the 
velocity profile is determined by the velocity boundary layer. 
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7.2 Gravitational settling in a well mixed volume 
Gravitational settling of an aerosol particle is calculated in terms of particle 
terminal velocity, 


V,=BF 
where Fis the gravitational force on the particle, and Bis the particle's 
mobility. Now, for a spherical particle of radius, d, neglecting the effects of 
buoyancy: 


F=mg="d’ pg 


and 
B= C(d) 
3itpd 
thu v, = try da cia) 
: Hp (7.25) 


The dependence of V, on the particle diameter is, however, not quite as 
strong as it might appear since, for small d, C increases with decreasing 
d. Still, it is clear that larger particles settle much more quickly than 
small particles which may linger in the environment for long times. 


For nonspherical particles, the Cunningham correction factor, C, is not 
known. Some results for the mobility in the continuum regime with the slip 
correction are, however, known and have been discussed in Chapter 2. We 
note, using Eqn. (2.192): 


3 de) 
3npd.« 


where,d is the diameter of the volume equivalent sphere, and kK is the 
dynamic shape factor. 
This leads to the result: 


V= 1 pctg: C(d ) 


s 18H 1 e (7.26) 
which can also be 
expressed as: 
i= SB cla) 
(7.27) 


where d. is the aerodynamic diameter, and pp is the unit density (see Eqns. 
(2.195)-(2.196)). 


For gravitational settling of an aerosol in a chamber one needs to distinguish 
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between the well mixed case and the case of stratified settling (see Section 
5.4). 

7.3 Diffusional deposition in a stagnant gas 

The Brownian motion of particles leads to their deposition on surfaces near 


them. Since the surfaces act as sinks, one assumes that the concentration of 
particles in close proximity to the 
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surface (about one particle radius or so) is zero, and far away from the surface 
some prescribed value, nN... Thus, in the absence of convective motion, the 
aerosol deposition on a surface is obtained by solving the boundary value 
problem (Eqns. (7.4)-(7.6)) with J=Jd. 


For deposition on a spherical surface ofradius, a, we obtain for the 
deposition rate (#/time): 


j = 41taDn_ (7.28) 


Note that Eqn. (7.28) is similar to Eqn. (6.16) encountered in the problem 
of the condensation of molecules on a particle. Since the particle diffusion 
coefficients are much smaller than molecular diffusion coefficients, particle 
deposition by diffusion alone is a slow process, and it is often effective only 
for small particles. 


For deposition on nonspherical objects, development of expressions for the 
deposition rates would parallel the developments of Section 6.5. 


7.4 Convective-diffusive deposition 


Diffusion alone is not a very effective means for removal of particles from 
an aerosol. It can, however, be quite effective in conjunction with gaseous 
flows that bring particles into the vicinity of a surface. For small particles 
for which diffusion is important, a diffusion boundary layer develops over 
the surface. A net diffusion of particles to the surface occurs, with the 
concentration of particles taken as zero one particle radius away from the 
surface (a convenient approximation) and equal to its free stream value at 
the edge of the boundary layer. Overall, the situation then is of a large 
concentration gradient near the surface thereby leading to an appreciable 
particle deposition. 


Both laminar and turbulent flows are of interest and play a major role in 
the design of filters, manufacturing of optical preforms for optical fibers, 
and particle deposition in human lungs and in nuclear reactor vessels 
during accidents. The mathematical modelling here follows very closely the 
discussions of Chapter 4 and the results lead to interesting insights and 
correlations that in many instances have a good experimental basis. 


For calculations of the deposition rates it is sufficient to consider Eqn. (7.4) 
with the convective and diffusive currents only. Generally, the particle 
concentration is sufficiently small that V can be obtained separately from 
solutions of the Navier-Stokes equation for the gaseous flow, with 
appropriate boundary conditions, or obtained empirically from 
eae data. Eqn. (7.18) is then solved in the diffusion boundary 
ayer. 


7.4.1 Laminar flows 


Flow in a cylindrical tube: 
This is one of the more common and easily solved problems in the subject. 


Actually, the problem is analogous to the Graetz problem [1885] of heat 
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transfer. In the aerosol field, its solution derives from the work of Gormley 
and Kennedy [1949]. We consider the fully developed flow of a gas ina 
tube of radius, a. Introducing the dimensionless variables: 


a D (7.29) 


where No is the inlet aerosol concentration, and u is the radially varying axial 
velocity expressed as: 
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u=2U,v (1-r2)=U(l-r2) (7.30) 


Now, Eqn. (7.18) can be written as: 


(1- : 2) of -4 12 (8) 
ox Peror\ oF (7.31) 

and we need to solve it subject to the boundary conditions: 

n(r,0) =1and nd,x) =0 (7.32) 
Eqn. (7.31) is solved by separation of variables and eigenfunction expansion 
techniques. One obtains: 

n(r, X) =f an 'Pg(r) exp(-A: X /Pe) 

i=0 (7.33) 


where 'l'g(r) are the eigenfunctions, A; are the eigenvalues and are the 
expansion coefficients. All these quantities are known. The local mass 
transfer coefficient is calculated from Egn. (7.8). A quantity of particular 
interest here is the penetration, P(x), defined as: 


P(x,Pe) = P(x) = n.v(x) -J --l:--- J u n(r,x) r dr 


no noa u.v oO (7.34) 


Which, upon explicit evaluation, is found to be: 


P(x) = (0.81919) exp[-(7.312) x /Pe]+ (0.0975) exp[-(44.62) X / Pe] 
+(0.0325) exp[-(113. 8) x /Pe]+ees 
(7.35) 


Note the fractional deposition or the deposition efficiency 
in a length, x, is: 


Tl= 1- P(x) = 1-(0.81919) exp[-(7.312) X /Pe]+ (0.0975) 
exp[-(44.62) X /Pe] (7.36) 
+(0.0325) exp[-(113.8) x /Pe]+-:- 


It is evident that the laminar convective-diffusion is not a very effective 
means of particle deposition. Also, for small values of x/Pe, Eqn. (7.35) 
converges slowly, and a more useful expression is obtained by use of the 
boundary layer theory. For this purpose, we first reduce 

Eqn. (7.31) to a simpler form in the boundary layer by introducing a 
coordinate normal to the surface, and neglecting terms of smaller order. 
Thus, we set: 


$= lt and, 
33 


reduce Egn. (7.31) 


to: (7.37) 
, aa —!- 
aa 
-X Pe ay2 
pager) (7.38) 
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We now reduce this equation to an ordinary differential equation by 
introducing the similarity transformation: 


n(y,x) n(Tt) (7.39) 
wit 
h: T\ = y113 Pe'3 
(7.40) 
~~ 9 xl/3 
and obtain: 
d?n dn 
dT\2 + q:,(T\) dT\ =0 (7.41) 
in which: 
q>(T\) = 3 T\2 (7.42) 
The boundary conditions associated with 
Eqn. (7.41) are: 
n(Tt)y=l1; T\ o and n(Tt)=O ; T\=0 
(7.43) 
We will encounter equations of this type frequently. We note that the 
solution of Eqn. (7.41) can be written as: 
; a g 
—n(0 t 
ia) AO) =f oa- J 9s) ts] dé 
i(e2) =a n(0) 0 0 (7.44) 
wher 
" geff exp(-[ (s)dtst 
(7.45) 
Thus, Eqn. (7.44) has the incomplete gamma function: 
1 4 
T\) = a oy -  exp(-u) 
r du 7.46 
Jo nee ( ) 
3 
as its solution. We have the local radial particle (deposition) flux as: 
J@)=I-D clnl 
ia (7.47) 


r=a 


and thus obtain: 


Kb= 7" 
& \ i D Pp 113 _ D Polls 


(0.678) 
33 


113 
r(l/3) a r Xx" a (7.48) 
X 


Note that the cumulative deposition (#/sec), and the deposition efficiency in 
a distance, x, are defined respectively by: 


TI (x) = 21ta 7 ds J(s) = atta” | ds J(s) 
0 0 (7.49) 
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and: 
T\(x) = n(x) _ 
2 
No U.V 7ta (7.50) 
Thus, we 
get: 
A)-2 6! ares 2 0 3342/3 
n(x -l1ta Re iia ita DRO eg x 
rd /3)a 2/3 a (7.51) 
ae els oh.) Na 
ms), (Be (7.52) 
an 
d: « )2/3 


P(x) = 1-T\(x) = 1-(4.0/) 
(7.53) 


Now, if means for measuring particle concentration were available (for 
example, a condensation nuclei counter), then use ofEqns. (7.35) and (7.53) 
enables one to find: 
(a) Particle diffusion coefficient (or size) for a monodisperse aerosol. 
(b) Size distribution of a polydisperse aerosol. 


The first undertaking here is quite straightforward as, for given 
parameters and measured values: 


ae lel Pe) = | (7.54) 
and: . 
R/ Pe = Prog (Piccaa]| (7 55) 
which gives: 
2 
D =A_', ela ) 
measured 
x (7.56) 


and the determination is relatively quite accurate. 


The second undertaking appears straightforward, but has all the pitfalls 
of classic inverse problems. In _ practice, diffusion batteries are 
constructed so that there are a number of parallel tubes, with parts for 
particle extraction (and counting, for example, by a condensation nuclei 
counter) at several axial locations, x. The measurements, P, are then 
related to the distribution by an equation of the type: 
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P(x) = J K(x) n(v) dv 
(757) 
which is a Fredholm integral equation of the first kind. This equation can 
be inverted, but one should be aware of the ill conditioning of the problem 


and the resultant unreliability of the 'measured' size distribution. To clarify 


this, we note that if the number of particles counted at a certain stage can be 
expressed as: 
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J 
bi= L Kii 


nil 


Pe 1,23 ig | (7.58) 
jel 


where ni is the number of particles in the f bin (section or group), K;i is an 
experimentally or theoretically determined response matrix, I is the number 
of stages, and J is the number of size specific widths. Ideally, if I=J and: 


ij = 95; 


a unit matrix, then: 


and the determination is unique. In general, however 
4,70 3 i4j 


indicating that each bin has contributions from particles of several 
sizes. Thus, one solves Eqn. (7.58) by writing it in the form: 


F I “9 
nj ='L zi j= 12.3,...J 
bi 


i=l 


where Z is strictly related to K. Typical Kand Z matrices, for a diffusion 
battery with 1=11 and J=8, have been computed by Cooper and Wu 
(1990]. Now, let us examine the number of particles in a stage, say the 
fifth stage. Then: 


I 
ns = tT; Zsi bi 
i=] 
and 
if: 
bs, <U 


the later being the counting measurements, then we clearly have ns < 0, a 
nonphysical result. Various methods to limit oscillations and negative 
results can be attempted through smoothing and/or regularization. But, all 
of the methods have the nature of ad hoc and ex post facto 
adjustments, and are accepted/ not-accepted only until the arrival of the 
next criticism or improvement. The best solution is to design the 
instruments such that the problems of this type are minimal (that is, as 
little ill conditioning as possible). 


Aow over a flat plate; 


We consider the flow of a gas with free stream velocity, U, and gas 
concentration, n_, overa 
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flat plate. Both momentum and concentration boundary layers develop 
over the plate. Since the Schmidt number, Sc>>l, the momentum 
boundary layer is actually considerably thicker than the concentration 
boundary layer. The thickness of the momentum layer is given by: 


1/2 


0.(x) = (1. 72) X ) 
(7.59) 


and, to the first order in 11, the velocity components are given by: 
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u=exU and v=exU (..:! 112112 
11 rey (7 .60) 
in which 11 is the dimensionless parameter: 


1/2 


a =a i (7.61) 


) 


11 


and ex=(0.332). We use these results in the particle continuity equation, 
Eqn. (7.18), neglect diffusion in the x-direction, and use the definition: 


n{ xy HG) 


(7.62) 
to obtain the partial differential equation: 
12 2 
exter) 91 2enOa-s 
<—as4 xU ay uay (7.63) 
which is subject to the boundary 
conditions: (7.64) 
n(x,0)=0 and n(x,00)=1 
Eqn. (7 .63) can be solved by use of a (7.65) 


similarity transform: n(x,y) => n(11) 


which reduces the peste. differential equation, Eqn. (7.63), to an 
ae oe equation: 


dnd + <piil dn= 0 


(7.66) 
with: 
a 
es) 
(n) ($ n co 
and the conditions: 
n(O)=0 and n(oo)=1 (7.68) 


We solve this problem in the manner ofEgqns. (7.41)-(7.45) and find that 
the local mass flux, J(x), is given by: 


J(x) = -D (an) 
338 


112 
=(0.339) n_ U (X u) é. 


ay y=0 e SEee (7.69) 
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where Pe, is the local Peclet 
number: 


(7.70) 


Also, the average flux is 


given by: 
1 12 


113 
Jav f(x) ax = (0.678) n. UT. UI" Se 
L Oo Ul Pe (7.71) 


The results described above are of fundamental significance to most 
laminar flow aerosol deposition problems. 


Flow over cylindrical and other objects: 

Removal of particles by filtration requires an understanding of their 
capture from convective flows by cylindrical (or other shaped) fibers. The 
problem is of immense practical significance but careful studies have been 
made only recently. Following Friedlander [1967) we note that for the flow 
over a cylinder, the particle continuity equation in the concentration 
boundary layer reduces to: 


In on _ oan 


kay. ay 


(7.72) 
with the boundary conditions: 


x,a,}=O and — n(x,0°) =n. 
\ (7.73) 


where x and y are orthogonal curvilinear coordinates. The x-coordinate is 
taken parallel to the surface of the cylinder and measured from the forward 
stagnation point. They-coordinate is normal to x and is measured from the 
surface. u and v are the velocity components in the x and y directions, 
respectively. 


It is convenient to define: 


n= =— a 
n a se R 
7.74 
re ( ) 


Now, near the cylinder, u and v are 
approximately given by: 


u= 4A UY sin) (7.75) 
and: where: 
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=e 7 
¥ TN 


2A 2-In(Re) (7.76) 
uy’ 
cos(x 
) (F597) 


Egn. (7.72) can then be written as: 
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(A,,) an (A)an (12 
COS X « 

x 

ay 


Jan 
R> Pea 

ay 
with the boundary conditions: 


n(x,y)=0; y=1 


(7.78) 
and n(x,y)=1; (7.79 
) 
y=oo The solution ofEqn 
(7.78) is of the form: 
7.80 
n= f(x,y,R°PeA) ( ) 
The local deposition rate per unit length of the 
cylinder is given by: 
Dnd (7.81) 
(yep) =PAe 
BY Nan, 8p OF Mya 
and the total deposition rate per unit length of the 
cylinder is: 


‘thal 5 2 D [2 p. J % 
a, 


- dx 
» (OY jel 
Thus, the removal efficiency is: 


(7.82) 
11= Lotal =-1- 
f(RPel/3AI/3) 2 
an R Pe 


a Un 


11 R Pe= f(R per Ae 


(7.83) 
) 


molecules, one obtains: 


(7.84) 
where f is a function of the dimensionless groups indicated. 
Note that in the limiting case of R=0 (diffusion dominant), i.e. point particles or 


n=n¢, Pe?! At 


where c1is a constant such that: 


1rc1 = (3.68) 


(7. 85) 


In the other extreme of Pe=O, particles follow the stream line and deposit 
on the cylinder whenever the stream line is within a radius of the cylinder. 
This effect is known as direct interception. The deposition is because of the 


34 


component of the velocity that is normal to the surface of the cylinder. One 
obtains: 


rt/2 
11=(Uafl J vY=++ dx=2AR° 
0 (7.86) 
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We note that for a given fiber and flow velocity, Tl first decreases with 
particle radius (Eqn. (7.85)) and then increases (Eqn. (7.86)). This result 
(a minimum in the deposition efficiency) is shown quite dramatically by 
the actual form of the function, f, which can be found through 
numerical solutions ofEqn. (7.78). 


It is found (Friedlander [1977]) that experimental data are well correlated 
by: 


Tl= (1.3) Pe-?!? +(0.7) R? 


(7.87) 
We should note here that the result: 

Tl= TUR 0O)+ Tl(Pe 0) (7.88) 
holds only approximately. 
7.4.2Turbulent flows 


For turbulent flows, the convective mass current is expressed as: 
Jc =vn (7.89) 


where both v and n are fluctuating quantities with some mean (ensemble or 
time averaged) values, V and ii, respectively. The mean particle current is 
often assumed to be of the form: 

<= eVi | 

(7.90) 


where E is known as the eddy diffusivity for mass transfer and is dependent 
on local quantities: 


E = E(v(r),r) (7.91) 
Now let us consider flow over a surface. Just as in the laminar flow 
analysis, particle concentration is determined by solving the particle 
continuity equation in the concentration layer (assuming that v and hence E 


are known). For this purpose, in the boundary layer, we need to solve the 
equation: 


7(J,+J,)=0| (7.92) 
which can_be written as: 


d tga eayle} =0 


34 


ay ay (7.93) 
and is to be solved subject to the conditions: 

n(x,y) =O ; y = Oand n(x,y) 
=n (7.94) 
Note that Eqn. (7.93) is simpler than the continuity equation for laminar 
flow and that it is easily integrated. This circumstance is a direct 


consequence of the assumption of Eqn. (7.90), where the particle current is 
expressed in the form of the Brownian diffusion term. We find: 
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"py oey 
n(x,y) = n_ 
© of DHE 
(7.95) 
which, for the local deposition flux, gives: 
= 5 
JGO=G > ri 
»DtE (7.96) 


For E, one may take (Friedlander [1977]): 


E=:Y(L) 


wher 


and f is the Fanning friction factor. Using the above in Eqn. (7.96), we can 
find the local deposition rate and, hence, the Sherwood number: 


Sh= kd = (0.042)Re £1’? Sc'8 

D (7.97) 
where dis a characteristic dimension of the flow (e.g. pipe diameter). 
Results of similar nature have been obtained for some of the basic 


problems of deposition. We note some such results below (all for fully 
developed flows): 


Smooth pipe (Friedlander [1977]): 


11 = 1- exp(-(0.0236) R-e!!8 Sc-7?3) Re>104 
(7.98) 
Rough pipe (Yaglom and Kader [1974], Hahn et 
al. [1985]): 
k() = (3.2) (K+f4 se" wu, ee) 


where, K+=Kuj-v, with K the height of the roughness elements, and u, the 
friction velocity. 
7.5 Convective-phoretic deposition 


Aerosol particles experience a force in thermal gradients, and their motion 


34 


under these forces is known as thermophoresis. The thermophoretic 
velocity is expressed as: 


vr =-K-VT =iH -VT 


(7.100) 
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wher 
e: H=Pr 
K 


and K is a dimensionless coefficient which is a function of several 
parameters (particle radius, thermal conductivity, gas properties, gas- 
surface interaction, etc.). This coefficient is reasonably known only in 
the small and large particle limits, and then only for nonrotating 
spherical particles in simple gases. Approximate results are, however, 
available for all sizes (see Loyalka [1983, 1986, 1990]). There is a 
controversy over the sign of the coefficient in certain ranges of the 
parameters, and the problem still requires careful investigations, both 
experimental and theoretical. We will simply assume here that it is of order 
1. 


In convective flows, the existence of sizeable temperature gradients near 
surfaces, can lead to significant particle deposition. This feature is used in 
optical fiber preform manufacturing and can also be quite important in the 
deposition of radioactive particles in nuclear reactor piping where large 
bulk to surface gradients can exist. The phenomenon and its practical 
applications have been recognized for quite some time beginning with the 
work of Reynolds [1875] on thermal creep and continuing with later 
observations by Watson [1936] of the dust free space near hot spheres. The 
practical applications have led to analysis of deposition in convective flows 
through boundary layer analyses of the type discussed in the last section 
(Friedlander [1977], Goren [1977], Rosner [1986], Walker et al. [1979], 
Simpkins et al. [1979], Morse and Cipolla [1984], and Nazaroff and Cass 
[1987]). We will discuss both the case of flow in a cylindrical tube and 
flow over a plane vertical surface. Also in this, we will restrict the 
discussion to the case of small particles for which the inertial effects can or 
will be neglected. 


Cylindrical tube: 
The problem here is analogous to that of the laminar diffusive deposition. 


We assume that the 

aerosol enters the tube with a uniform particle concentration, n , and 
temperature, Tmax: The wall temperature of the tube also remains at Tmax 
until the laminar incompressible flow is fully established. At this axial 
location (x=O), the wall temperature decreases to Tmin and is kept at this 
level. Our purpose is to determine the particle concentration 
distribution, and more specifically the local as well as the global particle 
deposition on the tube surface. 


Since the velocity profile is known: 
i(#) = U (1-#?) 


the temperature profile is completely determined from the energy 
equation. Actually, with the usual neglect of the axial conduction, what we 
have is again the Graetz problem (Graetz [1885]): 


(1_r2)ae- 1 (rae) 


ax Pethr ar af 
34 


0.101) 


where P is the thermal Peclet number: 
U 
Pe = * 
th a (7.102) 
a is the thermal diffusivity, and 0 is a dimensionless temperature: 


0(?,%) = = — tain 


(7.103) _ 
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The boundary conditions associated with Eqn. (7.101) are: 


e(r,x)=1 xX=O and O(r,xX)=O r=l 


(7.104) and we find: 


O(r,x)= I, ai '¥/r)exp(-A x/Peth) 
j<0 (7.105) 
We note that with the boundary layer theory we have considerations 


identical to those encountered earlier in solving the convection-diffusion 
continuity equation. Thus, with the following similarity transforms: 


y=1-r e(y,x) = 


= (1)1/3 1/3 1 
e(ri) To OP Be ae (7.106) 
the Graetz problem can be reduced to the form: 
2 
2 an? B= 0 
In dn (7.107) 
with: 
O(ri) =1 Tl oo and O(TJ)= (7.108 
: ) 
As before, Eqn. (7207) yields the incomplete gamma function: 
O(n) - ---! In u-2/° exp(-u) du 
y- rQ1/3) o 
(7.109) 


as its solution. For future reference, we note that the heat flux at the 
surface is expressed as: 


Jq(x) =Lk an 


6113 k Pp opts 
= “eC Y&3) © nat © min ere 7 


113 
(0.678) (Tmax - Tmif)Pe ; 
a x (7.110) 


For particle concentration, we consider the continuity equation, Eqn. 
(7.4), with the convective, diffusive, and thermophoretic terms. That is: 
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with: 


Ve(J, +3, +I) =0 
Jc= n(r,x) 


u(r) n, 


Jd = -D 
Vn(r,x) 
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and 
JT = -K-vVT(r,x)) n(rx) 
(r,x) 


(7.114) 


Now, introducing the dimensionless quantities: 


Pr e= e - rs Ga ¢°) =a 
= ARE) ~ (7.115) 
a T, m=in., 
Tmax - 
Tmin 
Eqn. (7.111) can be written as: 
(1+ e2)a. Pr{ ve. _K__ve)} =9 
a. (c= 
Vong 
clx Peth Sc 0+ (7.116) 
0 
which we wish to solve subject to the 
conditions: 
fi(r,x)=1 X=0 and n(r,x) = 0 r=| (FA17) 


The problem above can be solved by finite difference or finite element 


techniques, and results for N(l,X), and consequently, the local and 
global deposition rates, can be found. It_is very instructive, however, to 
ears analytical solutions of the problem by using boundary layer 
theory. 


We note that for gases, the Prandtl number, Pr-1. Also, for aerosols the 
Schmidt number, Sc, is quite high (- Hf) indicating that diffusion will be 
important only in a very thin layer near the wall. Further: 


Peth = Re Pr'"' Re (7.118) 


In our analysis we will assume that Peth>>1 and that terms of order Pe 
can be neglected. In the present problem then, we consider three regimes 
of particle transport for Eqn. (7.116): 


(1) The core, where convection dominates, and diffusion is small. In 
this regime, n is essentially constant in the radial direction. 


(2) The thermophoretic layer (away from the surface). Here, we neglect 
347 


1) PKI A, AB halao 
TR Pe, t aL (O+8" a 


the diffusion term, as well as axial heat conduction and axial 
thermophoresis, to get: 


(7.119) 


We obtain an approximate solution to this equation by standard boundary 
layer techniques. We again introduce the transformations: 


S= lt n(y,x) n(TJ) 


_ §1)1/3eBh 1/3 1 
and Ti? eth Y 


(7.120) 


and reduce Eqn. (7.119) to the 
form: 
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eee (7.121) 
where: dT\ 
>. 1 (de)\)de 
ir? + — | — J 1— 
6+6° (dy /} dy 
pit = ( ?+-1-de)(e+e-) 
311 
with the 
condition: 
n(Tt) = 1 (7.123) 
Thus, Eqn. (7.121) has the solution: 
nN 
1) = Bo exp{—], (s) ds 
. in)= Bo I, (7.124) 
wnere: 
= exp ” @(s) ds 
F \l (7.125) 


is the apparent dimensionless 
concentration at the wall. 


(3) The concentration (diffusion) boundary layer. A scale analysis of 
Eqn. (7.116) shows that there is a thin layer of thickness -sc-'Pe t!%in which 
convection is negligible compared to the diffusive and thermophoretic 


effects. Eqn. (7.116) is thus reduced to an ordinary 
differential equation: 


-Kc (x) B = 
w ay dy (7.126) 
‘ (seystaee (7.127) 
we. > SS e133) (7,128) 
and: Xx. 
(7.129 
wher j](0,x) = 0 ) 
e: 


n(y,x) a(Y,x) 


Egn. (7.126) has the solution: 


a(Y,x) =c, (1 _ exp|-K c, (x) Yh} 
(7.130) 


The constant, c:,is determined from matching this solution at the outer 
edge of layer (3), with the solution at the inner edge of layer (2) discussed 
earlier. That is: 
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(7.131 
) 
Thus 
(%) =g, (1 — exp|-K c,(x) Y]} | 
(7.132 
and, we have the local radial particle (deposition) flux ) 
as: 
=; oy =A) 
ty (7.133 
which, using Eqn. (7.132), gives: ) 
113 613 D pi3S K 
J(x) = "ore elfo D « r(/3)Ka ( (mI e- 
(7.134 
) 
We then find that: 
&)=2 ma? (1.017) “2= Pe? 8°" “= Bo 
and: 
PrKf{ x 
%) = (4.07) — &o 
ts) is th 
(7.135) 


Note that go is a dimensionless concentration at the wall (or rather very near 
the wall at the edge of the concentration layer). It can be numerically 
evaluated from Eqn. (7.125). Numerical solutions of Eqn. (7.116) show 
that: 


Ware — 108 
Pr K go oe 
(7.136) 


and that Eqn. (7.135) provides a fairly good description for short tubes 
(error less than 50% for x<<l). We should note that numerical results 
for the deposition rate can be obtained by calculating particle 
trajectories directly from the consideration that the particles move 
under convection (x-motion) and thermophoresis (r-motion) in the 2™4 
layer, and then simply diffuse to the surface through the 3™ layer. Thus, 
for the purpose of calculating the deposition rate, calculations in the 
third layer are not necessary. 


Eqn. (7.135) is quite useful in providing estimates of deposition in 
piping. It is also interesting to compare the thermophoretic deposition 
efficiency with the isothermal case. For this purpose we note that for, Pr 
K=l, Eqn. (7.125) gives: 


e: 
go= l+es 


(7.137) 


and thus, in this case: 


r(x) = (4.07) )2/3 
_ 1+e © Peth 
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Comparing this result with Eqn. (7.52) 


we get: 
Tithermophoretic ” ‘1. Le2/3 
1 Lisothermal 1+0 (7.139) 
where Le is the Lewis number: 
a Sc 
Ler Sc 
(7.140 
Sinc ) 
e Pr $64 2: 
yas 1 
1+ (7.141 
e: ) 


it is clear that the deposition efficiency is strongly affected by even small 
temperature gradients normal to a surface in conjunction with convective 
flows. Thus, it is important to accurately know the flow fields and the 
thermophoretic velocity. 


We also note here that we could have included the Brownian diffusion 
term in Eqn. (7.119), and followed the above analysis to explore the 
synergism in deposition because of both the thermophoresis and the 
(Brownian) diffusion. We have not done so because the thermophoresis 
can be so dominant. It is clear, however, that the contributions are not 
additive. 


It is of interest to compare the thermophoretic and isothermal deposition 
fluxes, as well as the forms of the thermophoretic deposition flux and the 
heat flux at the wall. We get, using Eqns. (7.48) and (7.134): 


hermophoretic Sc K ' Wc K 
=——-.- (@) -— 


Jisothermal 0 1+ 0 
(7.142) 
and: 
]. chermophor IK nogo 1_ Prk 
etic g=o 
Jq Tmin k Trrnn pCP (7.143) 


These results are rather interesting because they suggest how the 
thermophoretic deposition may be estimated from a knowledge of the 
isothermal particle flux or the gaseous heat flux to the wall. We will 
discuss the latter aspect in the next section. 


Thermophoretic deposition has been further investigated by Morse and 
Cipolla [1984]. These authors have considered the effect of simultaneous 
radiation fields on absorbing aerosols, and concluded that laser illumination 
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can be used to enhance deposition. 


7.6 A general analysis 


Thermophoretic deposition on surfaces and bodies of revolution has been 
considered by Batchelor and Shen [1985] who show that the particle 
concentration can be approximately expressed as: 


210). BO} 41-19 {7 =o 
n, T. se 
(7.144) 


34 


Aerosol Science: Theory and Practice 
The deposition rate can then be calculated from: 


eee H n(Q) 1} J dA 


TONE (7.145) 
where, Jq is the heat flux: 
T(O)=Tmin T =Tm. and H = PrK (7.146) 


Also, n_ is the free stream particle concentration and n(O) is the particle 
concentration at the surface (or rather, very near the surface at the outer 
edge of the concentration layer). Thus, the concentration and deposition can 
be estimated from the available results for temperature profiles and heat 
transfer rates. 


Eqn. (7.144) here is simply surmised from observation that, for H=l, the 
energy and the particle continuity equations (neglecting the diffusive 
term) have similar forms, and that the ratio of concentration and 
temperature in this case is a constant. For ascertaining the usefulness of 
these approximations, we note that there are mainly two types of 
problems that are of practical interest: a) Flows in tubes relating to 
transmission of aerosols, and; b) Flows over surfaces and bodies of 
revolution (e.g., fibers) relating to deposition and filtration. 


We consider a stream of aerosol ea ear particles of radius, ap, which 
approach the body of deposition, of typical dimension, a, with a uniform 
velocity, U. The free stream particle concentration is n(x). Now, if x and y 
are the coordinates parallel and normal to the flow (with the stagnation 
point being the origin of the system in flow over the body), then the energy 
and the particle continuity equations can be written as: 


oT, oT 1 2.2) | 


I= +V—— 

dx dy pC, dy\ dy (7.147 
and: ) 

dn , on $(p = I- ar a | 

yy 8 

ox dy dy ay) dy\ T oy (7.148) 


Eqn. (7.148) is simplified by using the developments of the last section. 
We really need consider only the second layer in which the diffusive 
term can be neglected. The deposition rate is simply obtained from the 
product of the particle concentration and the thermophoretic velocity at 
the inner edge of the layer. This simplification is possible because of the 
low values of the particle diffusivity and the small values of the flow just 
adjacent to the wall in the concentration layer. Using this simplification, 
constant properties, and dimensionless groups, we can then write Eqns 
(7.147) and (7.148) as: 


mn al at 


and: 
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we oy ~o y (7.149) 
on on o(n 4 
—+yvy——-Ha—| —— |=90 
WOR ey ost oy 


(7.150) 
Note that if we put: 
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n=CT 


(7.151) 


where, C is some constant, then the continuity equation would have 
exactly the same form as the energy equation. In particular, for H=I, they 
become identical. Note, however that the energy equation is of the second 
order, and has two boundary conditions associated with it, while the 
continuity equation is of the first order (assuming T is known) and has only 
one boundary condition associated with it (that is, the concentration far 
away from the surface). The heat and the particle fluxes to the wall are 
expressed as: 


oT 
J, =}-k — 
° | dy I 
and: 
y=L-D ale ant =nHa J | 
ay y=o y=O kT q y=O 
(7.152) 


which are then, clearly related through the particle concentration at 

the wall. If this concentration at the wall could be simply related to the 

temperature, then we would only need to know the results for heat 

transfer. This situation holds for H=l but, in general, one can only 

postulate some approximate relations. To examine the adequacy of the 

postales; namely Eqns. (7.144) and (7.145), we consider some typical 
OWS. 


We note that the velocities are determined from: 


a v=-av 


and ay . 


(7.153) 


Here, 'V are the stream functions defined as: 


flat plate: 


Wf=-\IU_x *” £(11) 


7.154 
with . 


1/2 
cylinder: n= () y 


"f= (P ¥)1" x fa) (7.154b 
with 


) 


body of 
revolution: 7 P)l/ y 


fife x2 f(1l) ee 
V=(AP i (7.154c) 


2 
¥)1 with 
Here, Px is the speed of the fluid at the outer edge of the boundary 


layer near the stagnation point on the cylinder or body of revolution. 
The functions, f, are determined from the equations: 


flat plate: 
f''' =-ff" 
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cylinder: 
f"' =-ff"'+ f'2 -1 


body of revolution: 
f"' =-ff"+¥% (f'2- 1) 
(7.155) 


and the boundary conditions (these are common to the three equations 
above): 


f(O0) = 0 f(O) =0 and f(oo) =1 
(7.156) 


The temperature is expressed as a function of Tl and, in the boundary 
layer, it is determined from the energy equation : 


T'+PrfT =0 


(7.157) 


and the boundary conditions: 


T(O)=Tmin and T(oo) = Tmax 
(7.158) 


which are the same for the three geometries. The solution of this equation 
is: 


T-Timin auf exp -Pr ] fl<a<; d 
Tmax Tmin oo 0 (7.159) 


where, the constant, y, is: 


jef-r}oo 


(7.160) 
The heat flux is now given by: 
I, Lk ga =Kr-r jyayl 
FO Tl (7.161) 


Fo 


The heat transfer problem has been extensively studied, and results for y 
are available in the literature (Goldstein [1965)). It is (0.664)Pr''? for the 
flat plate, (0.570)Prce™ for the cylinder, and (0.540)PrC) for the body of 
revolution. 


With the velocities and temperatures thus known, the task now is to use 


the scale analysis and similarity transforms in the particle continuity 
equation and reduce it to an ordinary differential equation. Here, we first 
consider the outer layer in which the diffusion term is small compared to 
the convective and thermophoretic terms which are of comparable 
magnitudes. We find that the concentration, n, is determined from the 
equation: 


T’ f , T” TT = ent 
Carb + 7 ee eee a ae a 
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and one 
has: 


; TL' 
mn =exp - 1 , f d11' 
. TOH (7.163) 


Thus, at the inner edge of this outer 


; " TL 
nO) = exp - | 1 , f drt’ 
: [ o -+- 
TH (7.164) 


There is an inner layer adjacent to the wall where diffusion becomes 
significant and comparable to one or more of the terms in the continuity 
equation. But, for practical purposes, unless we wish to determine the 
concentration profile in this layer or wish to make minor corrections, the 
diffusion current to the wall simply equals the thermophoretic current at 
the inner edge of the outer layer. Thus, the deposition flux is given by 
n(O)vT, and we find: 


flat plate: 
1/2 
J(x)=“%Hay Tm.. -Tmin U~ = n(O) 
Tmin IX 
cylinde 
r: 1/2 
J(x) =“Hay Tmax -Tmin n(O) 
Tmin Cy 
body of 
revolution: 1/2 
J(x) =“Hay Tmax -Tmin n(O) 
Tmin ( y (7.165) 


where a is a known constant for each. Comparing these results with those 
from Eqn. (7.161) one verifies the usefulness of Eqns. (7.144) and (7.145) 
mentioned at the beginning of this section. 


7.7 Convective-diffusiophoretic deposition 


This deposition can be very important in many industrial and nuclear 
related applications. The mathematical treatment is similar to that for 
thermophoresis. However, there are some subtleties involved. To clarify 
these, we first discuss some basic notions: 


Diffusion of molecules due to concentration gradients in a gas mixture can 
cause particle motion both because of the hydrodynamic velocity of the 
mixture induced by the presence of a noncondensing species (the Stefan 
velocity), and also because of another force on the particle known as the 
diffusiophoretic force. The motion induced by the latter is over and above 
that due to the hydrodynamic velocity and it would exist even if the 


hydrodynamic (mixed mass 
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mean or poche) velocity were zero (e.g., in a mixture with all species 
noncondensible and no driving forces other than diffusive to cause the 
hydrodynamic flow). 


Since in nuclear reactor accidents, several condensible and 
noncondensible species can be present, and also since in LWR 
accidents large amounts of water vapor (steam) can also be present, it 
is important to understand aerosol motion both in condensible vapor / 
noncondensible background gas environments as well as in exclusively 
noncondensible gas environments. Very useful reviews of the basic 
early work on diffusiophoresis have been given by Waldmann and 
Schmitt (1966], and Deryagin and Yalamov (1972]. New results since 
then have been reported by Loyalka [197la,b], Williams [1972], Lang 
and Loyalka [1972], and Loyalka and Yuan [1985]. A review by Loyalka 
(1983] has summarized the available results. 


Consider a gas mixture, with species concentration, ni. Then, the 
hydrodynamic velocity (of the mixture) is defined as: 


ne ee ee Se i mc 
2am LA P (7.166) 


where mi is the molecular weight and C; is the mean species velocity (the 
subscript i refers to species i) defined as: 


ci = || de, ¢, f, 
n; (7.167) 
We 
set: (Cj =(ci- V) (7.168 
+V ) 
where, we 
define: 
V =c-v (7.169) 


which is known as the 'diffusion' velocity. Explicit results for this in the 

continuum regime, in terms of the transport coefficients and the 

concentration and thermal gradients, can be found in the texts by 

Chapman and Cowling (1970] and Ferziger and Kaper (1972] among 

others. Thus, we have: 
* = Vv; +V 


(7.170) 


and the species current is 
given by: 
. (7.171) 
J, =n, ¢, =n, vtn, VA 
Note that, in general, the distribution, f,, is determined by solving the 
Boltzmann equation and associated conditions at the boundaries of the 


gas. In the bulk of the gas the distribution assumes the Chapman-Enskog 
or some other asymptotic form. 


Now, consider the case of a binary isothermal gaseous mixture with no 
external body forces. Then, we have: 


V,=-D,, = a Vn, 
1 (7.17 
2) 
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and: 
V,=-D,, Vo 
n, p (7.173 
wher ) 
e: fl= «ly, ni 


is the total molecular concentration. Also, for constant total pressure, p: 


> Vn; = 0| (7.174 
and: ) 

vn, =—vnj 

(7.175 

Finally, note that: ) 

D,, =D,J 
We discuss implications of these (7.176 
notions below. ) 


a) Stefan velocity 

Suppose that component 1 is a vapor species that condenses on 
surfaces, and species 2 is a noncondensing gas. Then we have a 
circumstance where: 


(7.177 
) 
everywhere, that is: 
V,+v=0 
or: (7.178 
v=-V,=D,,~ ™ Vn, =-D, 2 = Vn, ) 
n, Pp A-h, Pp 
which is known as the Stefan velocity. We shall (7.179 
denote this by: ) 
v =D _a miVn 
1 12 R-ny p 1 
(7.180 


) 


and note that the hydrodynamic velocity in this instance is caused by the 
noncondensibility of species 2. In a general situation (where other forces 
are present), the Stefan velocity is then the component of the 
hydrodynamic velocity caused by the presence of a noncondensing species. 


35 


b) Diffusiophoretic motion 
Let us consider now a particle in an isothermal gas mixture (with 


noncondensible gases or otherwise). The velocity, V, of the particle, due to 
the nonuniformity of the gas mixture, is then expressed as (besides the 
Brownian diffusion): 


V=v+V, 
(7.181) 


where the second term is caused by a force, known as the diffusiophoretic 
force, Fo. Thus: 
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and is expressed as: 


my (7.182 
) 


Note that this velocity is with respect to the hydrodynamic velocity. We can 
define a velocity that is composed of both the Stefan and the 
diffusiophoretic velocity and is expressed as: 


m ] 
wen tvon Z Meet |p,,¥n 
a-n, — n, 


(7.183 
) 


The diffusiophoretic force, like the thermophoretic force, is a subtle 
noncontinuum effect. Both the magnitude and direction of r/J depend 
upon complex intermolecular and molecule surface interactions. The 
effect is present even in isobaric mixtures. While r/J is easily calculated 
in the free molecular limit, its calculation in the transition (Kn-1.0) and 
slip (Kn-0.1) limits, requires considerable care. Here, solutions of the 
model Boltzmann equation with associated conditions (kinetic model 
calculations) can be helpful, but have stronger limitations than for single 
component gases. An early discussion of this phenomenon can be found in 
the works of Waldmann and Schmitt [1966] and Deryagin and Yalamov 
[1972]. Since then, results for the slip limit have been discussed by 
Loyalka [1971a] and Lang and Loyalka [1972] who have compared the 
computed results with the experimental data available 

to that time. A general variational formulation has been given by Loyalka 
[1971b] and results in the free molecular limit have been provided by 
Williams 11972J. In the ensuing discussion we will assume that r/J, which 
is a complex function of intermolecular and molecule-surface interactions, 
is known (although, it is not, except in the free molecular and slip limits) or 
conte estimated by using some interpolation formula (see Loyalka 


c) Deposition of particles on a large spherical drop surrounded _by a 


binary mixture with a 

condensing vapor and a noncondensing background gas 

The above considerations are best understood in the context of specific 
observed phenomena, that is, the enhanced particle deposition on a drop 
growing because of condensation, or the dust free space around an 
evaporating drop in nearly isothermal conditions. Assuming that the 
particles do not react with the gas or vapor, we can specify the 
problem mathematically and solve it in two stages. In the first stage, 
we solve the problem of condensation and consequently obtain the 
hydrodynamic (Stefan) velocity. In the second stage, we use this 
velocity in the particle continuity equation and solve it to obtain the 
particle deposition rate on the drop. 
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First let us consider the problem of vapor transport. 
have the continuum limit equation: 


VeJ, =U 
with 
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For the vapor, we 


(7.184) 


(7.185) 


(7.186) 
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v,=-D,, ——~" Vn, (7.187) 
RA- Nn, p 
Thu 
S: 
J, =-D,, —— Vn 
us (7.188) 


Note that the Stefan velocity is quite small compared to the usual vapor 
diffusive term. Thus, we do not expect it to influence the vapor transport 
to an appreciable extent. Now, using Eqn. (7.188) in Eqn. (7.184) and 
noting that fl, the total molecular concentration (gas+vapor), is a constant, 
we can solve the problem for n; and hence, for the vapor condensation rate 
and the magnitude of the Stefan velocity. We find: 


For the condensation rate on the surface we have: 


Q=--4n:r J =4n:n D a (i i We f 
f r=a v,00 Vv n s 


ve (7.189) 
wher 


f. —-f-l In[fl-ny, ] 
n a-n 


——e v.00 (7.190) 


is a 'correction' factor in the condensation rate due to the Stefan velocity. 
This correction is small, but as we discuss below, the Stefan velocity itself 


plac? Bele HoRartiqig.dengsition and 
D av_In[ fl niv', 

(7.191) 
where the subscript, v, refers to the vapor. 


Now, for stage 2, let us consider the deposition of particles on the drop. 
For this purpose, let us also write the Stefan velocity as: 


(7.192) 
where vo is a constant with dimensions of velocity: 


DV ml nv -nv, 


Be] 


am, fl (7.193) 
We consider the equation: 


v.J =o (7.194) 
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wit 
h: n(oo)=n_ and n(a) =0 
(7.195) 

Ignoring the diffusiophoretic term, 
we have: 

J=v, n-DVn re 
an 
d: v, =v, n, 


where n, is a unit vector in the radial direction. That is, we consider the 
equation: 


l qd re (v,n-Dddrn)) =o 


(7.197 
which, upon integration, gives: ) 
dn a’ 
a + Pe, & n| = A 
in which A is a constant and Peo is the ee 
Peclet number: Pe= yvoa= _D. n 
*--ne., 
ie) 
m, “ie 3 (7.199 


) 


Solving Eqn (7.198) together with Eqn. (7.195) we get for the particle 
concentration: 


1- exo( Peg ( = 3) 
Tt 
1~exp(—Pe,) (7.200 


and for the deposition rate: 


n(r) =n, 


j= 47tn Daf 
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is the correction to the deposition rate due to the Stefan flow. This 
correction is not negligible and, in fact, can be quite important. Suppose, 
as a first approximation, we write: 


D 
f =P ~2y 
EOS (7.203 
The ) 
n: = j'™ 47tn_D. 
a (7.204) 


and the particle deposition rate becomes of the same order as the vapor 
deposition rate and is nearly independent of the particle size. This is a 
rather dramatic effect on particle deposition. 
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Table 7.1: Peclet numbers and normalized deposition rates (cm2/sec) 
as a function of particle diameter for different 
supersaturations (for a spherical particle in a mixture of 
air and water vapor). 


is an 
41itan_ 41tan_ 


Supersaturation=0.001% Supersaturation=0.1% 
0.01 2.15x10- 1.000 5.31xl0-4 2.38x10- 1.011 5.37x10 
4 


4 : 

0.10 1.67x10- 1.008 6.89xl0 1.848 2.194 1.50x10- 

1.00 4.14xl0- 1.221 3.37xl10-” 4.58x10' 4.58x10! 1.26x10- 
1 5 

10.00 4.768 4.809 1.15x10-’ 5.26xl0? 5.26x10? 1.26x10 


Supersaturation=0.01% supersaturation=1.0% 
0.01 2.37x10-371.001 5.31x10-4 2.37x10-'1.123 5.96x10 
-4 
0.10 1.84x10- 1.094 7.48x10 1.84x10+ 1.84x101 1.26x10- 
l 4 


1.00 4.561 4.609 1.2'7x10 4.57xl0* 4.57xl0? 1.26x10- 
4 


10.00 5.24x10* 5.24x10* 1.25x10 5.26x10° 5.26x10° 1.26x10 
-4 


To illustrate this, we have calculated j (Eqn (7.201)) for particles from 0.01 
pm to 10.0 pm diameter in a mixture of air and water vapor. These 
particles are to deposit onto a droplet of 10 pm diameter. Table 7.1 shows 
Peclet numbers and normalized deposition rates (cm?/sec), for different 
degrees of supersaturation, as a function of particle diameter. 


We include now the diffusiophoresis term in the expression for particle 
current, Eqn. (7.196). Then, we have: 


J=V.n-Dvn+ 
oe (7.205) 
where: 
Vp =D, va 
vl (7.206) 
is the diffusiophoretic velocity. Again, we 
can write: 
where: 
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(7.207) 


ye PD y My, Bye 7 Ds 
eam, (7.208) 


Using Eqn. (7.205) in Eqn. (7.194), the boundary conditions of Eqn. 
(7.195), ar.d defining: 

PeD= . ae 62 ™ n,. 
“DD - Beige. “a 


VS 


(7.209) 
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we get for the particle 
concentration: 


1- exp (Pe, +Pe,) ( 7 *} 


n(r)=n,, 1-exp{—(Pe, + Pe,)} 


The particle deposition rate on the spherical 
chop is given by: 


j = 41tm_Dafot+o (7.211 


where the factor foto is 


now: 


pi te Pe, + Pe, 
p= exp{—(Pe, + Pe,) (7.212 


Clearly, if: 


Pep << Pe, 
(7.213) 


then it is the Stefan flow which would play the dominant role. But this 
dominance is by no means certain as the two Peclet numbers above are of 
similar magnitudes and can have different signs. In particular, note that: 


forn ¥ foxn(Pey > 0) + forv (Pep — 0) (7.214) 


d) Deposition on plane vertical surfaces in presence of gas-vapor mixture 
An early analysis of this problem for natural (or free) convection was 


given by Hales et al. 
f1972]. They considered the particle continuity equation: 


(7.215) 


where we have included the Stefan velocity in the convective term. Hales 
et al. used results for velocity and temperature from Minkowycz and 
Sparrow [1966] who had employed boundary layer theory considerations 
and similarity transforms to reduce the relevant Navier Stokes equations 
for the vapor-gas mixture to a set of ordinary differential equations that 
were solved numerically. They then reduced Eqn. (7.215) to a second 
order ordinary differential equation using boundary layer 
considerations and similarity transforms and then solved it numerically. 
For explicit calculations, only the free molecular expressions for 
thermophoresis and diffusiophoresis were used. 


Actually, Eqn. (7.215) can be analyzed in the manner of the work on 
thermophoresis. In the second layer, the Brownian diffusion term 
should be neglected, and the partial differential equation can be reduced 


via a similarity transform to a first order linear differential equation which 
can be solved analytically. The particle concentration at the inner edge of 
this layer is then determined, and with the temperature and vapor 
concentrations already known, the deposition velocities and fluxes can 
be obtained. With the approximate expressions for thermophoresis and 
diffusiophoresis now available, such analyses will be very useful. One 
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could also consider using the accurate and detailed kinetic theory 
solutions (Cipolla et al. [1974]) of the condensation/evaporation problem 
for a multicomponent gas-vapor mixture in plane geometry. We sketch 
such a generalized analysis below. 


e) General analysis: 
For clarity in the analysis, we consider an isothermal case. Then, the vapor 
continuity equation is: 


OMe yy My -2(p 21) 9 


(7,216 
) 
and, following the analysis of Eqns. (7.156)- 
(7.161), we obtain: 
n,—n t F 
———"s_ =| exp|—Sc, | £(s) dg dé 
Ty no vs 0 0 (7.217 
) 
where, the constant, y, is: 
es g Ft 
Y= | on{-se, f £9) | es 
0 0 
(7,218 


) 


Here, Sc=V/Dv is the Schmidt number for the vapor. The vapor number 
flux, ignoring the Stefan flow for the deposition of the vapor, is now: 


rs) 
J, = -D, ae = D, (n,.. ny .) Y & 
OY lao ON |y-0 (7.219 
) 
The particle continuity equation in the 
second layer is: 
12828 gp. 2(2%)-0 
ox oy dy\n, dy (7.220 
) 
which has the approximate solution: 
n(0 yn, n? 
nO) IG -f par ame aad f dn 
n,. o —* +— 
n, © 
(7,221 
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The particle flux at the wall is then: 
y=l)* el “Mv, + Vo - el n(0) (7.222) 


and this can be evaluated. Comparing the vapor and particle continuity 
equations we note that, for <5 = 1, we have the relation: 
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Woe 

n (7.223) 
where C is a constant. Thus, we can propose an approximate 
relationship of the type in Eqns. (7.144) and (7.145): 

n(O)= iv, {+ (l- ) nv, ) 

( } (7.224 
and V,-- ) 

nh_ v,- 

[4a =o 2) 5, aa +n(0){ V, | 

Nys (7.225) 


7.8 Convective-gravitational deposition 


This type of deposition can be important in chambers with good mixing 
or in aerosol flows over surfaces such as semiconductor wafers. 
Convection brings particles into the vicinity of surfaces and then the 
natural processes of diffusion and gravitational motion cause the 
deposition. Within the past several years, a number of investigators 
(Corner and Pendlebury [1951], Pich [1972], Taulbee and Yu [1975], 
Taulbee [1978], Goldberg [1981], Crump and Seinfeld [1981], Okuyama 
et al. [1986], Pui et al. [1987], etc.) have explored the various 
synergistic effects and interesting understandings have been gained. All 
these analyses are based on the particle continuity equation with either 
the convective and gravitational currents or the convective, gravitational 
and diffusive currents. Mathematically, the details follow quite closely 
those of the sections above. We note below some of the final expressions 
only. 


Laminar flow-mvitational settlin in a horizontal pipe 
fe [1972]) Here the deposition efficiency is given 
by: — 


TY [2s (1-s213Y'2 -SI/3 (1-s2'3Y'2 + sin-l(sl/3)] 


(7.226 
wher ) 
@: S > 1 
rt=1 
S is the settling parameter: 
a=. VIL (Taulb 
uva ee and 
Yu 
and V, is the settling speed. [1975] 
) Here 
Laminar flow-diffusive gravitational settling in a channel the 


v-fbenl 3) (EJ (E) 


deposition efficiency is given by: 


(7.227) 


(7.228) 


= Pe=2U. 
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h is the channel height, V, is the gravitational settling speed, and x is the 
distance along the channel. Note that the deposition efficiency is, in 
general, not a simple summation of the convective-diffusion and convective- 
gravitational contributions. That is: 


Tl'# Tt(D 0) + Tt(V. 0) 


but the error involved in using the simple summation is not very large 
and superposition is generally a good first approximation. 


Turbulent ravitational settlin in a chamber (Comer and Pendelbury 
, Crump and seinfe 

Using the eddy diffusivity model of turbulence (see Eqn. (7.90)) with a y? 

dependence, the volume averaged deposition velocity (cm/sec) is given as: 


1 f 4 
Vd = - ~Jj-as=_) n(r) > V. [1-exp(" )1- dA 
nA A 2 k,D 
(7.229) 


where the turbulent diffusivity is expressed as: 
D, =k, y’| 


V, is the settling velocity, n(r) is the unit normal directed into the gas, and 
other quantities have been discussed earlier. Note again that: 


V, # V,(D > 0)+ V,(V, — 0)| 
and hence that the simple superposition: 
V, = V,(D > 0)+ V,(V, > 0)| 


applies only approximately. 


7.9 Convective-electrical deposition 


This mechanism is central to electrostatic precipitators where particles in a 
flow are first charged by a corona discharge and then collected on plates. 
Since particle charge distributions and mobilities are dependent on particle 
sizes (see Chapter 3), this mechanism can also be used to classify or 
quantify particle distributions. 


Electric precipitator: 
We consider a typical electric precipitator where particles of initial 


concentration n and flow speed, U, pass between two collecting plates. The 
flow is generally turbulent and the particles are charged by corona 
discharge such that a net current of them towards the plate is established. 
To calculate the deposition rate, we consider the time averaged particle 
flux (Friedlander [1977]): 


L an - 
J=(D +e) ily - Je 
(7.23 
0) 
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eos (7.231 
) 


the quantity, vee can be estimated through approximate calculations of 
particle charging. The continuity equation is: 


V-(In,)=9 (7.232 
) 


that is: 


a | on es 
— 0+) 2 ah 
dy oy (7.233 


with the boundary conditions: 
n(x,oo) =n_and n(O,y) = 0 
Upon integration and 


simplification, we find: 


II(x)l = Vili? 
1-exp(-v. Al (7.234 


Note that in actual precipitation, the exponential term is 
quite small and: 


[I(x)] = I.) = ve B(x] (7.235) 


Thus, for aerosol flowing through a precipitator with a speed, U, deposition 
can be obtained by solving: 


U ALX n (x) = -Pe v. n (x) 
(7.236) 


where A is the cross-sectional area of the flow and pe is the perimeter. 
Solving this, we get for the removal efficiency (in a length x): 
TJ(x) = n_(x) =exp(- ve pe x) 
n (O) UA (7.237) 
This expression has been quite useful in the design of electric precipitators. 


Electrical classifier: 
Convective-electrical deposition has an important application in 
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classification and, therefore, sizing and size distribution measurements 
of particles. In a classifier, aerosol is first passed through a neutralizer 
(Kr-85) where the particle charge distribution is brought to the Boltzmann 
distribution. The aerosol then flows through a cylindrical column and the 
number of particles that pass through a narrow slit at the bottom is 
dependent on their size and charge. If either the current due to collected 
particles is measured (by an electrometer) or if the collected particles are 
counted (condensation nucleus counter), then one can determine the 
particle size distribution by 
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solving an inverse problem. Instruments based on these principles work 
well provided the inverse problem is solved carefully. 


7.10 Inertial deposition 


Particles deviate from fluid streamlines whenever there is an acceleration 
of the stream because of surfaces and obstacles. This deviation is not 
significant for particles that are small or when the flow speed is small (that 
is low inertia) but larger particles or small particles at high speeds can 
deviate from the flow for appreciable periods such that their trajectories 
intercept a surface located in the flow. Inertial impaction is thus an 
important means for collecting and sizing large and small particles if the 
flow speed is large. Cyclones and Andersen impactors are based on this 
phenomenon which can also lead to the deposition of particles on 
substrates for sensor fabrication. 


The mathematical developments here follow closely those of Chapter 4. 
The similitude analysis now yields, for the deposition efficiency on an 
obstacle of characteristic dimension, L: 


T] = £(Stk,Re,R) 


(7.238) 
where Stk is the Stokes 
number: 
2 
Stk= Pr ce 
18pL (7.239) 
and R is the Impaction 
number: 
R= (7.240) 


a 
1 
L 
Usually it is found that there exists a critical Stokes number, Stkc, 
below which there is no deposition. Also, plots of TJ vs. Stk for different 
Re are S-shaped indicting sharp size cutoffs in deposition (almost no 
deposition below Stkc and complete deposition above it). This 
characteristic is used in the design of impactors for particle sizing (see 
e.g., Fuchs [1964], Hinds [1982], Flagan and Seinfeld [1988] and 
Fernandez de la Mora et al. [1990] for detailed discussions and recent 
results). 


Since particle filtration and a osition in piping have strong relevance to 
applications, we _ discuss ow the salient aspects of theoretical 
estimations for these cases. 


Flow over a cylindrical fiber 

We consider here Eqn. (7.10) for particle motion. Results for the fluid 
velocity are available in the literature while outside the velocity boundary 
layer these are given by inviscid flow theory. We also assume that the 
Stokes drag laws apply and that the particle is quite small compared to the 


36 


cylinder so that it doesn't influence the flow field. The equations of 
motion, Eqn. (7 .10), are then numerically integrated (actually the problem is 
much simpler than those encountered in the coagulation calculations, where 
the colliding particles are of comparable sizes and influence the flow field). 
Both the particle trajectories and the collection efficiencies can then be 


calculated. 
Turbulent flow 


The calculations of particle trajectories here pose difficulties. The particle 
motion is described by the equation: 


36 


Aerosol Science: Theory and Practice 


mv=F-Fo 
dt 
(7.241) 


where F and hence v and Fn are fluctuating quantities. Generally, F 
includes the effects of molecular collisions (diffusion) and turbulence. One 
can numerically simulate the particle motion through a Monte Carlo 
sampling of F, and numerous particle trajectories can be generated for a 
given starting state. The deposition occurs if a trajectory approaches the 
object of deposition within a particle radius. For each starting position, one 
then has an estimation of the probability of deposition. The total deposition 
rate, and hence the efficiency of deposition, can be simply obtained by 
summing over all starting positions and comparing with the ideal (total 
cross-sectional current) deposition rate. 


While such an approach has been taken for the calculation of collisional 
cross-sections (Almeida [1975], Enomoto and Loyalka [1985]), it 
appears that it has not been pursued for deposition rate calculations. 
Rather, results have been obtained by using the concept of particle eddy 
diffusivity. Correlations based on such calculations describe the 
available experimental data rather well (Friedlander [1977), Liu and 
Agarwal [1974), Hahn etal. [1985], Fernandez de la Mora and 
Friedlander [1982]). 


An expression of some interest here is for deposition by inertial impaction in 
a pipe bend: 


on 


(7.242) 


where O is the angle of the bend in radians. This expression is valid when 
the ratio of the radius of curvature of the bend to the pipe radius is smaller 
than 50 (Crane and Evans [1977]). 


Minimum in the capture efficiency 

We have discussed particle deposition due to both diffusive and inertial 
motions in the previous sections. We note that interception (finite size of 
aerosols) affects both motions. The diffusive and the inertial aspects were 
treated separately, as calculations requiring simultaneous consideration 
of both would necessitate the use of stochastic equations of motion. 
This task can be carried out, but important information can be obtained 
from the separate effects calculations also. In particular, a plot of particle 
collection efficiency as a function of particle radius, based on the two 
separate calculations shows a minimum in the efficiency corresponding 
to particle sizes between 0.1 pm and 1.0 pm. This fact has been 
confirmed experimentally, and the efficiency of filters is rated with 
respect to their ability to remove particles of the size 0.3 pmin 
diameter. 


It is apparent that neither diffusion nor interception is effective in 
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removing particles around 
0.3 pm. The search for effective and economic means of removing such 
particles remains a problem of considerable interest. 


7.11 Particle resuspension 


Particles deposited on surfaces can become resuspended by lift forces due 
to depressurization, turbulence, thermophoresis (heated surfaces), or 
external forces. Resuspension is the underlying cause of dust explosions. 
In a nuclear reactor accident, resuspensions can have considerable impact 
on the progression of the accident and radiation releases. 


The theoretical basis for particle resuspension is somewhat less well 


developed than for deposition. Much of the early work has relied on 
force balances (lift vs. adhesion) and 
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estimation of critical values of parameters (eg., Re) below which no 
resuspension occurs. Above the critical values, the resuspension rate, R 
(#/sec), is obtained in simple deterministic manners from equations of 
particle motion. That is, one considers: 


d d_r 
Goue(t) =F Fosa(ru, tr) and a up(r) 


(7.243) 


where Fis the driving force, and Fo.A is a combination of the drag and 
adhesive forces. Then, the expression: 


Rw= J nw(rt) 
rea 


(uP(r)eds) Ss (7.244) 


(up 
(r).ds) >O 


provides results for the resuspension rate where nwi(r,t) is the particle 
concentration on the surface (#/cm}). 


The deterministic approach can provide useful results for short times (-1 
sec) which may be shat matters in most circumstances. However, when 
resuspension and deposition occur simultaneously and/or’ the 
resuspension is of a relatively long term nature, more careful attention 
to the  particle-surface-gas interaction is required and_ the 
phenomenological considerations should be more like those of 
molecular desorption from surfaces. Such an approach has been taken by 
Reeks et al. [1985a,b,c]. They consider a particle distribution function 
W(v(t),y) on the surface, which is defined such that: 


W\(v,y) dv dy = Expected number of particles of a given size with 

velocity v in dv (normal to the surface) at yin dy (7.245) 
where y is the direction normal to the surface. This distribution function is 
determined by a Fokker-Planck equation in which the drag and diffusion 
terms are defined by means of the Langevin equation. The lift force is 
recognized to be composed of a mean part and a fluctuating component and 
the particle is bound by an attractive potential well. It is noted that the 
fluctuating component can have a greater role than the mean part. Once W 
is known, we can write the resuspension rate, R (#/sec), as: 


R= oy aad eae 


Y-+Ye 


(7.246) 


where ys is the outer edge of the potential well. One obtains for W: 


W(v,y_) = @ (2mBe(c))”” (2 [1(2))"? ex ae i “ais | 
(v, yp) = @ (2mPe(o)) ”” (2m p(c)) x 5 | | maBet)) | 9.549) 


where w is the surface potential well frequency, Q is the height of the well: 


(7.248) 


and Bis the particle mobility. Here, <PE> is the average potential energy 
of the particle in the well at equilibrium, relative to point of minimum 
potential, and <v’> is the mean square velocity. Use of Eqn. (7.247) in 
Eqn. (7.246) gives: 
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R- (oo) 1/2 ex CQ ) 
- 21t e(oo Pp 2 (PE) 
( )) 


This leads to the interesting observation by Reeks et al. [1985a,b,c] that, 


(7.249) 


for large t (1 sec): 1 
t 


R" 


(7.250) 


The magnitude of this result is sensitive to B (by orders of magnitude) 
which is only approximately known (particle near the surface). 


Wen and Kasper [1989] have explored the kinetic deposition model and 
have also carried out extensive experimental measurements for 
resuspension in ultraclean gaseous flows over surfaces. Following their 
work, we note that if we define, F=adhesion force/removal force, and 
N(F,t)dF=number of particles on the surface experiencing the force ratio, 
Fin dF, at time, t, then the resuspension rate is: 


Be ae, CEL) 


l- aF (7.251 
N 
a ) 


t 


Now, we define, a(F)=the rate of desorption of particles on the surface 
experiencing a force ratio, F, and we assume the Langmuir model for 
desorption: 

a 

- N(F, t) = -a(F) N(F, t) 

a (7.252) 
with: 

N(F,0) = N,(F)| 


as a specified distribution. Solving the above 
problem, we get: 


N(F, t) = No(F) exp(-a(F) t) (7.253) 
and 
: a 

carb AGES B= 2) No) (7.254) 


Thus, the resuspension rate is given by: 


R(t) = { a(F) No(F) exp(—a(F) t) dF 
36 


(7.255) 


and can be evaluated with proper assumptions regarding N.(F) and a(F). 
Suppose one takes a uniform distribution for No(F): 


N 
Nine. = Foi, SF S$ Foal 


max 
Fig re Fain 


=0 otherwise (7.256) 


Then, one obtains: 
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N Ema 
R(t) =  o otal J a(F) exp(-a(F) t) dF 
Fmax F min rf. (7.257) 
If we further assume: 
a(F) = A exp(-F) (7.258) 


then: 
R(t) = a - [exp{-At exp(—F,,,, )}}— exp{—-At exp(-F,,, }H] 
(7.259) 


Defining the relaxation times: 


1 
Mig ste Mattawan ga 
and 1- A exp(- 
Fmi,) (7.260) 
: anes (7.261) 
2 A exp(- 
Fm.J 
we write: 
R(t) = nooui =! [exp(-t/t,)-exp(-t/'t1)] 
Fmax -Fmin t (7.262) 


which is bounded at t=O. If we assume 't1<<'t2 then for short 
times, t"''ti, we have: 


N 1 
R t)= obit = = i, —-t/t 
(t) Fe (emt t,/%,)— exp(-t/t,)] siane 
or 
: R" NO,tot.al 
Fue — Enid (7.264) 


For long times: 


Nowa | 1 
R =—* — - exp(—t/t,) ~- exp(-¥] 
TF nin b ; (7.265) 


These results indicate that for short times, the resuspension rate is 
governed by loosely bound particles, while for long times it is governed by 
the tightly bound particles. The short time 1/t dependence is due to a 
summation of discrete exponential dependences. 


36 


Wen and Kasper [1989] have carried out extensive experiments in support 
of the above model. 


They examined resuspension in a flow system where the number density 
(#/cm}) of particles in the flow due to resuspension is given by: 


= 
n(t) = - R(t) 
Q 


(7.266) 
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where Q is the volumetric flow rate (#/cm3sec) over the surface. Note that 
the parameters, A, 'ti, and -C2, are difficult to determine a priori, but they 
can be estimated by using the experimental data for n(t), and fitting R(t)/Q 
to these data. Details of such an analysis can be found in the referenced 
work of Kasper and Wen. 


Additional analysis of resuspension is contained in the work of Braaten 
et al. [1990] who report both experimental data and the results of 
Monte Carlo simulations. The Monte Carlo analysis was carried out by 
assuming that discrete lift bursts are responsible for resuspension. The 
bursts occur at discrete time steps of: 


e (7.267) 


where vis_ the kinematic viscosity and u, is the friction velocity. If the total 
simulation time is 
t.un, then the total number of bursts simulated is: 


(7.268) 


At each burst, the lift force is sampled from a prescribed distribution. 
That is, we obtain FL 
from the equation: 


FL 
r=] PL(F) dF 
rnin (7.269) 


where rjis a random number distributed uniformly between O and 1. We 
cane use the adhesive force as a fixed known quantity, or sample it 
similarly: 


F PA(F ) dF 


f 


Bocce (7.270) 


we define F=FdFA and assume that if F>Fmim then a fraction K(F) of 
particles on the surface gets resuspended. Now, if n,(t) is the number of 
resuspended particles at time, t, and no is the number of particles initially 
on the surface, then we get: 


n,(t;) = n,( ti-D+ K(F) (no. n,( ti-I)) 
= n,(ti-1) 
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(7.271) 


Numerous runs of this type are made to obtain the mean values, the related 
statistics, and hence the resuspension rate: 


Re" : a0) 


de 


(7.272) 


With some physically meaningful forms of P(F) and K, Braaten et al. (1990] 
have obtained good simulations of resuspension and agreement with their 
data. 


Thermophoresis is now recognized to be an important factor in 


resuspension and interesting results in this regard have been obtained by 
Talbot et al. [1980] and Strattman et al. [1988]. 
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Table 7.2: Correlations for aerosol deposition. 


Deposition Mechanism Convective Flow and Geometry _ correlation 


A) Diffusion only Laminar flow in a pipe Eqn. (7.35) 
Laminar flow over a Eqn. (7.69) 
flat plate Laminar flow Eqn. (7.87) 
over a cylinder Eqn. (7.98) 
: Turbulent flow in Eqn. (7.99) 
B) Thermophoresis smooth pipe Turbulent Eqn. (7.145) 
flow in a rough pipe Eqn. (7.145) 
Laminar flow in a pipe Egn. (7.145) 
edimentation/ Laminar flow over a Eqn. (7.226) 
diffusion flat plate Laminar flow Eqn. (7.228) 
over a cylinder Egn. (7.229) 


Laminar flow in a pipe 
Laminar flow ina 
Channel Turbulent flow 
in a chamber 
D) Inertial impaction only Turbulent flow in a bend Eqn. (7.242) 


Most recently it has been reported (Scientific American, June 1990, 
p.86) that submicron particles can be removed from surfaces by first 
wetting the substrate with water, and then heating it with lasers. It has 
also been reported that heating the particles with excimer lasers causes 
them to jump from surfaces. 


Extensive data for resuspension in nuclear reactor piping have also been 
reported by Rahn 
et al. [1988). 


7.12 Correlations 


Much of the material of this chapter has direct relevance to the 
development of correlations that can be effectively used for calculating 
deposition rates. We give a table of some useful correlations (see Table 
7.2). There is one aspect on the use of these correlations that warrants 
comment. We note that for deposition in chambers, the spatially 
homogeneous GDE would read (in the absence of condensation): 


n(v,t)=L(n,n)+nA Yd 
ot Y_ 


(7.273) 
where Yd is the spatially averaged deposition velocity (cm/sec) defined as: 


eee fv-jae-. fy «as 
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nA nA (7.274) 
and, as such, includes all the 
effects. 
7.13Complex flows and computer programs 
Calculation of particle deposition requires first a knowledge of the flow 


fields and temperature distributions, and then means for solving either the 
particle continuity equation or the equation 
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of motion. For the simple geometries and flows considered in this 
chapter, much valuable information can be obtained by simple 
similitude considerations and use of similarity transforms. For 
complicated geometries (e.g. lungs, bifurcations, pipe bends, odd 
objects, dendritic formations and nonspherical particles (fibers)) and flows 
one can either employ some approximations or resort to direct numerical 
calculations. Computational fluid dynamics programs, based on body 
fitted coordinates and finite element numerical techniques, are now 
commercially available and include good graphics capabilities. We have 
used two such programs, FIDAP and FLUENT, to study several problems of 
particle deposition. Below, we briefly discuss these programs and their 
capabilities. 


The program FIDAP allows simulation of a wide range of incompressible 
flows. The Navier Stokes equations are solved for both laminar and 
turbulent flows, the latter with the aid of specified models of turbulence. 
The program includes provisions for simultaneous treatment of 'species' 
equations of the form of Eqn. (7.1), although only the convective and 
diffusive parts are included (this is a limitation that can be easily 
overcome). The user at his option can study transient, steady state, 
developing, developed, or specified flows and can account for finite sizes 
of particles (still ignoring inertia) by specifying particle boundary 
conditions at an extrapolated surface. The program does not do 
trajectory calculations, but this part is carried out very nicely in the 
FLUENT program. Actually from the point of view of depos.ition 
calculations, the two programs complement each other very well (the 
version of the FLUENT program that is available to us, does not carry out 
the species calculations). Both programs have good documentation. In 
particular, we have found the FIDAP documentation to be rather 
outstanding and well referenced. 


These programs offer the interesting possibility of solving the GDE in 
conjunction with complex flows. An appropriate starting point here would 
be to consider first either coagulation alone or condensation alone, and 
then to construct more general purpose programs. 
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CHAPTER 8 


Nuclear Source Term 
8.1 Nuclear source term and aerosols 


An understanding of aerosol behavior is of primary importance in the 
estimation of radioactivity releases from nuclear reactor accidents. Severe 
core damage in light water reactors, core disruptive accidents in fast 
reactors and sabotage of shipping casks or waste disposal sites with 
explosives are potential sources of release of radioactive aerosols to the 
environment. It is believed that public risks, as well as risks to property 
and plant equipment, are dominated by accidents that involve sizeable 
releases of aerosols to the environment and into the reactor 
containment. 


A materials inventory typical of a light water nuclear reactor is given in 
Table 8.1. Results of this type are obtained from computer programs such 
as ORIGEN, which can provide estimates of mass inventories as a function 
of fuel burn up. The computed results are known’ to agree with 
measurements within about 20 to 30 percent for most isotopes. Actually, 
since some 800 species can be present at any given time in the reactor, 
Table 8.1 lists only the more important isotopes such as the fuel materials, 
H20, Zr, Xe, I, Sr, Cs, Pu, Ag, etc. Table 8.2 gives the half-lives and 
radioactive inventories of some of these isotopes. Health hazards are 
largely associated with the longer lived, volatile isotopes of I, Cs, Sr, Pu, 
Ru, and Te. 


Table 8.1: Typical material inventories for 800 MWe pressurized 
water reactors (PWR) (midpoint of an equilibrium fuel 
cycle). Adapted from Loyalka [1983]. 


Material kg Material kg 
UO2 1.0x10° (fuel) Fe 2.5x10% (core structure) 
Zr 2.0x10* (clad) 2.5x10* (core+bottom) 
Sn 3.0x10? (clad) Ag 2.0x10? (control rods) 


H,O0 2.5x10° (coolant) 
Fission Products: 


Xe 260 Sb 2 
Kr 20 Mo 160 
I 12 Ba 70 
Cs 140 Sr 54 
Te 23 Zr 190 
Ag 3 Ru 110 


The accident sequences that could result in significant vaporization of the 
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materials in Table 8.1 in combination with simultaneous and subsequent 
aerosol formation include those initiated by loss of coolant accidents and 
severe transients (primary coolant pipe break, main steam line break in a 
PWR, control rod ejection, pressure vessel failure, etc.). Details of such 
sequences are given in the references and we have summarized a few of 
the more important sequences in Table 8.3. The notation here is that of 
the Reactor Safety Study (WASH-1400). 
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Table 8.2: Important radioactive nuclides (in a 3412 MWth PWR 
operated for three years; as predicted by the ORIGEN 
code). Adapted from NUREG-0772. 


Half Life na Half Tienite 
(days) (Cixl0-8) Life ry 
(days (Cixl0- 
) ie 

Iodine Isotopes 

1-131 8.05 0.87 1-133 0.875 1.8 

1-132 0.0958 1.3 1-135 0.280 1.7 
Noble Gases 

Kr-85 3.950 0.0066 Kr-88 0.117 0.77 

Kr-85m 0.183 0.32 Xe-133 5.28 1.8 

Kr-87 0.0528 0.57 Xe-135 0.384 0.38 
Cesium 
Isotopes 

Cs 134 7.5x10? 0.13 Cs-137 1.1x104 0.06 
5 

Other Fission Products 

Sr 90 1.103x10~ 0.048 Ba-140 1.28x10! 1.7 

Ru-106 3.66x10? 0.29 Ce-144 2.84x10? 0.92 

Te-132 3.25 1.3 

Actinide Isotopes 4 
Pu-238 3.25xl10 0.0012 Pu-241 5.35xl 0.052 
0) 
Pu-239 8.9x10° 0.00026 Cm-242 1.63x1 0.014 
0) 


Table 8.3: Accident sequences that could result in sizeable 
release of radioactive isotopes (partial list). Adapted 
from Loyalka [1983]. 


Designation Description 


1) RSS PWR Large Containment: 
a) TMLB'-6:y,e Loss of reactor coolant system heat removal given loss of all AC 


power, containment failure due to H2 overpressurization or 
containment melt through. 


b) S2C-6 Failure of containment spray injection given a small LOCA 
containment failure due to overpressurization. 
c) S2D-e Failure of ECCS given a small pipe break, containment failure 
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due to containment melt through. 


2) RSS 
a) Pee ey! Failure of reactor shutdown systems given a transient event; 
yy containment failure due to overpressure, release direct to 
b) TW-y-y' atmosphere or release through reactor building. 


Failure of decay heat removal system given a transient event; 
containment failure due to overpressurization, release direct to 
atmosphere or through reactor building. 
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Nuclear Source Term 


Under normal conditions, radioactive isotopes are contained in the fuel 
rods. The cladding, water coolant system, piping and pressure vessel, 
containment, and engineered safety features (sprays, ice condensers, 
suppression pools, etc.) are designed to limit the release of radioactive 
isotopes during accidents. Natural processes (physico-chemical reactions, 
deposition, settling, coagulation, fragmentation, aerosol growth, etc.) 
may act to reduce or enhance the release 

fractions. 


Typically, processes contributing to releases of fission products from fuel 
during severe core damage accidents may be classified as: 


a) In-Vessel Releases: involving cladding rupture, transport from 
the solid fuel matrix, evaporation from molten fuel in the pressure vessel, 
leaching of fuel following a cladding failure, and oxidation of fragmented 
fuel. 


b) Ex-Vessel Releases: involving steam explosions, high pressure 
melt ejection, and core debris/concrete interactions. 


The dynamics of these processes are strongly dependent on the type of 
accident which, in tum, strongly affects the develooment of the accident. 
The releases due to the processes mentioned above are dependent on the 
volatility of different isotopes, their physical and chemical behavior, 
diffusion, chemical affinities, reaction rates, and equations of state. 
Complete information in all these areas is not available at present and 
considerable difference of opinion (orders of magnitude) exists on the 
estimated release fractions and their chemical states. In vessel releases 
have been reviewed by Allison et al. [1987] and a review of ex-vessel 
releases has been given by Brockmann [1987]. A host of processes can 
affect the evolution of aerosols in the Primary Coolant System (PCS) and 
will act in synergism. For example, condensation, evaporation, and 
coagulation can affect each other very substantially. Likewise 
coagulation processes can be affected by the motion of aerosols under 
thermal and concentration gradients. Thus, not only the primary processes, 
but also the second and third order processes, can have a strong role in the 
development of the accident. Release rates that create high concentrations 
of aerosols can arise quite differently from release rates that create 
small concentrations. The typical aerosol released to a PCS could range 
from 20-500 kg, thus leading to concentrations 

of 100-2500 grn/m? for a 200 m? PCS PWR, and 28-700 grn/m®? for a 700 
m? PCS BWR. By comparison, a very dense aqueous fog contains 
approximately 1 grn/m3. 


The shapes of the aerosol particles can vary from spherical to highly 
irregular. Humidity favors the former. As an accident progresses, the 
aerosols, vapors, gases, etc., will be continually released from the PCS to 
the reactor containment. If the accident is such that the PCS is bypassed 
(for example, melt ejection) then the aerosols, vapors, etc., can be released 
directly to the containment. 


Releases to containment undergo further evolution under natural transport 
processes as well as under the influence of engineered safety features. 
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Materials in containment, if leaked to the environment, are a potential 
source of public risk. If retained, they can be a hazard to the equipment 
inside. Typical PWR and BWR containments are shown in Figs. 8.1 and 
8.2. 


The amount and timing of the release of radioactive substances from a 
reactor plant to the environment is referred to as a nuclear source 
term. More broadly, source terms are characterized by the 
radionuclides that are released to the environment as well as the time 
dependence of the release, the size distributions of the aerosols released, 
the location (elevation) of the release, the time of containment failure, the 
warning time, and the energy and momentum released with the radioactive 
material. All of these quantities are needed for the calculation of ex-plant 
dispersion of the radioactivity. Note that in almost all calculations, the 
source terms are then used as input to various programs that compute ex- 
plant consequences. 


37 


REACTOR BUILDING (CONTAINMENT) 


AUXILIARY BUILDIN 


vuavn 


L _, k>.0.,.. Pilot-operated 

ately valve \!) relief valve 
. “| | see 
0 @ 7 sa ventilation fillrs BIOCK valve 

AAAS waste gas Core pase 2% o(9) Pressurizer TURBINE BUILDING 
decay tank flood U 5 
{> team 
generator 


Waste gas compressor 6) 
On Control a (> 
Vent header (21) am rods (3) 


Vent valve I High Turbine AA 
Ww mas Reactor Generator 
; pressure 
od injection om: 
ou pump 
Makeup tank ———<< coe 
Condensate Condensate 
i S| pump ‘storage tank 
sail 260 
@ Letdown lins=—————— ) Demineralizer 
Borated walff storage tank & Relief Main 
valve feedwater = 
pump 


Radiation waste 
storage tank 


Emergency feedwater pump 


Rupture disk Reactor coolant pump Hot leg 


Cold leg iump pump 


Figure 8.1: TMI-2 nuclear plant layout. TMI-2 is a typical Pressurized 
Water Reactor (PWR). 
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Figure 8.2: Schematic of the containment design for the Grand Gulf 
plant. Grand Gulf is a typical Boiling Water Reactor 
(BWR). 
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Figure 8.3: A historical perspective of U.S. computational progress. ; 


The definition of the source term is slightly loose as different computer programs may 
require 


p 


different inputs. Still, it is clear that source terms will be closely related to the 
vapors, gases 


and particles in suspension in the reactor containment (or building) at a given time, 
and the 


a 
states of this suspension and the containment. If a containment does not fail 


(and is not 
t 


bypassed) then, regardless of the complicated phenomenology that takes place 
inside the 


S 


conte niet during the accident, the source term would be zero and no direct harmful 
effects to 
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t 
the public would result. 


Ss 

( 
The eoternuinauon of source terms within well defined bounds is not simple. First, a 
range o 


p 
severe accident scenarios, with corresponding initiating events, must be studied. 
Using 


e 

probabilistic methods (fault and event trees), one can then assign a probability of 
occurrence to 

the Caos accident scenario. Next, an integrated analysis of all that occurs in the plant 
needs to 

be carried out. Detailed physico-chemical, neutronic and thermal hydraulic models 
with an 


r 
extensive data base (separate effects) and integrated computer programs (as verified 
against a 


1 
range of integral experiments) are required. This task can be quite 
overwhelming as the number of molecular species involved is large, 
temperatures and pressures can be high, and the associated flows can be 

quite complex. High radiation fields are also present and, depending 

upon the specific type of accident, the situation can be very dynamic. | 


While efforts continue toward the development of improved mechanistic 
programs, considerable progress in delineating source terms has been 
achieved through a series of simple (perhaps simplistic) and detailed 
computational schemes, and limited experimental programs. These efforts 
have been generally supported by government agencies and more recently 
by private utilities, industries, and their associations. A _ historical 
perspective on the progress in the United States is shown in Fig. 8.3. 


Note that in 1957, the WASH-740 reports recommended an exclusion zone 


of radius, r (miles), around a nuclear plant of power, P (MWth), based on 
the formula: 
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Nuclear Source Term 
r=( 12 


= 17 miles for a 3000 MWth plant. (8.1) 


This formula is not based on realistic estimates. Rather, all material from 
the plant is assumed to disperse without any mitigating mechanisms. In 
1957 the Windscale accident occurred, where 100% of the noble gases, 
12% of the I inventory, and 10% of Cs inventory of the core were released 
to the environment. This accident was the basis for the TID-14844 criteria 
for licensing ([1962], reg. guides 1.3 and 1.4) which stipulates that release 
from the core to the environment will consist of 100% of noble gas, 50% of 
I (in gaseous form), and 10% of the nonvolatile (solids) inventory. It was 
also specified that the containment would retain half of the I (of that 
released), and all of the solids. Further retentions could occur because of 
particular containment designs and engineered safety features. In these 
guidelines, containment is assumed not to fail, but to leak. 


1975 was a significant year in the history of reactor safety analysis and 
the source term. The WASH-1400 report provided estimates on 
frequency of accidents and related consequences. The analysis was 
epee to a PWR and a BWR. The consequence analysis used source terms 
that were based on computer codes that were very conservative (At 
least one of them, MARCH, may not have been 'conservative' at all. 
Among its less troublesome aspects, it violated conservation laws of mass 
and energy). In particular, aerosol dynamics were handled through 
empirical correlations in the computer program, CORRAL. Overall, 
consequence analysis was found to be rather weak. 


The March 28, 1979 accident at the Three Mile Island-2 (TMI-2) plant near 
Harrisburg, Pennsylvania was rather serious. In the WASH-1400 
nomenclature, the accident sequence was TMLQ {transient with loss of 
flow) initiated by a pressure relief valve stuck in an open position and later 
exacerbated by operator actions that shut down emergency cooling water. 
The source terms, however, were a matter of great surprise. While, all the 
noble gases were released (no surprise), the releases of volatiles (I, Cs) 
were three to four orders of magnitude smaller than those predicted by a 
TID-14844 type of analysis. These observations and their implications for 
safety analysis were noted in a series of papers. It was argued that in wet 
reducing environments iodine and cesium are quite reactive and do not 
stay in the vapor phase but either plate out or react with aerosols that 
settle or deposit on the walls. Thus, the chemistry of the environment and 
the aerosol dynamics clearly play a vital role in the estimation of source 
terms. 


The Chernobyl accident (April 26, 1986) was characterized by a large 
source term (large releases). At Chernobyl, however, the situation was 
quite different in that the reactor building was not designed to be a 
containment. Also, chemical explosions rendered any containment 
possibilities ineffective. 


Some recent studies show that typical reactor containments in the United 
States are well designed and that they can withstand pressures of up to 
140 psia before they breach. This fact limits source terms to low values for 
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many potential accidents of concern. 


8.2 Nuclear accidents 


The aim of studies of aerosol mechanics in reactor safety is to help 
estimate realistic (or conservative) consequences of nuclear reactor 
accidents. In the past, several nuclear reactors (SL-1, SNAPTRAN, Crystal 
River-3, Windscale-1, KIWI-TNT, HTRE-3, SPERT-1, TMI-2) 

have, unintentionally or otherwise, experienced core damage accidents. A 
summary of these accidents and the consequent releases of I and other 
fission products is given in Table 8.4 
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(adapted from Morewitz [1981]). A common observation is that large 
releases to the atmosphere were obtained only when '‘dry' situations 
prevailed (Windscale-1, a graphite moderated reactor, and HTRE-3, a 
zirconium hybrid moderated reactor). In all light water reactor 
accidents releases to the atmosphere were rather small. 


The Chernobyl accident is in contrast to the above accidents. The RBMK reactor 


#4 was 
e 


destroyed, lives were lost and_ sizeable releases of radioactivity 
occurred, extending over a period of several days. For these reasons, 
we discuss this accident and its associated source term in greater 
detail below. 


The Chernobyl reactor started operating in December 1983 and by April 
1986 had an average fuel burnup of 10.3 MWd/kgU. The accident on 
April 26, 1986 was caused by operator errors that led to a prompt 
critical excursion exacerbated by positive void coefficients. It is 
estimated that within a second (1:23:44 a.m. to 1:23:45 a.m. local time) 
the fuel went from about 330 °C to 2000 °C and, during the next second, a 
substantial part of the fuel melted and vaporized (above 2760 °C). The 
reactor core then disassembled violently and the excursion was 
terminated. 


In the following hours, the heat from the excursion and the radioactive 
decay was redistributed in the fuel and the relatively cooler graphite. 
Eventually, the graphite began to burn and continued to burn for several 
days. This exothermic reaction heated the core further. Sand and other 
materials (boron carbide, dolomite, Pb, etc.) were dropped on the core and 
oe by May 6, the fire was effectively extinguished and the release 
terminated. 


The violent disassembly of the core and the graphite fire led to some 30 
additional fires in and around the reactor. Fire fighting efforts were 
carried out in a radioactive environment leading to two immediate and 29 
subsequent deaths of site personnel. 


The radioactivity inventory of the reactor core, based on INSAG summary 
as prescribed by Soviet experts, is given in Table 8.5. The releases 
occurred over a ten day period, and can be grouped into four phases as 
noted in Table 8.6. The releases contained noble gases, fuel and core 
debris including fuel fragments and large chunks of metal and graphite, a 
large number of large sized particles (tens to hundreds of pm), and an even 
larger number of submicron aerosol particles. The latter were transported 
aerodynamically over large distances within the northern hemisphere. 
Estimates of the releases are given in Table 8.7. The proportion of volatiles 
to nonvolatiles varied slightly (from 7:10 to 4:6) over the time period. 


We note that the releases listed in Table 8.7 are estimates obtained from 
near and far field measurements of radioactivity, aerosols, and debris and 
from atmospheric dispersion models (an inverse problem). Thus, there are 
considerable uncertainties and the use of different dispersion models does 
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lead to different estimates. An entirely different way of estimating the 
source term would be to model the accident using thermal hydraulic and 
aerosol codes for the reactor and the building. 


8.3 Computer programs 


Computer programs that solve the General Dynamic Equation (GOE) have 
been written based on the methods discussed in Chapter 5. The more 
developed programs incorporate the thermal hydraulic equations that 
describe the gas-vapor mixture and couple their solutions with those of the 
GOE. While earlier programs such as CORRAL and more recent programs 
such as XSOR rely on empirical or semiempirical correlations, considerable 
effort has been expended on more detailed programs such as HA-3, 
HAARM, PARIDESKO, AEROSIM, ASTD, NAUA, MAEROS, CONTAIN, 
QUICK, ZONE, TRAP-MELT, etc. Aspects of these programs have been 
eae by Loyalka [1983], Williams et al. [1987], and Dunbar ef al. 
1988]. 
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Table 8.4: Reactor Accidents. Adapted from Morewitz [1981] with 
permission of the American Nuclear Society. 


Facility Dry/ Contained/ Rele!!.se Plume 
Wet Uncontam Fission Noble 
e 
Distance 
(C/U) Iodine Products Gases_ to Bkg. 
(mi) 
Windscale-1 Dry u 2.0xl0* Ci 1600 CiTe 3.4xl0° Ci 200+ 


(12%) 600 Ci Cs-137 atmosphere 
estimated atmosphere 


80 Ci Sr-89 
9 Ci Sr-90 
(in 
$$ SSSSsSssssetmosphe 
re) 
SL-1 Wet C- 80Ci _——-0.1 Ci Sr-90 104 Ci 50 


(<0.5%) -0.5 Ci Cs-137 atmosphere 
ground atmosphere (on the 


NRX Wet C 1Q4 Ciin 0.25 
containment ground 
H20 (-10° gal) measured 
TMI-2 Wet C+ 17 Ci none found in 10’ Ci 20 
atmosphere atmosphere atmosphere 
alr 
measured 
WTR Wet C OCi in 10*Ciin <800 Ci 1 
atmosphere containment atmosphere 
ground 
H20 (1.6x10°) measured 
CR-3 Wet C+ in containment 1000 Ci 0 
70 Ci inH20 
Chin ai ’ 
PRTR Wet C in containment -50% 0 


205 Ci inH20 


containment (27%); 7 Ciin © air 
air (0.9%) 
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HTRE-3 Dry Uu 34 Ci (-14%) -0.1 Ci Sr-91 
a a 
i 


atmosph 
ere 


ORR Wet C 0.15-0.2 Ci -1000 Ci 
atmosphere primary system 
-300 Ci (-300 Ci I) 
primary system 
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Table 8.5: Core inventory of radionuclides at Chernobyl (based on Tl 
INSAG summary as prescribed by Soviet experts). Adapted from 
U.S. Department of Energy [1987) (DOE/ER-0332). 


Isotop Half Anril 26 Inv Isotop Half Life _ Ai2ril 26 
e Life nto!)'. e Inventor)'. 
(days) _ (Bq) (MCi) (days) _ (Bq) (MCi) 


8 


Kr-85 93x10? 3.3x104© g.9xl0-! Ce-141 3.25x10! 5.6x1048 1.52102 
18 : ; 18 1 
Xe-133 5.27 _7.3xl0!81.96x10 Ce-144 2.84x10? 3.2x10 6 ag 
1-131 8.04  3.1x10188 5x10! Sr-89 5.3xl0! 2.3x1018 
6.2x10! J a 
Te-132 3.25 3.3x10!8 goxiot  sr-90 1.02x10* 2.0x10 5.4 
Cs-134 7.5x102. 1.9xl017 5.0 Np-239 2.35 3.6x10!8 9 8x10! 
Cs. G1x10* 2.9x10! 7.8 Pu-238 3.15xl0 1.0xlo! 2.7x10-2 
Cc 137 7 4 fs) 
Mo-99 2.8 7.3x101 1.98x10? —- Pu-239 8.9xl0® 8.5x10' 2.3x10- 


Zr-95 G.56xl0 4.9x107 1.33xl102 Pu-240_ -2.4x10© 1.2x107 3.2x10-? 


Ru- #-95x10 5.010! 1.35x10? Pu-241 4.8x10% 1.7310" 4.6 
103 


Table 8.6: Timing and dynamics of the release at Chernobyl. 
Adapted from U.S. Department of Energy [1987) 
(DOE/ER-0332). 


Phase of Days sn: sts 
Se Releaec Timing Description 
Release 
I 0 Apr. 26, 1:24 Highly energetic release associated with 
a.m. core dispersal. 
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n 


=, 


= == AT 


II 0-5 Apr. 26 - May 1 Substantial releases, declining daily 
because of 
smothering of the reactor. 


III 6-9 May2-May5 Substantial releases, increasing daily due to escape 
through the covering material. 

N 10- May 6 - Rapid decrease in release essentially terminating the 
accident. 
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Table 8.7: Radionuclide composition of the discharge at Chernobyl. Adapted 
from 
U.S. Department of Energy [1987] (DOE/ER-0332). 


Isotope _QnAjJ;iril2Q B Ma 6 Isotope _On Al2ril 20 
_ BB Ma6(MCi) = (%) (MCi) (%) (MCi) 


(%) (MCi) (%) 


Xe- 5.0 4.5xl0 100 Ce-141 4.0xl0- 0.3 2.8 2.3 
133 + 1 3 
Kr-85 eres 100 Ce-144 4.5x10- 0.5 2.4 2.8 
2 
Kr- 5.0xl0 100 Sr-89 2.5xl0-0.4 2.2 4.0 
85m -1 - 5 
1-131 4.5 5.3 7.3 20 Sr-90 1.5x10- 0.2 2.2x10- 4.0 
7 
Te-132 4.0 44 1.3 15 wa 2.7 oe 1.2 3.2 
Cs- 1.5xl0- 3.0 5.0xl0 10 Pu- 1.0xl0- 0.3 8.0xl0- 3.0 
134 1 -1 238 4 8 4 
Cs- 3.0xl0- 3.9 1.0 13 Pu- 1.0xl0- 0.4 7.0xl0- 3.0 
137 1 239 4 3 4 
Mo-99 4.5x10- 0.3 3.0 2.3 Pu- 2.0xl0- 0.6 1.0xl0- 3.0 
l 5 240 4 6) 3 
Zr-95 4.5xlQ- 0.3 3.8 3.2 Pu- 2.0x10- 0.4 1.4x10- 3.0 
] 8 241 2 3 ] 
Ru- 6.0xl0- 0.5 3.2 2.9 Pu- 3.0xl0- 0.4 2.0xl0- 3.0 
103 1 4 242 - 5 6 
Ru- 2.0xl0- 0.3 1.6 2.9 Cm- 3.0xl0- 0.4 2.1x10- 3.0 
106 c 6 242 3 3 Z 
Ba-140 5.0x10- 0.6 4.3 5.6 
5 


None of the above programs are capable of solving the GDE accurately 
and efficiently in the presence of both strong coagulation and 
condensation/evaporation. Also, radiation/charge aspects have not been 
adequately considered. Shape effects are considered in a limited fashion, 
but the data base is neither extensive (see Loyalka [1983] for the data 
base used in the programs) nor current. The programs have several other 
limitations when modelling reactions, coagulation of mixed species, 
and thermodynamic equilibrium (relating to absorption 

/adsorption) as well as in their integration with thermal hydraulics. Because of 
the complexity 

of the phenomenology that the programs seek to model, verification against 
the limited available data is the principle means for establishing confidence 
in their usage. Systematic and extensive theoretical, computational, and 
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experimental verification has not been possible. 


For simulation of experiments or accidents, the aerosol computer programs 
(codes) need to be used in an integrated (coupled) manner with thermal 
hydraulic codes that simultaneously simulate the fluid dynamics of the 
environment. The computer programs CONTAIN (see Williams ef al. 
[1987]) and SCDAP (Severe Core Damage Analysis Package; see 
Allison et al. [1988]) address integrated analysis respectively for the 
containment and the primary coolant system progression of the 
accident. Programs still in the preliminary stages of development, 
would integrate both the PCS (in-vessel) and containment (ex-vessel) 
thermal hydraulics with aerosol evolution in a severe accident. A schematic 
diagram of the CONTAIN code is shown in Fig. 8.4. 


Meanwhile, progress has been made with a sequential coupling of separate 
effect codes. The analyses that have received the most attention are those 
carried out with the BMI-2104 suite of codes and the STCP (Source Term 
Code Package). A schematic diagram of the BMI-2104 suite of codes is 
shown in Fig. 8.5. Note that the computer programs CORSOR, CORCON, 
TRAP-MELT, VANESA, NAUA, SPARC, and ICEDF involve aerosol 
transport and evolution in substantial ways. 
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Figure 8.4: A schematic diagram of the CONTAIN code emphasizing the 
three basic phenomenological areas and their intercoupling. 


The BMI-2104 calculations involve neither good physics nor good 
chemistry. While individual component codes may be quite good, overall 
reliability of the total calculations cannot be good except under very 
fortunate circumstances. One can hardly have a feel for the manner in 
which complex phenomena develop when there is little empirical 
(experimental) experience and when the situation is highly dynamic. 


Actually, for regulatory purposes, it appears that even this sequential 
analysis is too cumbersome and too mechanistic (see NUREG-1150). A 
simple code XSOR has been constructed which is based on a combination 
of conjecture and correlations derived from BMI- 2104 numerical 
simulations. Here, for example, transmission in piping is expressed in 
terms of certain parameters, the _ distributions of which are 
recommended by groups of "expert" panelists. For a particular accident, 
the source term is then calculated as a distribution with a mean and 
associated spread. The accuracy of such an approach is difficult to 
assess, but the circumstance reflects the complexity of the problem. 


8.4 Experimental data base 


Table 8.8 provides a summary of the characteristics of the various 
experimental facilities. These range in size from 0.53 to 850 m?. By 
comparison, typical containment volumes are: 
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- 10° m? (PWR) and -10* m? (BWR). The Containment System Test Facility 
(CSTF) at the Hanford Engineering Development Laboratory (HEDL) and 
the National Safety Pilot Plant (NSPP) at the Oak Ridge National 
Laboratory (ORNL) have provided most of the data. Recently, data have 
also been acquired at both the MARVIKEN and DEMONA test facilities. 
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Figure 8.5: The BMI-2104 suite of codes. 
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Table 8.8: Experimental characteristics of LWR aerosol tests 
ogee in progress, or planned. Adapted from OECD 
1985). 


Test Facility/ Vessel Total Vessel Wall 
Name (Country) Volume Height Diameter Material Aerosol Source/Type 
(m3) (m) (m) 


CSTF HEDL (US) 850 20.3 7.6 steel UO.2/CsOH/RuO4 
NSPP ORNL(US) 38.3 5.2 3.1 steel U30Os-FezO3 
CRI-11 ORNL(US) 4.5 2 1.7 steel UO2+FP 
DEMONA  KfK (Ger.) 640 -- == concrete metal 
oxide mix NAUA KfK (Ger.) 3.4 2 1.5 
steel UO2- Neer 
GRACE Netherignds 0.3 1 1.2 glass Au 
PERVEX Netherlands 0.15 0.6 box Cu 
SAUNA Nethene Oe 0. box steel metal oxide 
nds 
MARVEXISN V SEGBSVIK Srimary. 1.2 steel StelCsOH/ 
Fissium Corium (Swed.) circuit 


In these facilities, aerosols generated by arc vaporizers, plasma torches, 
exploding wires, Na fires, etc., are used to simulate aerosol concentrations 
typical of nuclear reactor accidents. The effects of natural processes and 
engineered safeguards have been studied. Aerosol size distributions are 
measured by instruments such as impactors, electrical aerosol analyzers, 
centrifuges, and electro-optical devices. 


Experiments relating to the PCS have also been performed. Most were 
done under the LACE program at the CSTF, at the Idaho National 
Engineering Laboratory, and at the Oak Ridge National Laboratory. We 
discuss below the the CSTF and the NSPP facilities. 


i) CSTF Experiments: Fig. 8.6 shows a schematic view of the 
facility. From 1964 to 1971, Hilliard, Postma, and their associates 
conducted experiments to simulate PWR and BWR configurations. 
Provisions were made to inject fission products (I vapor, Cs2O particles, I 
particles, Te, Ru, Ba, Xe, and particles) via a fission product (FP) 
simulator. Steam was injected before the tests to establish steady state 
thermal and convective conditions. Typical steam-air atmospheres were 
maintained at 250 °F (122 °C) and 50 psia (0.345 MPa). Generally, the 
injection of FPs in the water-steam environment created fogs which 
dissipated in a few hours due to particle growth, agglomeration, and 
settling. Use of sprays usually led to the dissipation of fogs in a few 
minutes. Time dependent concentrations of FPs in the vessel, on the 
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containment walls, and in the containment environment were measured. 


The CSTF facility has been used to conduct tests on Na fire aerosols in 
order to develop air cleaning systems for removal of such aerosols from the 
vessel atmospheres. Either spray fires or pool fires are used. Quantities as 
large as 1250 kg can be released in times as short as 100 seconds in pool 
fires or as long as 40 hr in small spray fires. Both the containment vessel 
and the air cleaning systems are equipped with multiple sampling stations 
for aerosol concentration, aerosol size, atmospheric composition, and 
temperature. The chemical forms of the suspended and deposited aerosol 
are analyzed by chemical and spectrometric methods. 
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Figure 8.6: A schematic view of the CSTF facility. 


Most recently the CSTF facility has been used to conduct tests for fast (AB 
series) as well as light water reactors (LACE Series). In the latter tests, 
mixed aerosols were studied in dry as well as wet environments. These 
tests encompassed hygroscopic aerosols as well as transport in piping. 


ii) NSPP Experiments: The NSPP facility (Fig. 8.7) was built in 
1963 and was originally used for fission product transport and 
deposition experiments. During the period 1967-1970, the facility was 
used extensively to conduct experiments on the removal of elemental I, 
organic iodides, and assorted particulates by means of sprays. An 
excellent summary of this work has been given by Roberts et al. [1969). 
The aim of this work, like the work at the CSTF, was largely to develop 
correlations for use in the development of regulatory guidelines for the 
licensing of light water reactors. These studies noted the effectiveness 
of sprays containing borax, boric acid, and borax plus sulfate in the 
removal of I and of borax thiosulfate in the removal of methyl iodide. 
Particle removal experiments showed the effectiveness of condensing 
steam environments in removing particles from containment. 


In more recent years, the NSPP facility has been used for both LMFBR 
and LWR aerosol tests. This work has been carried out by Kress, Adams, 
Tobias, and their associates and has been particularly valuable in providing 
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verification tests for the various computer programs. Single species and 
mixed aerosols in both dry and wet environments have been considered and 
sophisticated particle analysis instrumentation has been employed. 
Concentration, particle size, fallout and plateout rates, vessel atmospheric 
temperature, pressure and moisture content, and steam condensation rate 
at the vessel wall have all been measured. 
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Figure 8.7: A schematic view of the NSPP facility. 


iii) Other Experiments: Experiments have also been conducted at 
other facilities listed in Table 8.7. The information thus gathered has been 
essentially similar to that obtained from the CSTF and NSPP experiments. 
In particular, NAUA uses a small vessel (3.7 m3) and 
complements both the CSTF and NSPP experiments. A schematic of the 
DEMONA facility is shown in Fig. 8.8. 


8.5 Simulation of experiments 


Early Experiments: The early experiments at both the CSTF and the NSPP 
facilities were on I and fission product removal by natural processes and 
engineered safeguards. In Fig. 8.9 some typical results from these 
experiments are reported. This figure shows that sprays are initially very 
effective in reducing airborne I concentrations (one order of magnitude) 
but that after about 3 hr their effectiveness is marginal. It appears that 
particle size distributions were not measured in the test and that the 
experiment was not analyzed by mechanistic approaches. Instead, simple 
correlations were developed which appeared to describe the 
attenuation rates reasonably well. For example, the airborne I (i) and 
particulate (p) concentrations are described, respectively, by the 
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equations: 


c:(t)=c;(O)exp(-k\ 
re t) (8.2a) 
and: 


cP(t)=cp(O)exp(- V_-= t) 
(8.2b) 
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Figure 8.9: Iodine removal experiments in the CSTF. 


39 


Aerosol Science: Theory and Practice 


where ci(t) and cp(t) are the airborne concentrations at time t and ci(0) 
and cp(0) are the initial airborne concentrations. A, is the total area of 
absorption (surface of containment, droplets, and particulates), A, is the 
surface area of the base of the containment, V. is the volume of the 
containment, VP is the Stokesian particle settling speed discussed earlier: 


WS 1 
(8.3) 
and kC is a mass transfer 
coefficient: 
k = (0.13)(Gr (8.4) 
Sc)1"°D 
i L 


Here Gr is the Grashof number and Sc the Schmidt number. D is the 
diffusion coefficient of I in the background gas mixture (air-steam) and L 
is the thickness of the boundary layer. The above correlations for I 
should be used with some caution. Eventually, thermodynamic 
equilibrium between the I in the air and water borne phases may be 
established and then Egn. (8.2a) would no longer be of use. 


Note that Eqns. (8.2a) and (8.2b) correspond to the solutions of the simple 
rate and dynamical equations with coagulation and particle growth 
(except for particles acting as absorbers) neglected. These CSTF 
correlations formed the basis of the CORRAL program that was used in 
the Reactor Safety Study (RSS). 


In Fig. 8.10, Hee CSTF experimental data (Table 8.9) are shown and 
compared to the corresponding HAA-3B predictions. 


The computer De Ogram appears to describe the suspended mass quite 

well provided the parameters are chosen to fit the experimental data. A 

more severe test, however, would be to compare the measured and 
calculated particle size distributions. Postma and Owen [1980] found 

that HAA-3B provided fairly good estimates of the mean aerodynamic 

diameter of the settled particles after nearly 200 sec in the test. Results 

for earlier times, however, were not that good as the measured 

diameters were much higher (an order of magnitude) than the 

progicted values. This indicates that HAA-3B may contain some underestimation 
of the 


coagulative terms or that the input parameters (initial conditions) may 
not have been well prescribed. 


A summary of some experimental results on the behavior of Na20, U02, 
and mixed Na2,0- U02 aerosols in NSPP experiments and a comparison 
of these results with HAARM-3 calculations have been given by Adams 
et al. [1980] for 14 single component and six multicomponent 
experiments. The results of three of these tests are shown in Figs. 8.11- 
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8.13 and are compared with the HAARM-3 predictions. Test 303 (Fig. 
8.11) corresponds to nonspherical aerosols. Here, if the collision 
parameters are 'properly' chosen, then the results of the experiments can 
be described quite well by the HAARM-3 program (the aerosols are 
highly nonspherical in this case) at least as far as the total suspended 
mass is concerned. Figs. 8.12 and 8.13 describe the mixed oxide aerosol 
experiments. Clearly HAARM-3 has significant limitations in describing 
these experiments. The difficulties are numerous. First principles 
information on mixed aerosols is practically nonexistent. 


Recent Experiments O980- ): Tests in condensing steam environments 
have been conducted at both the NSPP and the CSTF facilities. We 
discuss these below. Some of the test results from the NSPP vessel are 
described in Fig. 8.14 (test 401). Here, steam was injected 
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Figure 8.10: CSTF experiments AB] and AB2 with the corresponding HAA-3B 
predictions. 


Table 8.9: Test conditions for CSTF tests AB] and AB2. Adapted 
from Postma and Owen [1980] (NUREG/CR-1724, 
ORNL/NUREG/TM-404,CSNI-45). 


ABl AB2 ABI AB2 
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Sttam Addition 
Flow started (sec after 
to) 
Flow started (sec after 
to) 


960 


Sodium Spill 
Mass Na spilled (kg) 410 


4560 Na burn pan surface (m*)4.4 


Flow rate (kg/sec) 0 0.01 
9 
Initial Containmtnt 
Atmosphtr 
02(Vol%) 19. 20.9 
8 
Dew Point (°C) 10. 7.6 
0) 
Temperature (°C) 26. 20.5 
5 
Pressure (MPa, 0.12 1.12 
absolute) 5 8 
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Initial Na temperature (°C) 
600 
Na fire duration (sec)3600 


Total Na oxidized (kg)157 


472 
4.4 
600 
3600 
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Table 8.10: LACE tests and objectives. 


Test 


LAI (Containment 
bypass) 


LA2 (failure to 
isolate 
containment 


) 
LA3 (Containment 
bypass) 


LA4 (Late containment 
failure with 
overlapping 
injection periods) 

LAS (Rapid 
depressurization 
with a spiked 
pool) 

LAG (Rapid 
depressurization 
with aerosol 
injection) 


Objective 


Determine the retention and fate of 
aerosol materials flowing through a 
vented downstream auxiliary building 
under severe accident conditions. 


Provide aerosol measurements in a 
containment with prescribed leak 
paths. 


Determine retention and fate of aerosols 
flowing through simulated LWR piping. 
Three separate runs with different flow 
rates and soluble/insoluble aerosol mass. 

Determine the effect of releasing two aerosol 
species at different times. 


Study aerosol reentrainment from flashing 
pools caused by rapid depressurization. 
Study pool flashing aerosol 
reentrainment and resuspension 
from dry surfaces during 
depressurization. 


into the NSPP vessel and the environment was brought to a temperature 
of approximately 364 K and gage pressure of 0.093 MPa. After steady 
state conditions were achieved, the steam injection was reduced and the 
water condensate was removed from the vessel. The aerosol was 
generated next and was introduced into the vessel over a period of 10 min. 
Over the next 110 min, steam was slowly added to compensate for losses 
due to surface condensation within the vessel while the temperature and 
the gage pressure within the vessel were increased to 376 Kand 0.143 
MPa. The vessel and its contents were then allowed to cool for about 22 
hr after termination of the steam injection. During the test, measurements 
were made of aerosol mass. Clearly, after steam injection, aerosol mass is 
removed rapidly from suspension. This was most likely due to the Stefan 
velocity (cool vessel walls) carrying aerosol to the walls. 


In the DEMONA experiments, fog formation, high aerosol concentrations, 
and inhomogeneous aerosol distributions were identified as enhancing fog 
removal (see Figs. 8.15 and 8.16). However, good agreement between the 
data and the code results was obtained only for simple conditions 
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(homogeneous atmosphere, steady state operation). Complex situations led 
to large differences between the data and the code results. 


The LACE series consisted of the six tests listed in Table 8.10 all of 
which dealt with MnO/CsOH aerosols in condensing environments. Their 
purpose was to obtain data for some dynamic thermal hydraulic conditions 
and compromised reactor coolant boundaries (a leak or bypass path from 
containment to the auxiliary building or environment). The tests LA1 
and LA3 deal with containment bypass, LA2 and LA4 relate to aerosol 
behavior in a leaking containment building, and LAS and LA6 model 
delayed containment failure to provide data on aerosol resuspension. The 
tests represent circumstances that can lead to source terms larger than 
in many other accident sequences. Hence, understandings of aerosol 
behavior here can, perhaps, lead to some empirical bounds on the source 
term. 
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Figure 8.15: DEMONA experiment A7 (iron oxide aerosol). 
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Figure 8.16: DEMONA experiment B3. 
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The experiments were all conducted in two CSTF vessels with 
modifications and additions appropriate to each test. The aerosol mixture 
consisted of CsOH aerosol to simulate volatile, hygroscopic, fission 
product species and MnO to simulate semi-volatile, nonhygroscopic, 
fission products and structural compounds. The CsOH aerosol was 
generated through a reaction of steam with Cs vapor (obtained by 
heating elemental Cs in a furnace). The MnO aerosol was generated 
through vaporization of metallic Mn by a plasma torch and the reaction of 
the resulting Mn vapor with steam. The two aerosols were generated 
separately and mixed 

in a 5.2 m? settling vessel before injection into the test piping or the 
CSTF vessel. In all of these tests, thermal hydraulic conditions and aerosol 
behavior were characterized (measured) and the predictive capabilities of 
the available comp'-!ter codes were assessed. Tables 8.11 and 

8.12 list the participants and the computer codes that were used. 


First, let us discuss the containment bypass tests, LA1l1 and LA3. A 
schematic of LA1 is shown in Fig. 8.17, while the modifications carried 
out in LA3 are shown in Fig. 8.18. These tests used a test pipe 63 mm in 
diameter and 27 m in length with five 90° bends, four horizontal 
sections, and two vertical sections. 


The conditions for the LAI test are given in Table 8.13. The conditions for 
the LA3 test were similar (Fig. 8.18) except that the auxiliary building (the 
CSTF vessel) was not used and the gas inlet velocity and aerosol 
generation rates were lowered. Each test was performed in three stages 
including a warm up stage to establish the initial thermal hydraulic 
conditions, a 60 min period of aerosol injection, and a cooling down period. 


In the LAI test, it was found that almost 98% of the aerosol material 
was retained in the 63 mm test pipe. This result is largely due to the 
nature of the aerosol. Its surface tension, viscosity, and melting point led 
to a viscous film that tightly adhered to the pipe surface (note that in the 
same setup, earlier scoping tests with NaOH and Alz(OHh aerosols led 
to little retention). 


The LA3 test results are shown in Figs. 8.19 and 8.20. Note again that 
aerosol retention is quite large (60 to 80%) with the bends playing a 
significant role. Also shown in these figures are the predictions of several 
computer programs. Clearly, the codes underpredicted the deposition, 
indicating that the deposition process needs to be modeled better 
(inter-code comparisons indicate that some codes did not properly account 
for the enhanced deposition at the bends). 


The objective of the LA2 test was to study aerosol evolution in a simulated 
containment with the presence of leaks (failure to isolate). Size and 
composition distributions of both the suspended and leaked aerosols 
were measured and the effects of the leak location on the distributions 
were also assessed. The in-vessel sampling was not extensive (-4 locations) 
and inferences regarding well-mixing (spatial homogeneity) of the 
aerosols were simply drawn from measurements at the two leak locations 
(see Fig. 8.21). 


Some data of the LA2 test are shown in Figs. 8.22-8.24. These figures 
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compare the measurements of total suspended aerosol concentration 
with the predictions of several codes. Clearly, the codes did a poor job of 
describing the data. 


Since the subject aerosols were hygroscopic, they absorbed/adsorbed 
water vapor quite rapidly even though the environment was not saturated 
(the saturation density near the surface is lower for hygroscopic aerosols 
than for nonhygroscopic; see Eqn. (6.1)). This growth caused rapid 
sedimentation which, when coupled with gravitational agglomeration, led 
to significant aerosol removal from suspension. This situation is simple to 
model but most of the codes had neglected it. Not surprisingly, the 
failure of the codes to model mixed aerosols appropriately is even more 
noticeable. 
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Table 8.11: Participants and aerosol behavior computer codes used. 


Adapted from Rahn (1988] with permission of the 


Electric Power Research Institute. 


Participant 


Finlan 

d Italy 

Japan 

Swed 

en 

United Kingdom 

United States 
New York Power 
Authority NRC/ORNL 


NRC/Battelle, Columbus 
Division 


EPRI/Stone & Webster 


Computer Code 


RETAIN-2C 
NAUA-5 
TRAP- 
MELT2 
NAUA-5 
REMOVAL 
TRAP- 
MELT2 AUX 
2.9 RETAIN- 


S 
AEROSIM- 


M 
CONTAIN 
TRAP- 
MELT2 


MCT-2 
CONTAIN 
QUICK-M 
NAUA-4 
TRAP- 
MELT2 
NAUA-4 
HAA-4 
NAUA-4 


Table 8.12: Participants and thermal-hydraulic computer codes used. 


Adapted from Rahn (1988] with permission of the Electric 


Power Research Institute. 


Participant 


Commission of European 
Communities France 
Germa 

ny Italy 


Japan 
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Computer Code 


United Kingdom 


United States 
New York Power 
Authority 
EPRI/Intermountai 


n Technologies EPRI/MIT 
NRC/Battelle, Columbus FeRICHO. 


Division FIPLOC 
CONTEMPT- 
LT ARIANNA 
CONTAIN 
APRITE 
CONTAIN 


MARCH 
CONTEMPT- 
LT LIMIT 
QUICK-M 
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Figure 8.17: Instrument locations for the LAI test. Adapted from Rahn 
[1988) with permission of the Electric Power Research 
Institute. 
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Figure 8.18: Layout of the experimental apparatus for the LA3 
tests. Adapted from Rahn [1988) with permission of the 
Electric Power Research Institute. 


The LA4 was similar to the LA2 test except for some additional 
instrumentation (three turbine anemometers, a photometer, two 
calorimeters, and a steam fraction station) and the absence of the lower 
leak path. The focus was again on the evolution of mixed aerosols in a 
condensing environment but now coupled to a late containment failure 
(see Fig. 8.25). Significant differences from the LA2 test included 
overlapping injections of CSOH and MnO aerosols (CsOH alone for 30 
min and in combination with MnO for 20 min) and late venting. During 
the injection period the pressure in containment was increased to about 
3 atm which was maintained for about 200 min. After this, the 
containment was vented. Some of the data on the total suspended aerosol 
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concentration and the suspended mass ratio are shown in Figs. 8.26 
and 8.27. Again, comments similar to those on LA2 apply. 


In the tests LAS and LA6 a flashing pool tank (3.0 m pool depth, 3.1 m in 
freeboard, and 

1.5 min diameter) was prefabricated and moved inside the CSTF vessel. 

The tank was the largest tank that could be moved inside the vessel. The 
test configuration is shown in 
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Table 8.13: LAI containment bypass test conditions. Adapted from Rahn 
[1988] with permission of the Electric Power Research 


Institute. 

Aerosol Source at Test Pipe Inlet Time Zero 
CsOH Vv 
rate MnO O 
rate 1 
Source size, AMMD u 
Source geometric standard m 
deviation Suspended e 
concentration: 

CsOH H 

Mn e 
O a 
Durati t 
on 

Test Pipe Conditions t 

ID r 
Length a 
# of 90° nt 
bends Ball Ss 
valves f 
Composition e 
Inlet E 
temperature 
Superheat Vv 
Velocity at © 
inlet Velocity 7 
at outlet t 
Pressure Atm 
drop osph 
Pane of eric 
Auxmary Buildiue Conditions at ee 
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position 
Temperature 
Superh 

eat 

Pressur 

e 


40 


0.48 g/sec 

0.65 g/sec 

1.64 um 
1.91 


1.8 g/m? 
2.3 


56% steam/ 44% 
nitrogen 


247 °C 
141 °C 
97 
m/sec 


193 
m/sec 


125 kPa (average) 


852 m3 


Approximately steady 
state 


Open 
56% steam/ 44% air 
118 °C 
31°c 
1.1 atm 
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Figure 8.19: LA3 data and posttest code predictions. From A.L. 
Wright, private communication. 
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Figure 8.20: LA3c data and posttest code predictions. From A.L. Wright, private 
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Figure 8.21: Experimental arrangement for the LA2 test. Adapted 
from Rahn (1988] with permission of the Electric 
Power Research Institute. 
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Figure 8.22: LA2 data and posttest code predictions. From A.L. Wright, private 
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Figure 8.23: LA2 data and posttest code predictions. From AL. 
Wright, private communication. 
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Figure 8.24: LA2 data on suspended mass ratio and posttest code 
predictions. From AL. Wright, private communication. 
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Fig. 8.28. In both tests the pool was spiked with LizSO, and ZnO 
particles. In LA6 CsOH and MnO aerosols were pre-injected into the 
containment. The data for LA6 are shown in Figs. 8.29 and 8.30 and are 
compared with the code predictions. Again, the codes are not quite 
successful, especially over long periods of time. 


8.6. Discussions and conclusions 


We believe that nuclear power plants are quite safe compared to the risks 
posed by most other competitive sources of energy. A high fraction of the 
public risk posed by nuclear plants, however, is estimated to arise from 
accident sequences that lead to severe core damage and possible aerosol 
releases to the primary coolant system and the reactor containment. If 
there are leaks in the containment, or if the containment is breached, then 
these aerosols are a potential source of public risk. Accidents, with sizeable 
releases of aerosol to the environment, although rare, have occurred. 
Some of these have had very unfortunate consequences and it is 
important, first to prevent the core damage accidents and, next to limit 
the source terms that may be associated with such accidents. Aerosol 
science plays a vital and central role in all source term estimations, and 
understandings here will play an important role in the future of nuclear 
power. 


As evident in the text, aerosol science is a multidisciplinary field, and the 
subject has elicited contributions from both scientists and engineers. Since 
the subject spans studies of interactions and interaction physics, 
chemistry, and mathematics from the molecular to the system level, it is 
necessary to employ many approximations, especially at the interfaces 
between the different length and time scales that are involved. Formulation 
of consistent (realistic or conservative) approximations is a challenging task 
that often strains scientific and technical imagination and creativity as well 
as institutional resources. The task becomes virtually impossible when 
results of a certain nature are sought within a time span not compatible 
with the scientific state-of-the art. There is no doubt, however, that such 
demands do lead to rapid developments. 


Aerosol science has benefitted greatly from the compelling interests of 
the environmental, industrial, and nuclear communities. Within the past 
several years, more generalized equations for physico-chemical 
descriptions have been developed and new analytical and numerical 
methods of solution have become available. Progress has been made at all 
levels of interaction, from molecule-particle to particle-system. New 
experimental data that provide enhanced understandings, as well as 
challenges to theoretical efforts, have been obtained. Still, it must be 
realized that the state-of-the-art is not such that one can be confident, 
within reasonable error bounds, of predictions of a phenomenon as 
complex as the source term. Put simply, the robustness of the various 
estimations remains quite questionable. 


While it is possible that the question will never be resolved to 
everyone's satisfaction, it is imperative that considerable attention be 
paid to the many aspects of aerosol science at all levels. For example, 
there is a strong need for experiments at the bench scale level to study 
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single and two particle physics and chemistry in different environments. 
One does not need a CSTF vessel to study the effects of humidity on a 
particle. The task is much better carried out in a small cell the size ofa 
tea cup and, indeed, such experiments are in progress. It is also clear 
that particles are but one constituent of the aerosol. One cannot ignore 
the state and the dynamics of the host gas. Thus, future computer 
programs must not decouple the two or make the coupling so weak that it 
does not remain very meaningful. Rapid progress in computational aerosol 
mechanics is now occurring, and correspondingly, there will be a 
greater need for system scale experiments that can provide the benchmark 
tests of the phenomenology and the computational schemes. Overall, one 
can be optimistic that this progress will lead to the elimination of ad hoc 
assumptions and to the development of tools that will help in providing 
robust estimates of the source term. 
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Figure 8.27: LA4 data and posttest code predictions. From A.L. Wright, 
private communication. 
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Figure 8.28: Test arrangements for LAS and LA6. Adapted from 
Rahn [1988] with permission of the Electric Power 
Research Institute. 
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Figure 8.29: LA6 data and posttest code predictions. From A.L. 
Wright, private communication. 
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Figure 8.30: LA6 data on suspended mass ratio and posttest code predictions. 
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APPENDIX A 


Common Dimensionless Groups 


Table A.1: Common dimensionless groups. 


GROUP SYMBO| DEFINITIO SIGNIFICANCE 
L N 
signal travel distance / discretization 
=-1v : 
# distance 
= L3 gf 
aaa Gr aval bouyancy force/ viscous force 


gravitational mass 
raped transfer / diffusive 
mass transfer 


characteristic particle 
dimension / 
characteristic flow 
dimension 


mean free path of molecules / 
characteristic dimension (e.g. 
radius of the 2 particle) 


Peclet# 
(local) 


Peclet# bulk heat transfer / conductive heat 
(thermal) transfer 


= momentum diffusivity / thermal 
diffusivity 
=Gr Pr bouyancy force / thermal force 
Al 


Reynolds [TT cae inertia force / viscous force 
# 


Ronee Res [ee inertia force / viscous force 
A pace) 
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Common Dimensionless Groups 


inertia force / viscous force 


momentum diffusivity / mass 
diffusivity 


aa total mass transfer / diffusive mass 


transfer 


Stanton# a bee heat transferred/ heat content of the 
fluid 
Stokes# Stk = zi stopping distance / characteristic flow 
dimension 


particle radius (also ‘a') (L) 
B particle mobility (T M-' 
CP specific heat at constant pressure 

(L2 Y-2 K-4)D mass 
diffusivity (diffusion coefficient) (L? Y-1) dP 


particle diameter (L) 


g acceleration due to gravity (L Y-?) 

h convective heat transfer coefficient (M Y-? K-*) 
k fluid thermal conductivity (ML Y-? K-?) 

k" deposition velocity (also 'k') (L Y-4 

L characteristic dimension of a body or flow 


(also ''a') (L)m_ particle mass (M) 


U characteristic flow speed (also 'v', 'U.', and ‘vo (L Y-4 

V. sonic speed = (L Y-}) 

V, sedimentation velocity(L Y-’) 

x some arbitrary distance (L) 

pC t=mB 
ox 0) 

k Units 

13 

T 

As 

H 
i 

p 
p 
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thermal 
diffusivity 


(L? Y-) 


coefficient of 
thermal 
expansion 
temperature 
differential (K) 
molecular mean 
free path (also 
TW, and ‘lo 
fluid dynamic 
viscosity 

1 

) 


kinematic 
viscosity 


(L? Y-+) 


fluid mass 
density 


(M L-?) 
relaxation time 
(tU is the 
stopping 
distance) 
characteristic 
frequency fora 
time dependent 
disturbance 
K-temperature, 
L-length, 

mass, T- time 
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APPENDIXB 


Commonly Encountered Constants 


Boltzmann s constant 
Elementary charge 
uravttatlonal constant 


Planck's constant 


Speed of light m vacuum 
Penmttlv1ty ot tree space 
Permeability ot tree space 
Stefan-Boltzmann constant 


Avogadro's number 
Gas constant 


Loschmidt's number 
Standard 
temperature 
Atmosphenc 
pressure 


Uravttational acceleration 


3.1416 
0.3183 
9.8696 
1.1447 


It yt 


— 
=} 
—_~ 
a" 
ct 
~ 
eu ie il 


/ 1.7725 
2.7183 
0.3679 
7.3891 


N 
Hou ue i 


ku 


e 


no 
To 


Po=noka 


To 


g 
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1.3807x10-22 
1.3807x10-16 
1.6022x10-19 
4.8032x10-IO 
6.6720xl0 1 
6.6720x10-8 
6.6262x10-34 
6.6262xl0-27 
1.0546xl0- 
1.0546xl0-27 
2.9979x10® 
8.8542x10-22 
A7tx10-/ 
5.6703x10-8 
5.6703x10-S 
6.0220x102° 
8.3144 
8.3144x10” 
2.6868x1025 
D7aAG 
1.0133x105 
1.0133x10° 
9.8067 


JK1 

erg K- 

C 

statcoulo 

mb m~ sec 
k 

vie 

cm2g-? 

J sec 

erg 

sec J 

Sec 

erg 

sec 

m 

sec-1 

Fm- 

Hm-1 

W m-?K-4 

erg cm-*sec- 

1K-4 moi-5 

J K-~ moi- 

erg K-~mol- 


1 


In(3) = 1.0986 
logio(3) =0.4771 
y =0.5772 


In(y) = 


0.549 


5 
r(1/6) =5.5663 
r(/5) =4.5908 
r(l/4) =3.6256 
rQ/3) =2.6789 


7 = 22.4592 
efC = 23.1407 
e... = 0.0432 


= 1.4142 

In(2) = 0.6931 
log10( = 0.3010 
{3 = 1.7321 
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r(1/2) 
r(3/5) 
r(2/3) 
r(3/4) 
r(4/5) 
r(5/6) 

r(Q1) 


APPENDIX C 


Typical Aerosol Properties 


Table C. 1: Aerosol properties as a function of size of a unit density 
sphere in air at Standard Temperature and Pressure 
(STP). 


Particl Diffusion Particle 


ion oe: re i 
e _ Coefficien | Mobility Relayat i 
Diamet | Velocity tt (sec/gm)] (sec) 


er (uum) (cm/sec) (cm?/sec) 


0.00 6.5530E- | 4.3494E- | 5.1084E- | 1.2719E+ | 6.6595E- 
1 07 13 02 12 10 

0.01 6.6901E- | 4.4538E- | 5.2312E- | 1.3025E+ | 6.8197E- 
06 11 04 10 09 

0.1 8.6316E- | 5.7466E- | 6.7494E- | 1.6804E+ | 8.7988E- 
05 09 06 08 08 

1.0 3.5054E- | 2.3338E- | 2.7410E- | 6.8245E+] 3.5733E- 
03 06 07 06 06 

10.0 3.0605E- | 2.0375E- | 2.3931E- | 5.9583E+] 3.1198E- 
01 03 08 05 04 


100. 2.4844E+] 1.6538E+ | 2.3583E- | 5.8717E+] 3.0744E- 
Ol OO 09 04 02 


Mobility (sec / gm) 


Sedimentation 
Velocity (cm / 
sec) 

Reynolds Number 

(Re) Relaxation 

Time (sec) 


Diffusion 


Coefficient 
(cm? / sec) 


Particle Diameter (um) 


Figure C. 1: Aerosol properties as a function of size of a unit density 
sphere in air at Standard Temperature and Pressure (STP). 
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APPENDIXD 


Differential Operators 


fis a scalar, A is a vector, T is a tensor 


Rectangular Coordinates - (x,y,z) 
Divergence of a vector: 
VeA= aA.+ GAr+ aA. 
ax ay az 


Gradient: 


Curl: 


vx A= (aA. aAy it(@A. aA.) jt+(aA: 


ay az az ax dx cy 


Laplacian of a scalar: , 
wil atqal ,, 


Laplacian of a vector: 
WA= WAI+VWA J"+V7A k 


Cylindrical Coordinates - (r,<!>,z) 
Divergence of a vector: 


la 1aA, aA 
VeA= --_ OFA 2 
r 4% r 


r acp az 
Gradient: df 
1 ar 
(Vf),=ar (Vf. =; Oa 
acp 
Curl: 
(VxA 1 aA. 
=, gAtr 
acp 
(V x az 
A)=¢ 
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ar 


(VxA) =! (rA) 1 aA 
oa | Ce 
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Differential Operators 


"aplacian of a scalar: : : 
1d(_af) 1 of , &f 
ed bere 


Laplacian of a vector: 
V2A)= v2A 2 aA. A, 
( r r r2 aq> r2 


V2A)= v2A +aA,-A 
( 6 ¢ 12 ag> r2 


(V7A). = V7A, 


Divergence of a tensor: 
(VeT)= !i.(rcT )+!aTe.+ al, Toe 


r Yar ow ra<l> az r 


(VeT)= 1.CrT )t+!laTeot+al e+ Te, 
¢ rar re ra<l> azr 


(VeT)= 1 (CT )+! alt al, 
z Yar wz Fra<il> az 


Spherical Coordinates - (r,0,<j>) 
Divergence of a vector: 


VeA| Aa - aes Bees ih 


r2 ar ;  rsin(0) a’e rsin(0) a<i> 
Gradie =—" 
nt: =— (Vf) =! (VE_ 1 af 
(vp es male ) r sin(Q) 
Curl: 
(VxA) =. l [A 
a Oye l aAa' r 
sin(0) ae ° r sin(0) 
a<1> 


(VxA) =1. aA,_ !i(rA) 
® rsin(0) a<i>r ar ¢ 


la 1 
(Vx A)o==j2a-r (r As); ae' 
Laplacian of a scalar: 
i. 2 1 at 
: in(ebaf)+ 2 arto 


rar aY _ gin(e) ae ae sin2(0) dq> 


r 
r 
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Aerosol Science: Theory and Practice 
Laplacian of a vector: 


(ven) =e -2A.. sas 2¢08(0)Aa 20A+¢ 


rsin(O} o</>_ 
(V2A) = v2A + a As 2 cos(0)OA~ 
8 


8 2 


r 08 r’sin 2(0} r’ sin a og> 
(V2A)=V2A _ Ae +2 oA, +2cos(0}oAs 


° ° rsin2{0)r sin(S) og>r’ sin’(0) og> 
es of a tensor: 
(Volt = yTrr! ren 7N,.., T9+T.. 
)-' 1'-- 
2: it d:-Tesm(O)+ wf 
r Your rsm 0 ud rsm 0 uq> r 
(V. T)= | a@2T)+ 1 CT, sins) 1  — ofe8+ 
TS, Tee cot(0) 
® ~ or ° rsin(0)08 * rsin(O) og> r r 
(V ° T) 1 
- iT —0 S 1 
ale 0 rT =e iT sym) )] shri-- a Tes c_ot(_ 
fe) 
- r OF +e rsin(0)08 ° rsin(0) og> r r 
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APPENDIXE 


Acronyms and Abbreviations 


Selected Acron ms and Abbreviations 
AB Aerosol Behavior 


AC IDC Alternating Current / Direct Current 
Al Atomics International 

ASID Aerosol Source Tenn Development 
BGK Bhatnagar-Gross-Krook 

BMI Battelle Memorial Institute 

C Contained 

CEA Comissariat a l'Energie 


Atomique CPU, C.P.U. Central 
Processing Unit 


CR-3 Crystal River unit-3 

CSNI Committee on the Safety of Nuclear Installations 
CSTF Containment System Test Facility 

DEMONA Demonstration Experiment for Modeling Of 
Nuclear Aerosols DOE Department of Energy 

DOP DiOctyl Phthalate 

ECCS Emergency Core Cooling System 

EPRI Electrical Power Research Institute 

FP Fission Product 

GOE General Dynamic Equation 

HEDL Hanford Engineering Development Laboratory 
HTRE Heat Transfer Reactor Experiment 

INSAG International Nuclear Safety Advisory Group 
KfK Kernforschungszentrum Karlsruhe 

L Length 

LA Light water reactor Aerosol 

LACE Light water reactor Aerosol Containment Experiments 
LHS Left Hand Side 

LMFBR Liquid Metal Fast Breeder Reactor 

LOCA Loss Of Coolant Accident 

LWR Light Water Reactor 

MIT Massachusetts Institute of Technology 

Mwd MegaWattdays 

MWe MegaWatts electric 

MWth MegaWatts thennal 

NRC Nuclear Regulatory Commision 

NRX NRX natural uranium heavy water reactor, Chalk River, 
Ontario, Canada NSPP National Safety Pilot Plant 

NUREG NUclear REGulatory 

ODE Ordinary Differential Equation 

OECD Organization for Economic Cooperation and 
Development ORNL Oak Ridge National Laboratory 
ORR Oak Ridge Research Reactor 

PCS Primary Coolant System 

PDE Partial Differential Equation 

PE Potential Energy 

PRTR Plutonium Recycle Test Reactor, Hanford, Washington 
PWR Pressurized Water Reactor 

RH Relative Humidity 

RHS Right Hand Side 

RSS Reactor Safety Study 
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SNAPTRAN Systems for Nuclear Auxilliary Power TRANsient reactor test series 


41 


Aerosol Science: Theory and Practice 


SPER Special Power Excursion 

T STP Reactor Test Standard 

T Temperature and Pressure 

TMI-2 Time 

Uu Three Mile Island, 

WASH- unit 2 Uncontained 

1400 WASHington-1400 

WTR Westinghouse Testing Reactor, Waltz Mills, Pennsylvania 


Selected Computer Codes 


AEROMECH AEROsol 

MECHanics AEROSIM AEROsol 
SIMulation 

AEROSIM-M AEROsol SIMulation- 
Multicomponent AGRO Aerosol GROwth 


COAGUL COAGULation 

CONFEMM CONdensation Finite EleMent 
Modified CONTAIN (not an acronym) 
CORCON CORe CONcrete 

CORRAL (not an acronym) 

CORSOR CORe SOuRce 

FIDAP® (a trademark of Fluid Dynamics 


International, Inc.) FLUENT® (a trademark of 
Creare.x, Inc.) 


GCEFF Gravitational Collision EFFiciency 

HA-3 Heterogeneous Aerosol-3 

HAA-3B Heterogeneous Aerosol Agglomeration-3B 
HAA-4 Heterogeneous Aerosol Agglomeration-4 
HAARM (derived from HAA codes) 

HAARM-3 (derived from HAA codes) 

ICEDF ICE Decontamination Factor 

JERICHO (not an acronym) 

LIMIT (not an acronym) 

MAEROS Multicomponent AEROSols 

MARCH Meltdown Accident Response 
CHaracteristics MERGE (not an acronym) 

NAUA NAchUnfall Atmosphare (post accident atmosphere) 
NAUA-4 NAchUnfall Atmosphare-4 

NAUA-5 NAchUnfall Atmosphare-5 

ORIGEN Oak Ridge Isotope GENeration 

QUICK (not an acronym) 

QUICK-M (not an acronym) 

REMOVAL (not an acronym) 

RETAIN-2C (not an acronym) 

RETAIN-S (not an acronym) 

SCDAP Severe Core Damage Analysis Package 
STCP Source Term Code Package 

TRAP-MELT (not an 


acronym) TRAP-MELT2 (not 
an acronym) VANESA = (not 
an acronym) 


XSOR X SOuRce 

ZONE (not an acronym) 

Forei »ressions 

e.g. exempli gratia (LATIN, for example) id est (LATIN, that is) 

i.e. et al. etc. et alii (LATIN, and others) 

ad hoc et cetera (LATIN, and so forth) 

a priori (LATIN, for this; for a part#&illar end or case without consideration of wider application 


ex post facto (LATIN, from a thing done afterward; after the fact) 
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Journal Abbreviations 


: 7 Pry. 
Aerosol Sci. and Tech. 
A.LA.A. J. 
A.I.Ch.E. J. 

Airer. Eng. 

Ann. Nucl. 

Energy Ann. 

Phys. Chem. Ark. 
Maternal 
Astrophys. Space 
Sci. Br. J. Appl. 
Phys. 

Camb. Philos. Soc. 
Trans. Can. J. Chem. 
Chem. Eng. Prog. 

Chem. Eng. Prog. 

Symp. Ser. I Chem. 

Eng. Sci. 

Chem.-Ing.-Tech. 

Colloid and Polym. 

Sci. 

Comput. Methods Appl. Mech. 
and Eng. Faraday Society 
Discussions 

LJ.M.E.E. 

Ind. Eng. Chem. 

Int J. Heat Mass Transfer 
Int J. Numer. Methods Fluids 
. Aerosol Sci. 

. Am. Ceram. Soc. 

. Appl. Phys. 

. Atmos. Sci. 

Chem. Phys. 

. Colloid Interface Sci. 
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Comput. Phys. 

Eng. Math. 

. Fluid Mech. 

. Geophys. Res. 

Inst. Nuc. Engrs. 
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Nucl. Energy 
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Kolloidchem. Beih. 
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Journal 
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interaction, 188 
motion in laminar shear flow, 
171 
species equations, 128 
sphere 
interactions, 218 
problem, 224 Type of 
accident, 377 
Typical energy dissipation rates, 
176 


Uu 


U.S. Department of Energy, 384 


Uncoagulated source particles, 
263 
Unequal spheres, 187 
Uniform distribution, 157, 366- 
367 
Unipolar aerosols, 
147 
charged aerosol, 145 
charged particles, 138, 143 
charging, 136, 139 
Unit 
matrix, 336 
normal, 306 
tensor, 181 
vector, 72, 114-115, 191, 203 
in the radial direction, 356 
normal to surface, 168, 327 
Unperturbed density, 
137 
shear velocity, 172 
uniform distribution, 157 


UOz, and mixed Na20-U0i 
aerosols, 392 
Upstream unperturbed velocity, 
165 
Upwind 
difference approximation, 
294 differencing and 
sectional 
method, 301 
method, 294-296 
schemes, 294 
criterion, 296 


V 


van der Waals, 181 
-London forces, 85 
forces, 140, 188 

short range, 326 
potential, 187 

VANESA, 385-387 

Vapor 
-gas mixture, 306, 358 
-solid interaction, 127 
-vapor interactions, 305 
concentration, 358 
condensation, 113 

rate, 355 

growth of clusters 

through, 305 

continuity equation, 359 
density, 307 
deposition rate, 356 
diffusive term, 355 
evaporation, 113 
metallic, 57 
molecular distribution, 
311 molecular mean free 
path, 306 molecules, 115, 
145 
number flux, 359 
phase, 381 
pressures, 115 
species, 127, 353 
transport, 354-355 

Vaporization 
of metallic Mn, 

397 of materials, 
375 
heat of, 322 
Vaporous environment 
of particles, 287 

Variance of a distribution, 

285 Variational 
formulation, 354 
method, 22, 42-44 
principle, 88 
results, 23-24 

Vector 


heat flux, I5 
unit, 72 
vorticity, 25 
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Velocity (ies) 
at the edge of an 
orifice, 122 angular, 
66, 71-73, 95 
average flow, 20 
boundary layer, 
330,363 
components, 336- 
338 obtained 
from a stream 
function, 166 


differential, 154, 164, 


215 
distribution, 71 
due to gravitational 
settling 167 
equal, 101 
gradient 
constant, 170 
effective, 175-176 
in the particle 
continuity 
equation, 354 
net relative, 1 
89 normal, 
26, 35 
of colliding particles, 
172 of an aerosol, 
326 
of a gas, 213 
of surrounding air, 
undisturbed, 196 
opposite, 101 
profile, 330, 342 
radial, effective, 209 
settling, 55 
slip, 308 
tangential, 21, 
26, 35 
terminal, 55 
uniform, 348 
Verification tests, 389 
Very dense aqueous 
fog, 377 Vessel 
atmospheric 
temperature, 389 
diameter, 388 
volume, 388 
wall, 389 


Viscosity, 16, 77, 
163 of a fluid 
156 
Viscous 
boundary layer, 
330 flow 
equations, 66, 91 
slow, 66 
fluid, 44 
forces, 187-188 
Volatiles, 381, 382, 397 
isotopes, longer lived, 
375 
Volatility of isotopes, 
377 Volume 
averaged deposition 
velocity, 361 
distribution function, 
110, 116, 250, 254, 
271 
equivalent sphere, 
331 
fraction, 264 
of solid particulate, 
285 ofa 
containment, 392 
radius, 150 
ratio, 124 
reactions, ll 5 
sources, 136 
Volumetric flow, 117 
rate, 368 
vonNeumann 
stability analysis, 293- 
294 


Vorticity vector, 25 
WwW. 


Waiting time, 

268 Wall 
-particle scattering 
kernel, 13 deposition, 
145 

by diffusion, 115 

material, 388 
temperature, 342 
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Warm up stage, 397 
Warning time, 377 
Wash-740, 380 
Wash-1400, 381 
Waste disposal sites, 375 
Water 
coolant system, 377 
droplets in air, 206, 
225 vapor 
concentration gradient, 
142 
Weak condensation, 
299 Weakly charged 
aerosol, 146 Well 
-mixed hypothesis, 115-117, 
120, 126, 256-257 
-mixing of aerosols, 
397 stirred 
atmosphere, 113 
Wet reducing environments, 
381 Wiebull or modified 
gamma 
distribution, 271 
Windscale-1, 381-383 
accident, 381 
WIR, 383 


X 
Xe, 388 
XSOR, 382, 386 


¥ 


Z 


Zero 
deposition, 149 
-Reynolds number limit, 226 
Zirconium hybrid moderated 
reactor, 382 


Zonal methods, 299 


ZONE, 382 


